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Chapter 1

Ordinary Least Squares

1.1 Framework

An econometrician has observational data

{1, 21) 5 (Y2, 22) 5 ooy Wis Ti) 5 ooy (Yns ) } = {(yi,z3) i =1,...,n}

where each pair {y;,z;} € R x R¥ is observation on an individual (e.g., household or firm). We
call these observations the sample.

Notice that the observations are paired (y;,z;). We call y; the dependent variable and z;
the regressor vector. For convenience, the vector x; is typically presumed to include a constant.
That is, one element (typically written as the first) equals 1. We can write the k x 1 regressor z;
as

T4 1

€24 €245
QL‘Z- = =

Ti Ti

If the data is cross-sectional (each observation is a different individual) it is often reasonable
to assume they are mutually independent. If the data is randomly gathered, it is reasonable to
model each observation as a random draw from the same probability distribution. Thus, the
data are independent and identically distributed, or iid. We call this a random sample.
Sometimes the label iid is misconstrued. It means that the pair (y;,x;) is independent of the pair
(yj,x;) for i # j. It is not a statement about the relationship between y; and ;.

The random variables (y;,x;) have a distribution F' which we call the population. This
“population” is infinitely large. Sometimes this is a source of confusion, but it is merely an
abstraction. This distribution is unknown, and the goal of statistical inference is to learn about
features of I’ from the sample.

It is unimportant whether the observations y; and x; may come from continuous or discrete
distributions. For example, many regressors in econometric practice are binary, taking on only the
values 0 and 1, and are typically called dummy variables.

A linear regression model for y; given x; takes the form

Vi = By +x2iBy + - - + ThiBy, + €4, t1=1,...,n (1.1)



where §; through (3, are parameters and e; is the error. The parameter vector 3 is written as

51
T
B
We can then write (1.1) more compactly as
yi = i + e, i=1,...,n (1.2)

The model is incomplete without a description of the error e;. It should be mean zero, a finite
variance, and be uncorrelated with the regressors. We state the needed conditions here.

Assumption 1.1.1

1. E(e;)) =0

2. E(ze;)) =0

3. 0?2 =FEe? < o0

4. Exlz; < oo

5. Q = Ez;x, >0

Assumptions 1.1.1.3 and 1.1.1.4 are made to guarantee that all variables in the model have a
finite variance. This is necessary to ensure that E (x;e;) is well defined. Indeed by the Cauchy-

Schwarz inequality,
E|zie;| < Elai|® Eles]? < oo
under these assumptions.

We can use Assumption 1.1.1 to derive a moment representation for the parameter vector S3.

Take equation (1.2) and pre-multiply by z;
Ty = i + wie;.
Now take expectations:
E(ziyi) = E (wx}) B+ E(zie;)

where the second equality is Assumption 1.1.1.2. Since E (x;z}) is invertible by Assumption 1.1.1.5,
we can solve for 5 : .

8= (E (aclx;)) E (z;y;) . (1.3)
Thus the parameter [ is an explicit function of population second moments of (y;, x;).

In fact, this derivation shows that if 5 is defined by (1.3), then Assumption 1.1.1.2 must hold
true by construction. In this sense, Assumption 1.1.1.2 is very weak. However, it is important
to not misinterpret this statement. In many economic models, the parameter 5 may be defined
within the model, rather than by construction as in (1.3). In this case (1.3) may not hold. These
structural models require alternative estimation methods, and are discussed in Chapter 5.

To emphasize this distinction, we may describe the model of this section as a linear projection
model rather than a linear regression model. This is an accurate label as the equation (1.3) shows

that e; is explicitly defined as a projection error. However, conventional econometric practice labels
(1.2) as a linear regression model, so we will adhere to this convention.



1.2 Estimation

Equation (1.3) writes the regression parameter § as an explicit function of population moments
E (z;y;) and E (z;x}) . Their moment estimators are the sample moments

. 1 &
E (%’yi) = E Z ZiY;
i=1

. 1 &
E(mx/) = —Zx-x{.
(i) n P 1

It follows that the moment estimator of 5 is (1.3) with the population moments replaced by the
sample moments:

1< B
5 - (—z) 1S
i=1 i=1
n -1 n
=1 =1

Another way to derive B is as follows. Observe that Assumptions 1.1.1.2 can be written in the
parametric form

E (z; (yi — xiB)) = 0. (1.5)
The function E (z; (y; — z,3)) can be estimated by

i=1

and B is the value which sets this equal to zero:

1 .
0 = — ;i (yZ ) ) (1.6)
n 4
=1
1 « 1 « X
— - Zmzyi - ZLEZ:EZB
=1 =1

whose solution is (1.4).
There is another classic motivation for the estimator (1.4). Define the sum-of-squared errors
(SSE) function

n

Su(B) =" (i — 2iB)°

i=1
The Ordinary Least Squares (OLS) estimator is the value of 8 which minimizes S,,(3). Observe
that we can write the latter as

Su(B) =D yi =28 wwi+ 8wl
=1 =1 =1



Vector calculus (see section 1.1.13) gives the first-order conditions for minimization
o A
0 = =S
555(5)

n n
-2 Z TiYi + 2 Z z; 3
i=1 i—1

whose solution is (1.4). Following convention, we will call B the OLS estimator of 3
As a by-product of OLS estimation, we define the predicted value
ji = i3

and the residual
Ci = Yi— Ui
= yi —zif.

Note that y; = ¢; + é€;.It is important to understand the distinction between the error e; and the
residual é;. The error is unobservable, while the residual is a by-product of estimation. These two

variables are frequently mislabeled, which can cause confusion.

Equation (1.6) implies that
1 n
— Z l’iéi =0.
n-
=1

Thus the sample correlation between the regressors and the residual is zero. Furthermore, since

x; (typically) contains a constant, one implication is that
1 ..
- Z €; — 0.
i

Thus the residuals have a sample mean of zero. These are algebraic results, and hold true for all

linear regression estimates.
The error variance o2 is also a parameter of interest. A method of moments estimator for it is
the sample average
1 n
==Y "¢
n -
=1
measures the variation in the “unexplained” part of the regression. A

The error variance o2
measure of the explained variation relative to the total variation is the coefficient of determi-

nation or R-squared.
~2
RR=1-Z
Oy
where
1 & 2
67 = ey (vi — )

=1

is the sample variance of y;. The R? is frequently mislabeled as a measure of “fit”
inappropriate label, as the value of R? does not aid in the interpretation of parameter estimates

or test statistics.

It is an



1.3 Efficiency

Is the OLS estimator efficient, in the sense of achieving the smallest possible mean-squared error
among feasible estimators? The answer was affirmatively provided by Chamberlain (1987).
Suppose that the joint distribution of (y;,x;) is discrete. That is, for finite r,

P(inTj, (Ez‘=§j)=ﬂ'j, jZl,...,T

for some constant vectors 7;, §;, and ;. Assume that the 7; and &; are known, but the m; are
unknown. (We know the values y; and z; can take, but we don’t know the probabilities.)
In this discrete setting, the moment condition (1.5) can be rewritten as

> mig; (ri—€iB) =0. (1.7)
j=1

By the implicit function theorem, f is a function of (7y, ..., 7).
As the data are multinomial, the maximum likelihood estimator (MLE) is

1 n
T :Ezl(yi:Tj)l(mizgj)
=1

for j =1, ...,r, where 1 (-) is the indicator function. That is, 7; is the percentage of the observations
which fall in each category. The MLE £, for (3 is then the function of (71, ..., 7,) which satisfies
the analog of (1.7) with the 7; replaced by the ; :

iﬁjéj (Tj - §§Bmze) = 0.
j=1

Substituting in the expressions for 7;,

0 = Z (%Zl(y@ :Tj)l (SL‘Z :fj)> fj (Tj 7&;’Bmle>
7j=1 =1
1T

= =33 1w =) (@ =€) & (7= )
i=1 j=1

1 & R
= — E x (yi—méﬂmle>
n “
=1

But this is the same expression as (1.6), which means that 3,,, = §,.. In other words, if the
data have a discrete distribution, the maximum likelihood estimator is simply the OLS estimator.
Since this is a regular parametric model the MLE is asymptotically efficient, and thus so is the
OLS estimator.

Chamberlain (1987) extends this argument to the case of continuously-distributed data. He
observes that the above argument holds for all multinomial distributions, and any continuous
distribution can be arbitrarily well approximated by a multinomial distribution. He proves that
generically the OLS estimator is asymptotically efficient for the class of regression models satisfying
Assumption 1.1.1.



1.4 Model in Matrix Notation

For some purposes, including computation, it is convenient to write the model and statistics in
matrix notation. We define

/
U1 €y €1
/
Y2 Ty €2
Y = . ) X = . ) €=
/
Un xn €n

Observe that Y and e are n x 1 vectors, and X is an n X k matrix.
The linear regression model (1.2) is a system of n equations, one for each observation. We can
stack these n equations together as

1 = i B+er
y2 = aHB+ ez

Yn = l‘;—LB+€n-

or equivalently
Y=XG+e.

Sample sums can also be written in matrix notation. For example

n

Zm,m; = X'X
Z:ciyi = X'Y.

Thus the estimator (1.4), residual vector, and sample error variance can be written

b= (xx)7(xY)
¢ = Y—XB
6 = nl'ée

Define the projection matrices
P = X(X'X)'X
M = I,—P.

Then R X
Y=XB=X(X'X)"'X'Y =PY
and X
=Y -XB=Y - PY =(I, - P)Y = MY. (1.8)

Another way of writing this is
Y=({P+M)Y=PY+MY=Y+é
This decomposition is orthogonal, that is

Y'é=(PY) (MY)=Y'PMY =0.



1.5 Residual Regression

Partition

and

Then the regression model can be rewritten as

Observe that the OLS estimator of 8 = (3}, 55)’ can be obtained by regression of Y on X = [X;
Xs]. OLS estimation can be written as

Y = X183 + Xofy + €. (1.10)

Using the partitioned matrix inversion formula (15.1),

X|X, XX, ‘1: (X Mo X)) — (X[ MyX1) Tt X[ Xy (X} X))t
X5X1 X5X, (X5 Xo) ™t XLX) (X, My Xy) ™ (X5M1X5) ™"
(1.11)
where
My = I,-Xi (X{X{) x|
My = I,—X»(X}X5") X}
Thus
8\ [ XiXi XXy Xy
B, T\ XX X5 X XéY
_ < X1M2X1) —(X{M2X1)4X1X21(X§X2)*1 ) < Xy )
(X5X5)~ X2X1 (X Mo X)) (X5M1X5)™ X5y
_ <(X1M2X1) (XleY)>
(X5M X))t (X4MLY)
-1, . -
XX1 X’Y1
- ! ~1~) (1.12)
XXQ ngg)
where
X1 = MyX,;
Vi = MY
Xy = MXy
Y, = MY

The variables X; and Y; are least-squares residuals from the regression of X7 and Y, respectively,
on the matrix X5 only. Similarly, the variables X5 and Y5 are least-squares residuals from the
regression of X5 and Y on the matrix X; only.



Formula (1.12) shows that the subvector 61 of the OLS estimator 3 can be calculated by the
OLS regression of ¥; on Xi, and similarly 62 can be calculated by the OLS regression of Y3 on

X5. This technique is called residual regression.
Furthermore, recalling the definition M = I — X (X’X) ' X/, observe that X3M = 0 and hence

MM = (I — X5 (X3X;1) X3) M = M
Then using (1.8), we find Maé = Mo MY = MY = é. Premultiplying (1.10) by Mas, we obtain
}71 = X181 + €.

Since (3 | is precisely the OLS coefficient from a regression of ¥; on X1, this shows that the residual
from this regression is é, the numerically same residual from the joint regression (1.10). We have
proven the following theorem.

Theorem 1.5.1 (Frisch-Waugh-Lovell). In the model (1.9), the OLS estimator of 5, and the OLS
residuals € may be equivalently computed by either the OLS regression (1.10) or via the following
algorithm:

1. Regress Y on Xo, obtain residuals Yi;
2. Regress X1 on Xa, obtain residuals X 1

3. Regress Y on X1, obtain OLS estimates Bl and residuals é.

In some contexts, the FWL theorem can be used to speed computation, but in most cases there
is little computational advantage to using the two-step algorithm. Rather, the theorem’s primary
use is theoretical.

A common application of the FWL theorem, which you may have seen in an introductory
econometrics course, is the demeaning formula for regression. Partition X = [X; Xj] where
X1 = is a vector of ones, and X3 is the vector of observed regressors. In this case,

M =1-—. ([,/1,)71 /.
Observe that

X2 = M1X2 = X2 — 0 ([,/1,)71 L/XQ
Xo— X,

and

~h

MY =Y —, (L/[,)_l Y
_ y_v,

which are “demeaned”. The FWL theorem says that [32 is the OLS estimate from a regression of
Y on Xs, or y; —y on x9; — T2 :

By = <Z (z2i —T2) (w2i — Tz)’) <Z (z2i — T2) (ys —@)> :

=1 =1

Thus the OLS estimator for the slope coefficients is a regression with demeaned data.



1.6 Consistency

The OLS estimator B is a statistic, and thus has a statistical distribution. In general, this distrib-
ution is unknown. Asymptotic (large sample) methods approximate sampling distributions based
on the limiting experiment that the sample size n tends to infinity. A preliminary step in this
approach is the demonstration that estimators are consistent — that they converge in probability
to the true parameters as the sample size gets large.

The following decomposition is quite useful.

B = (i%#)li%yz
- (Zz:;x,m;) Zx, B+e;)
(S (Z% Vo () oo
= 6+<§;xix;> Z;xe (1.13)

This shows that after centering, the distribution of /3 is determined by the joint distribution of
(zi,e;) only.

We can now deduce the consistency of B . First, Assumption 1.1.1 and the WLLN (Section 17.2)
imply that

1 n

- g zix; —p E (ziz]) = Q (1.14)
i=1

and

1 n

- E Ti€; —p E(xzez) = 0. (1.15)

n
—

Using (1.13), we can write

n -1y
B = B+<Zl’zl’;> Zfﬂ‘iei
1=1 =1

1 <& A
i=1 i=1
1 — 1 &
= fB+yg <E Zﬂﬂziﬂé, " Z%‘&)
i=1 i=1

where g(A,b) = A~1b is a continuous function of A and b, at all values of the arguments such that
A~! exist. Now by (1.14) and (1.15),

( Zmz ah, Z:Clez> (Q,0).

9



Assumption 1.1.1.5 implies that Q! exists and thus g(-,-) is continuous at (Q,0). Hence by the
continuous mapping theorem (CMT) (Section 17.5),

< Zm, x, leez>ﬁ (Q,00=Q'0=0
SO

5+g( sz j, Z:m@) —p B4+0=0

Theorem 1.6.1 Under Assumption 1.1.1, as n — oo, 5 —p .

In Section 1.2 we also defined the sample error variance 2. We now demonstrate its consistency
for o2. Using (1.8),
n6? = MMe = ' Me = 'e — ¢ Pe. (1.16)

An application of the WLLN yields

lZe? —, Be? = o?
n
i=1
as n — 00, so combined with (1.14) and (1.15),
1 n
) ! /—1 2
I _ = | = .z i€ -0 0= 1.17
G ; Ze (n;scscz> ( Zme) p 02 Q o (1.17)

so &2 is consistent for o2.

1.7 Asymptotic Normality

We now establish the asymptotic distribution of B after normalization. We need a strengthening
of the moment conditions.

Assumption 1.7.1 In addition to Assumption 1.1.1, Ee} < 0o and E |z * < o0.

Now define
Q=F (sc,sc;e?) .

Assumption (1.7.1) guarantees that the elements of {2 are finite. To see this,by the Cauchy-Schwarz
inequality and Assumption 1.7.1,

1/2
B |vaie?| < (Blaal®) " (B]ef])* = <E|,\) (Ele])"? < . (1.18)

Thus z;e; is iid with mean zero and has covariance matrix 2. By the central limit theorem (Section
17.4),

% zn:me a N(0,9) (1.19)

=1

10



Then using (1.13), (1.14), and (1.19),

n -1 n
- 1 , 1
ﬁ (5 - 5) = (E ;%%) (% ;xiei>
—d Q_lN (Oa Q)
= N((0,Q7'QQ™).
Theorem 1.7.1 Under Assumption 1.7.1, as n — o0
Vi (B=8) —a N (V)

where V = Q7 1QQ .

As V is the variance of the asymptotic distribution of \/n <B — 6) , V is often referred to as

the asymptotic covariance matrix of B The form V = Q7 'QQ ! is called a sandwich form.
It may be insightful to examine a special case where 2 and V simplify:

Homoskedastic Projection Error: Cov(z;z},e?) =0

Condition (1.7) holds, for example, when z; and e; are independent, but this is not a necessary
condition. We should not expect it to generically hold, but when it does the asymptotic variance
formulas simplify. If (1.7) is true, then

Q = E(vz}) E(ef) = Qo? (1.20)
V = Qo t=Q le?=v" (1.21)

In (1.21) we define VY = Q7102 as this matrix is defined even if (1.7) is false, although in that
case V0 does not equal V. We call V' the homoskedastic covariance matrix.

1.8 Covariance Matrix Estimation

The homoskedastic covariance matrix V9 = Qo2 can be estimated by

VO =Q 162 (1.22)

where

§|*—*

DN

is the method of moments estimator for ). Since Q —, Q and 6 —, 02 (see (1.14) and (1.17)) it
is clear that V0 —, V0.
To estimate V = Q~'QQ !, we need an estimate of Q = E (xzx;e?) . Their MME estimator is

_ Zx’/2
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where ¢é; are the OLS residuals. A useful computational formula is to define 4; = x;¢; and the
n X k matrix

iy
|
= :
i,
Then
0 = Lia
n
Vo= n(X'X)7 () (x'X)

This estimator was introduced to the econometrics literature by White (1980).

The estimator VO was the dominate covariance estimator used before 1980, and was still the
standard choice in the 1980s. From my reading of the literature, the White estimate V started to
come in common use in the early 1990s, and by the late 1990s is quite commonly used, especially
by younger researchers. When reading and reporting applied work, it is important to pay attention
to the distinction between VO and V, as it is not always clear which has been used. When V is used
rather than the traditional choice VO, many authors will state that “their standard errors have
been corrected for heteroskedasticity”, or that they use a “heteroskedasticity-robust covariance
matrix estimator”, or that they use the “White formula”, the “Eicker-White formula”, the “Huber
formula”, the “Huber-White formula” or the “GMM covariance matrix”. In most cases, these all
mean the same thing.

We now show ) —p , from which it follows that 1% —p V asn — oo. Expanding the quadratic

& = (v-ap)
- (et (3-))
= @ —2(p-5) wei+ (B 5) wial (5-5).

Hence

O = %gmlmgé?
= %iz:;m,me——z:xz (6 B) Tie; + — sz (5 5) (5—5’)- (1.23)

We now examine the each sum on the right-hand-side of (1.23) in turn. First, (1.18) and the
WLLN show that

— Zmlm €5 —p (mlm'eQ) = Q.

Second, by Holder’s inequality (Section 17.1)

£ (jaiPlel) < (2lat*)" (B1el]) " < o

12



so by the WLLN
1 n
=3 fail il —p B (ol lei])
" =1

and thus since ‘B — 6‘ —p 0,

I~ /- /
— sz% (5 - 5) Ti€4
N

Third, by the WLLN

< ‘B—B‘ <%§‘$z|3|ez|> —p 0.

1 n
=3 lail* = Bl
=1

SO

~

21 <& 4
—- B = i 0.
B-8 DI

<

% ZZ;SCZSU; (5 - B)liﬂwz‘ (5 - B)

Together, these establish consistency.

Theorem 1.8.1 Asn — oo, —p (2.

The variance estimator V is an estimate of the variance of the asymptotic distribution of B .
A more easily interpretable measure of spread is its square root — the standard deviation. This
motivates the definition of a standard error.

Definition 1.8.1 A standard error s(ﬁ) for an estimator B is an estimate of the standard
deviation of the distribution of .

When f§ is scalar, and V is an estimator of the variance of \/n (B - B) , we set 5(f) = n_l/Q\/‘T/
. When f is a vector, we focus on individual elements of 3 one-at-a-time, vis., 8;, j = 1,..., k. Thus

~

s(8;) = n~t/? VJJ

Generically, standard errors are not unique, as there may be more than one estimator of the
variance of the estimator. It is therefore important to understand what formula and method is
used by an author when studying their work. It is also important to understand that a particular
standard error may be relevant under one set of model assumptions, but not under another set of
assumptions, just as any other estimator.

From a computational standpoint, the standard method to calculate the standard errors is to
first calculate n=1V, then take the diagonal elements, and then the square roots.

1.9 Functions of Parameters

Sometimes we are interested in some function of the parameter vector. Let h : R¥ — RY, and

0 = h(p).

We will assume from now on that h(3) is continuously differentiable at the true value of .

13



The estimate of 0 is X X
b= h(B).

What is an appropriate standard error for 67 By a first-order Taylor series approximation:

h(B) ~ h(B) + Hj (3= 5)

where 9
Hg (9—5h(6) kxq
Thus
vi(0-0) = va(n® -n)
~ Hj/n (B-5)
—q HRN(0,V)

_ NOW). (124

where
Vy = HV Hp.

If V is the estimated covariance matrix for B , then the natural estimate for the variance of 0 is
Vo= HyV Hg

where 5

Hp = 8—511

In many cases, the function A(3) is linear:
h(B)=R'B

for some k x ¢ matrix R. In this case, Hg = R and ﬁg = R, so Vg = R'VR.
For example, if R is a “selector matrix”

(3

so that if 8 = (84, 35), then § = R’ = 3, and

Vo=(1 0)‘7(6):‘711,

(B).

the upper-left block of V. X A
When ¢ = 1 (so h(B) is real-valued), the standard error for 6 is the square root of n=!Vj, that

is, s(0) = n~1/2\[H,V Hp.

14



1.10 t tests

Let & = h(B) : R* — R be any parameter of interest, 6 its estimate and s() its asymptotic
standard error. Consider the studentized statistic

mw)zeie (1.25)
s(0)
It is easy to calculate that this statistic has the asymptotic distribution
ta(0) = o

s(0)

NG (é - 0)
Vs

N

—q M = N(0,1)

VVe

the standard normal. This distribution is known. Since this distribution does not depend on the

parameters, we say that t,(0) is asymptotically pivotal. In special cases (such as the normal

regression model, see Section 2.7), the statistic ¢, has an exact ¢ distribution, and is therefore

exactly free of unknowns. In this case, we say that ¢, is an exactly pivotal statistic. In general,

however, pivotal statistics are unavailable and so we must rely on asymptotically pivotal statistics.
A simple null and composite hypothesis takes the form

Hy : 0=06g
Hy : 6+#6
where 0 is some pre-specified value, and § = h(3) is some function of the parameter vector. (For

example, 6 could be a single element of /3).
The standard test for Hy against H; is the t-statistic (or studentized statistic)

0 — 6,
s()

tp = tn(eﬂ) -

Under Hy, t, —q N(0,1). Let 2,2 is the upper /2 quantile of the standard normal distribution.
That is, if Z ~ N(0,1), then P(Z > z,/3) = a/2 and P(|Z| > 2z,/2) = . For example, z 925 = 1.96
and z05 = 1.645. A test of asymptotic significance a rejects Ho if [t,| > 2,/2. Otherwise the test
does not reject, or “accepts” Hy. This is because

P (reject Hy | Ho) = P (|tn| > Zaj2 | 0= 0o)
— P(|Z] > z49) = .
The rejection/acceptance dichotomy is associate with the Neyman-Pearson approach to hypothesis
testing.
An alternative approach, associate with Fisher, is to report an asymptotic p-value. The as-

ymptotic p-value for the above statistic is constructed as follows. Define the tail probability, or
asymptotic p-value function

p(t) = P(1Z] > [t]) = 2 (1 — ®(]t])) -

15



Then the asymptotic p-value of the statistic ¢, is

Dn = p(tn)-

If the p-value p, is small (close to zero) then the evidence against Hy is strong. In a sense, p-
values and hypothesis tests are equivalent since p,, < « if and only if |t,| > z, /2, thus an equivalent
statement of a Neyman-Pearson test is to reject at the a% level if and only if p, < a. The p-value
is more general, however, in that the reader is allowed to pick the level of significance (a), in
contrast to Neyman-Pearson rejection/acceptance reporting, where the researcher picks the level.

Another helpful observation is that the p-value function has simply made a unit-free transfor-
mation of the test statistic. That is, under Hy, p, —q UJ0, 1], so the “unusualness” of the test
statistic can be compared to the easy-to-understand uniform distribution, regardless of the com-
plication of the distribution of the original test statistic. To see this fact, note that the asymptotic
distribution of |¢,| is F(z) =1 — p(x). Thus

P(l-p,<u) =

establishing that 1 — p,, —4 U0, 1], from which it follows that p, —4 U[0, 1].
It may be helpful to note that in the GAUSS language, the function p(t) may be computed by
the expression p = 2 x cdfnc(t).

1.11 Confidence Intervals

A confidence interval C,, is an interval estimate of #, and is a function of the data and hence is
random. It is designed to cover § with high probability. Either 6 € C,, or 6 ¢ C,,. The coverage
probability is P(6 € Cy,).

We typically cannot calculate the exact coverage probability P(6 € C,,). However we often can
calculate lim,, .., P(6 € C}). We call this the asymptotic coverage probability. We say that C),
has asymptotic (1 — «)% coverage for 6 if P(§ € C,,) — 1 — « as n — 0.

A good method for construction of a confidence interval is the collection of parameter values
which are not rejected by an appropriate statistical test. We recall the t-statistic (1.25) and the
test: Reject Ho : 0 = 0 if the is [t,(0)] > 2,/ Where z,/5 again is the upper a/2 quantile of the
standard normal distribution. Our confidence interval is then

Cn = {0 |<za/2}
-0
= {0:z49 < —— <2,
{ 0 Z”}
- [@—za/zs(@), @—i—za/gs(@)] (1.26)

While there is no hard-and-fast guideline for choosing the coverage probability 1 — «, the
most common professional choice is 95%, or a = .05. This corresponds to selecting the confidence

interval [9 + 1.965(@)} ~ [9 + 25(9)] . Thus values of # within two standard errors of the estimated

0 are considered “reasonable” candidates for the true value 6, and values of 6 outside two standard
errors of the estimated 6 are considered unlikely or unreasonable candidates for the true value.
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The interval has been constructed so that as n — oo,
P (€ Cn)=P([tn(0)] < 20y2) = P(IZ] < 2402) =1 —au.

and C), is an asymptotic (1 — «)% confidence interval.

1.12 Wald Tests

Sometimes 6 = h(f) is a ¢ x 1 vector, and it is desired to test the joint restrictions simultaneously.
In this case the t-statistic approach does not work. We have the null and alternative

Hy : 6=406
Hy : 6+#06,.

The natural estimate of 0 is § = h(ﬁ) and has asymptotic covariance matrix estimate

Vp= HLVH,
where
i1y = 2L n(p)
B8 = 8ﬁ

The Wald statistic for Hy against H; is
Wa = n(0-60) v, (- 60)
= n(n®) —60) (7 ES) " (n(B)~ o).
When £ is a linear function of 3, h(8) = R'(3, then the Wald statistic takes the form
W, =n (R’B — 90)/ (R’VR)A (R’B — 90) .

The delta method (1.24) showed that \/n <9 - 0) —q Z ~ N(0,Vp), and Theorem 1.8.1 showed

that V —p V. Furthermore, Hg(f3) is a continuous function of 3, so by the continuous mapping
theorem, Hg(3) —p, Hg. Thus Vo = fIéVfIg —p HéVHﬁ = Vp > 0 if Hg has full rank ¢. Hence

W, =n (é - 90)/%*1 (é - 90) g 2V Z = 2,

by Theorem 16.8.1. We have established:

Theorem 1.12.1 Under Hy and Assumption 1.7.1, if rank(Hg) = q, then W,, —q Xg, a chi-
square random variable with q degrees of freedom.

An asymptotic Wald test rejects Hy in favor of H; if W, exceeds xg(a), the upper-a quantile
of the Xt21 distribution. For example, x3(.05) = 3.84 = 22,-. The Wald test fails to reject if W,
is less than x2(a). The asymptotic p-value for W, is p, = p(W,), where p(z) = P (x2 > z) is
the tail probability function of the Xt21 distribution. As before, the test rejects at the a% level iff
pn < a, and p,, is asymptotically U[0, 1] under Hy. In addition, it may be helpful to note that in
the GAUSS language, the function p(t) may be computed by the expression p = cdf chic(t).
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1.13 F Tests

Take the linear model
Y = X168 + Xofy +¢

where X7 is n X k1 and Xy is n X ko and k = k1 + k2. The null hypothesis is
Hy: By =0.
In this case, § = 3,5, and there are ¢ = ks restrictions. Also h(8) = R'( is linear with R = < 0 )
a selector matrix. We know that the Wald statistic takes the form
W, = nélf/{lé
= nf (R’VR)A By

What we will show in this section is that if V is replaced with VO = 52 (nle 'X )71 , the covariance
matrix estimator valid under homoskedasticity, then the Wald statistic can be written in the form

Wn:n<a 7 ) (1.27)

where

are from OLS of Y on X = (X3, X»).

The elegant feature about (1.27) is that it is directly computable from the standard output
from two simple OLS regressions, as the sum of square errors is a typical output from statistical
packages. This statistic is typically reported as an “F-statistic” which is defined as

Cn—kW.  (6°=6%) [k

F =t
n k2 62/(n—k)

While it should be emphasized that equality (1.27) only holds if Vo = 52 (nilX 'X )71, still this
formula often finds good use in reading applied papers.
We now derive expression (1.27). First, note that using (1.11),

—1
~ -1 XX, XiX !
/Y0 -1 A2 11 142 ~—2 -1 /
<RV R) =n <a R <X§X1 XéXg ) R) =0 “n (XleXg),

where M7 = I — X1(X]X1) ' X]. Thus
~l ~0 -1 .
Wo = nfy (RV'R) B,

By (X4M:1 X>) 32.

6'2
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To simplify this expression further, note that if we regress Y on Xj alone, the residual is
= MlY. Now copsider the residual regression of é on X9 = M;X5. By the FWL theorem,
= X5 + € and X5é = 0. Thus

D ™

N A A
= [y X4M1 X083, + e,
or alternatively,
Al A
BQXéMlXQ/BQ - é,é - é/é

Also, since

62 =n"t¢e

gde—éé 52 — 52
Wn =N Qs =n 3 |
e'é o
as claimed.

In many statistical packages, when an OLS regression is reported, an “F statistic” is reported.
This is

we conclude that

(62 —62) /(k— 1)‘

H=yT—y

where
1

5§:E(ZJ*§)/(ZJ*§)

is the sample variance of y;, equivalently the residual variance from an intercept-only model. This
special F statistic is testing the hypothesis that all slope coefficients (other than the intercept) are
zero. This was a popular statistic in the early days of econometric reporting, when sample sizes
were very small and researchers wanted to know if there was “any explanatory power” to their
regression. This is rarely an issue today, as sample sizes are typically sufficiently large that this F'
statistic is highly “significant”. Certainly, there are special cases where this F' statistic is useful,
but these cases are atypical.
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Chapter 2

Regression Models

2.1 Regression

In regression, we want to find the central tendency of the conditional distribution of y; given x;.
A standard measure of central tendency is the mean. The conditional analog is the conditional
mean m(x) = E (y; | z; = x). In general, m(z) can take any form.

The regression error e; is defined to be the difference between y; and its conditional mean:

e;i = yi — m(z;).
By construction, this yields the formula
yi = m(x;) + e;. (2.1)

It is worth emphasizing that no assumptions have been used to develop (2.1), other than that
(yi, z;) have a joint distribution and E'|y;| < oo.

Proposition 2.1.1 Properties of the regression error e;

2. E(

E(e; | z;)=0.
€)=
(

. E(h(z;)e;) =0 for any function h(-).

E(zie;) =
Proof:

1. By the definition of e; and the linearity of conditional expectations,

Eeilz) = E((yi —m(xi)) | z:)

E(yi | zi) — E (m(z;) | z;)
m(z;) — m(z;)

= 0.
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2. By the law of iterated expectations (Theorem 16.7) and the first result,
E(e)) = E(E(ei| i)

E(0)

= 0.

3. By a similar argument, and using the conditioning theorem (Theorem 16.9),

E(h(zi)e;) = E(E(h(xi)ei | zi))
= E(Mxi)E (e | z:))
= E(h(z;)0)
= 0.
4. Follows from the third result setting h(z;) = z;. [ |

Equation (2.1) plus Proposition 2.1.1.1 are often stated jointly as the regression framework:

yi = m(z;) +e (2.2)
E(ei ‘ {Ez) = 0.

It is important to understand that this is a framework, not a model, because no restrictions have
been placed on the joint distribution of the data. These equations hold true by definition. A
regression model imposes further restrictions on the joint distribution; most typically, restrictions
on the permissible class of regression functions m(z).

The most common choice is the linear regression model. It specifies that m(x) is a linear
function of x :

yi = zif+e
E(€Z|$Z) =0

Since this is a linear equation is a special case of the general conditional conditional mean equation,
this is a substantive restriction which may or may not be true in a specific application. The fact
that Proposition 2.1.1.4 is the same as Assumption 1.1.1.2 means that the linear regression model
is a special case of the least-squares projection model of Chapter 1. Another way of saying this
is that the conditional mean assumption that E (e; | z;) = 0 is stronger than the uncorrelated
assumption E (z;e;) = 0.

It is also useful to define the conditional variance of y; given z; = x:

Var (y; |z =z)=FE (e? | x; = x) = 02(x).

Generally, this is a function of x. Just as the conditional mean function may take any form, so
may the conditional variance function (other than the restriction that it is non-negative). Given
the random variable z;, the conditional variance is 07 = o2(z;). In the general case where o?(x)
is not necessarily a constant function, so o? may different across i, we say that the error e; is
heteroskedastic.

When o2(x) is a constant, so that

E (ei2 | ;) = o’ (2.3)

21



we say that the error e; is homoskedastic. The model

Yi = 96;5 +e;
E (ei | .%'Z) = 0
E (e? |z;) = o?

is called the homoskedastic linear regression model. In this case, by the law of iterated
expectations
E (mlx'eQ) E (za}E (e? | ;) = Qo?

which is (1.20). Thus the homoskedastic linear regression model is a special case of the homoskedas-
tic projection error model.

2.2 Bias and Variance of OLS estimator

The conditional mean assumption allows us to calculate the small sample conditional mean and
variance of the OLS estimator.

To examine the bias of B , using (1.13), the conditioning theorem, and the independence of the
observations

E(B—6|X) = F <im¢$;>_limiei|X

=0

Thus the OLS estimator B is unbiased for .
To examine its covariance matrix, for a random vector Y we define

Var(Y) = E(Y - EY)(Y —EY)
= EYY' —(EY)(EY).
Then by independence of the observations
Var (Z xie; | X) = ZVar (ziei | X) = Zmlmgaf
i=1 i=1 i=1

and we find

Var (3] ) = (;m) (Zx,w> <Zx, )_1.

In the special case of the linear homoskedastic regression model, 07 = ¢ and the covariance

matrix simplifies to
-1

Var (ﬁ | X) = <i :nné) o2.
i=1
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Recall the method of moments estimator 62 for o2. We now calculate its finite sample bias
in the context of the homoskedastic linear regression model. Using (1.16) and linear algebra
manipulations

E (n6? | X)

I ||
g8 3E >

I
-+
L]
=
Q
L

= o%(n—k),
the final equality by (15.4). We have found that under these assumptions

E&Qz (nik) 2

o
n

so 62 is biased towards zero. Since the bias is proportional to o2, it is common to define the

bias-corrected estimator
n

so that Fs? = o2 is unbiased. It is important to remember, however, that this estimator is only
unbiased in the special case of the homoskedastic linear regression model. It is not unbiased in the
absence of homoskedasticity, or in the projection model.

2.3 Multicollinearity

If rank(X'X) < k, then j3 is not defined. This can be called strict multicollinearity. This
happens when the columns of X are linearly dependent, i.e., there is some « such that Xa = 0.
Most commonly, this arises when sets of regressors are included which are identically related.
For example, if X includes both the logs of two prices and the log of the relative prices log(p1),
log(p2) and log(pi/p2). When this happens, the applied researcher quickly discovers the error as
the statistical software will be unable to construct (X’X)~!. Since the error is discovered quickly,
this is rarely a problem for applied econometric practice.

The more relevant issue is near multicollinearity, which is often called “multicollinearity”
for brevity. This is the situation when the X’ X matrix is near singular, when the columns of X are
close to linearly dependent. This definition is not precise, because we have not said what it means
for a matrix to be “near singular”. This is one difficulty with the definition and interpretation of
multicollinearity.

One implication of near singularity of matrices is that the numerical reliability of the calcula-
tions is reduced. It is possible that the reported calculations will be in error due to floating-point
calculation difficulties.

More relevantly in practice, an implication of near multicollinearity is that estimation precision
of individual coefficients will be poor. We can see this most simply in a model with two regressors
and no intercept:

Yi = 21381 + 2289 + €,
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where e; is independent of x1; and xo;, Ee? =1 and

E< 2wy >_< 1 P)
5 =
T13%2; Ty p 1

In this case the asymptotic covariance matrix V is

(; f>1=(1p2)1<1p _1[))-

The correlation p indexes collinearity, since as p approaches 1 the matrix becomes singular. We can
see the effect of collinearity on precision by examining the asymptotic variance of either coefficient
estimate, which is (1 — p2)_1 . As p approaches 1, the variance rises quickly to infinity. Thus the
more “collinear” are the regressors, the worse the precision of the individual coefficient estimates.

Basically, what is happening is that when the regressors are highly dependent, it is statistically
difficult to disentangle the impact of 3, from that of 3,. The precision of individual estimates are
reduced.

Is there a simple solution? Basically, No. Fortunately, multicollinearity does not lead to errors
in inference. The asymptotic distribution is still valid. Regression estimates are asymptotically
normal, and estimated standard errors are consistent for the asymptotic variance. So reported
confidence intervals are not inherently misleading. They will be large, correctly indicating the
inherent uncertainty about the true parameter value

2.4 Forecast Intervals
In the linear regression model,
m(@) = B (yi | 2 = 2) = 2/,
In some cases, we want to estimate m(x) at a particular point x. Notice that this is a (linear)

function of 8. Letting h(3) = #/8 and 0 = h(f), we see that m(z) = 6 = 2/ and Hp = z, so
5(0) = Vn~12/Vz. Thus an asymptotic 95% confidence interval for m(z) is

{m'@ +2V nflx/f/m} .

It is interesting to observe that if this is viewed as a function of x, the width of the confidence set
is dependent on z.

For a given value of z; = x, we may want to forecast (guess) y; out-of-sample. A reasonable
guess is the conditional mean m(z), and indeed this is the mean-square-minimizing decision rule.
Thus a point forecast is m(x) = ' 5, the estimated conditional mean, as discussed above. We
would also like a measure of uncertainty for the forecast.

The forecast error is é; = y; — m(x) = ¢; — (5 — B). As the out-of-sample error e; is
independent of the in-sample estimate B, this has variance
N ~ /
Eéi2 = E(e?|xi:x)+m'E(6—B> (6—6) T

= o(z) +n ' Va.
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Assuming F (ei2 | ml) = 02, the natural estimate of this variance is 6% + n~ta’ Vx, so a standard
error for the forecast is V62 + n—1a/Vz. Notice that this is different from the standard error for
the conditional mean.

It would appear natural to conclude that an asymptotic 95% forecast interval for y; is

[m’ﬁ +21/6% +n- 'Vl ,

but this turns out to be incorrect. In general, the validity of an asymptotic confidence interval is
based on the asymptotic normality of the studentized ratio. In the present case, this would require
the asymptotic normality of the ratio

ei —a' (5 - B)

Vé2+n1aVa
But no such asymptotic approximation can be made. The only special exception is the case where
e; has the exact distribution N (0, 0?), which is generally invalid.

To get an accurate forecast interval, we need to estimate the conditional distribution of e; given
x; = x, which is a much more difficult task. Given the difficulty, most applied forecasters focus on

the simple and unjustified interval [x/ B +2v/62% 4+ nla! Vw] .

2.5 NonLinearity in Regressors

In the regression setting we are interested in E (y; | z; = ) = m(z), which need not be a linear
function of z, and its precise form may be unknown. A common approach is to employ a polynomial
approximation. Consider the case of x; € R. Then a k’th order polynomial model is

Vi = Bo + Bixi + Box? + - + Braxk + e

Letting 8 = (B¢, By, -, Bk) and z; = (1,25, 22, ...,x¥), this is the linear regression y; = 2/3 + e;.
Now suppose that = € R%. A simple quadratic approximation is

Yi = Bo + B1x1i + PBotoi + B3t + Baxs; + Bsxritai + €.

As the dimensionality of x increases, such approximations can become quite non-parsimonious!
In practice, therefore, most applications do appear to use more than quadratic terms. Some
applications add cubics without interactions:

Yi = Bo + Br21i + Boma; + Baxl; + Baxs; + Bsxi; + Bexs; + Brrrime + e

Non-linear approximations can also be made using alternative basis functions, such as Fourier
series (sins and cosines), splines, neural nets, or wavelets.

Since these non-linear models are linear in the parameters, they can be estimated by OLS, and
inference is convention. However, the model is non-linear so interpretation must take this into
account. For example, in the cubic model given above, the slope with respect to x;1 is

0
O0xy;

E (yi | ;) = By + 28371 + 35513%@' + Brxai,

which is a function of x1; and z9;, making reporting of the “slope” difficult. In many applications,
it will be important to report the slopes for different values of the regressors, carefully chosen to
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illustrate the point of interest. In other applications, an average slope may be sufficient. There
are two obvious candidates: the derivative evaluated at the sample averages

0

8x1-E(yi | i) |ei—z= B1 + 2B3T1 + 30575 + BTz

and the average derivative

e~ 0 _ 1« _

2.6 NonLinear Least Squares

We say that the regression function m(x,6) = E (y; | ©; = ) is nonlinear in the parameters if it
cannot be written as m(x,0) = z(x)'0 for some function z(z). Examples of nonlinear regression
functions include

x
m(x,0) = 61 +02 T
m(z,0) = 601+ 02%
m(x,0) = 61+ 02exp(fsx)
m(x,0) = G(2'0), G known
-6
m(x,0) = 61+ 602z + (03 + O04x1) P <£E20 5)
6
m(x,0) 01+ o + 04 (x — 03) 1 (x > 03)
m(x,0) = (014 0221)1(xe <b3)+ (04 + 0521) 1 (2 > 03)

In the first five examples, m(z,0) is (generically) differentiable in the parameters #. In the final
two examples, m is not differentiable with respect to #3, which alters some of the analysis. When
it exists, let

0
my(x,0) = %m(x, 0).

Nonlinear regression is frequently adopted because the functional form m(x,#) is suggested
by an economic model. In other cases, it is adopted as a flexible approximation to an unknown
regression function.

The least squares estimator 6 minimizes the sum-of-squared-errors

n

Sn(0) =Y (i — m(x,0))° .
i=1

When the regression function is nonlinear, we call this the nonlinear least squares (NLLS)
estimator. The NLLS residuals are é; = y; — m(x;, 9)

One motivation for the choice of NLLS as the estimation method is that the parameter 6 is
the solution to the population problem ming E (y; — m(;,6))?

Since sum-of-squared-errors function S, () is not quadratic, 6 must be found by numerical
methods. See Appendix E. When m(z, 0) is differentiable, then the FOC for minimization are

0= img(xi, 0)é;. (2.4)
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Theorem 2.6.1 If the model is identified and m(x, ) is differentiable with respect to 0,
Vi (6= 60) =a N(O,V)

V = (B (moimp)) " (E (moimipe})) (B (moimp;))
where mg; = mg(x;, 6p).

-1

Sketch of Proof. First, it must be shown that 0 —p 0p. This can be done using arguments
for optimization estimators, but we won’t cover that argument here. Since 6 —, 0, 6 is close to
6o for n large, so the minimization of Sy, (#) only needs to be examined for 6 close to 6p. Let

Y = e; + myp,0o.
For 6 close to the true value 0y, by a first-order Taylor series approximation,
m(xi, 0) =~ m(x;,00) +my; (0 — 6p) .
Thus
yi —m(xi,0) ~ (& +m(zi,00)) — (m(xs,00) +my; (6 — bp))
= €; — m'gl (9 — (90)
= yzo — my;0.

Hence the sum of squared errors function is
n n
5u(6) = 3 (i — (s, 0))° = 3 (o — mi)
i=1 i=1
and the right-hand-side is the SSE function for a linear regression of y? on myg;. Thus the NLLS
estimator @ has the same asymptotic distribution as the (infeasible) OLS regression of y on my;,
which is that stated in the theorem. |

Based on Theorem 2.6.1, an estimate of the asymptotic variance V is

(1) () ()

where 1hg; = mg(zi,0) and &; = y; — m(;, 0).
Identification is often tricky in nonlinear regression models. Suppose that
m(z;,0) = B2 + Bywi(7).
The model is linear when (5 = 0, and this is often a useful hypothesis (sub-model) to consider.
Thus we want to test
Hy: 5 =0.
However, under Hy, the model is
yi = Bizi +ei
and both 35 and 7 have dropped out. This means that under Hy, 7 is not identified. This renders
the distribution theory presented in the previous section invalid. Thus when the truth is that
B9 = 0, the parameter estimates are not asymptotically normally distributed. Furthermore, tests
of Hy do not have asymptotic normal or chi-square distributions.
The asymptotic theory of such tests have been worked out by Andrews and Ploberger (1994)

and B. Hansen (1996). In particular, Hansen shows how to use simulation (similar to the bootstrap)
to construct the asymptotic critical values (or p-values) in a given application.
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2.7 Normal Regression Model

The normal regression model adds the additional assumption that the error e; is independent of x;
and has distribution N(0,0?). This is a parametric model, where likelihood methods can be used
for estimation, testing, and distribution theory.

The log-likelihood function for the normal regression model is

1 1 ;N2
Ln(B,0%) = Zlog <W exp <—ﬁ (yi — i) ))

The MLE (3,6%) maximize Ly(83,02). Since Ly(83,02) is a function of 8 only through the sum
of squared errors, maximizing the likelihood is identical to minimizing the sum of squared errors.
Hence the MLE for 3 equals the OLS estimator 3 = (X'X)"1(X'Y).

Plugging this estimator into the log-likelihood we obtain

n

n 1 .
Ln(ﬁ, (72) = —5 IOg (271'02) — 27"2 6?
1=1

Maximization with respect to o2 yields the first-order condition

6 D) n 1 A
WLn(B7U )= 952 + 5 (&2)26/6 =0
Solving for 6% yields
~2 1 Al A
0°=—¢€é
n

which is identical to the method of moments estimator. Thus the estimators are not affected by
this assumption. Due to this equality, the OLS estimator B is frequently referred to as the Gaussian
MLE.

Under the normality assumption, we see that the error vector e is independent of X and
has distribution N (0, Incrz). Since linear functions of normals are also normal, this implies that
conditional on X

(5= (Yoo e (7 40)

where M = I — X (X'X )"t X’. Since uncorrelated normal variables are independent, it follows

that 3 is independent of any function of the OLS residuals, including the estimated error variance
2

s°.

The spectral decomposition of M yields

_ Infk 0 /
M—H[ 0 O]H
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(see equation (15.5)) where H'H = I,,. Let u=0"1H'e ~ N (0, H'H) ~ N (0, 1,,) . Then

(n=k)s Lo,

o2

_ ! Infk 0
~ X?L—]w

a chi-square distribution with n — k degrees of freedom. Furthermore, if standard errors are
calculated using the homoskedastic formula (1.22)

by N <0,a2 [(X’X)l]jj) N
s(

B; _ Bj — B ~ = ~tp—k
Bi) s, /[(X/X)*Lj \/n”—ixik\/[(X/X)l}jj v

a t distribution with n — &k degrees of freedom.
We summarize these findings

Theorem 2.7.1 If ¢; is independent of x; and distributed N(0,0?%), and standard errors are cal-
culated using the homoskedastic formula (1.22) then

« B~ N (0,a2 (X’X)*)

n—k)s2 2
L o2 ~ ank’

5 ._B .

L :(BLJ)L ~tn—k

In Chapter 1 we showed that in large samples, B and t are approximately normally distributed.
In contrast, Theorem 2.7.1 shows that under the strong assumption of normality, 5 has an exact
normal distribution and ¢ has an exact ¢ distribution. As inference (confidence intervals) are based
on the t-ratio, the notable distinction is between the N(0,1) and ¢,_j distributions. The critical
values are quite close if n — k > 30, so as a practical matter it does not matter which distribution
is used. (Unless the sample size is unreasonably small.)

Now let us partition 5 = (81, 89) and consider tests of the linear restriction

HO . /82 == O

H1 : 52 ?é 0
In the context of parametric models, a good testing procedure is based on the likelihood ra-
tio statistic, which is twice the difference in the log-likelihood function evaluated under the null

and alternative hypotheses. The estimator under the alternative is the unrestricted estimator
(B1, By, 52) discussed above. The log-likelihood at these estimates is

A n . 1.
Ln(61762702) - _§log (27T02) - 26’2 6,6
n oy N n
= —§log(cr )—Elog(Zw)—E.
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The MLE of the model under the null hypothesis is (Bl, 0,52) where 81 is the OLS estimate from
a regression of y; on x1; only, with residual variance 2. The log-likelihood of this model is

- ~ n - n n
Ln($1,0,6%) = =5 log (6%) — 5 log (27) — 3.

The LR statistic for Hy is
LR = 2(Lu(B1,B5,6%) = Lu(31,0,5%))
= n (log (52) — log (62))

= nlo (6—2)
= g &2 .

By a first-order Taylor series approximation

5_2 2
LR:nlog<1+A—2—1> 2n<—2—1> = W,.
o

o

Qe

the F statistic.

2.8 Least Absolute Deviations

At the beginning of this chapter, we stated that the conventional goal of regression is to estimate
the central tendency of the dependent variable y; given z;, and that a good measure of central
tendency is the mean. It is not the only measure, however, and an alternative good measure of
central tendency is the median.

Let Y be a continuous random variable with median 6y = Med(Y). Define the sign function

1 ifu>0
sgn(u) =1 1 ru <o

A few facts about the median are
e P(Y<0y)=P(Y >60p)=.5
e Esgn(Y —60p)=0
e 0y =ming E|Y — 0]

Given a random sample {y1, .., Y, } from this distribution, these three definitions motivate three
estimators of #. The first suggests taking the 50 quantile. The second suggests finding the solution
to the moment equation % S sgn(y; —0), and the first suggests minimizing % Sy —6].
These distinctions are illusory, however, as these estimators are indeed identical.

Now let’s consider the conditional median of Y given a random variable X. Let m(z) =
Med (Y | X = z) denote the conditional median of Y given X = z, and let Med (Y | X) = m(X)
be this function evaluated at the random variable X. The linear median regression model takes
the form

yi = wiBte
Med(e; |x;)) = 0

In this model, the linear function Med (y; | z; = x) = 2/ is the conditional median function, and
the substantive assumption here is that the median function is linear in x.
Conditional analogs of the facts about the median are
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Py, <a2'By|zi=z)=Plyi>2'B|zi=2)=.5

E (sgn(e;) | xi) =0

E(zisgn(e)) =0

Bo = ming E |y; — ;0]

These facts motivate the following estimator. Let
L(9) = £ 3l —
n y 1 Yi i
1=

be the average of absolute deviations. The least absolute deviations (LAD) estimator of g
minimizes this function

f = argmin L, (5)
B

Equivalently, it is a solution to the moment condition
1 o )2
- sz sgn <yZ — xzﬂ) =0. (2.5)
i=1

Let f(e|z) denote the conditional density of e; given x; = x. The LAD estimator has the
asymptotic distribution

Theorem 2.8.1 \/n (5’ — 50) —q N(0,V),

1

| =

The variance of the asymptotic distribution inversely depends on f (0| z), the conditional
density of the error at its median. When f (0 | z) is large, then there are many innovations near
to the median, and this improves estimation of the median. In the special case where the error is
independent of x;, then f (0| z) = f(0) and the asymptotic variance simplifies

=1
y = (Eair) xi:”i)2 (2.6)
41(0)
This simplification is similar to the simplification of the asymptotic covariance of the OLS estimator
under homoskedasticity.

Computation of standard error for LAD estimates typically is based on equation (2.6). The
main difficulty is the estimation of f(0), the height of the error density at its median. This can
be done with kernel estimation techniques. See Chapter 13. The proof of Theorem 2.8.1 is a bit
advanced, but we provide it here for completeness.

Proof: Since sgn(a) = 1 —2-1(a <0), (2.5) is equivalent to g, (3) = 0, where g,(8) =
n~tS L gi(B) and g;(B) = x; (1 — 2 1 (y; < 2183)). Let g(8) = Eg;(8). We need three preliminary
result. First, by the central limit theorem

Vi (Ga(Bo) = 9(B0)) = =72 " gi(Bg) —a N(0, Bxia})

1=1
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since Eg;(80)gi(8y) = Exiz}. Second using the law of iterated expectations and the chain rule of
differentiation,

0

9 ,
8—5/9(5) = Bz (1-2-1(y; < x;0))

35/
_ o 9%p @i E (1 (e; < 238 — i) | wi)]

op’
z;f—; Bo
mE e [ el sm]

0
= 2F [wuxjf (xiB — xiBy | i)]

SO

6/9(50) —2F [l'zl';f 0] SL‘,)] .

Third, by a Taylor series expansion and the fact g(5,) =0
9(B) ~ ﬁ 9(80) (B~ Bo) -

Together

2

v (B 50)
E [wiaif (01 2)]) ™" Vi (9(8) — 5.(8))
(B [wilf (0] 20)]) ™ v (@,(80) — 9(80))

A (B (0] 2))) 7 N0, Bl
— N0, V).

12

(% (8s) ) Vag()
(-2
1
2

The third line follows from an asymptotic empirical process argument.
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Chapter 3

Model Selection

3.1 Omitted Variables

Let x1; and x9; be two sets of regressors. We can define

gi(z1) = E(yi | 15 = x1)

and
92($‘1,$2) = E(yi | L1, = X1,%2; = 582)-

Both of these functions exist and are well defined. Given data, either can be estimated. Thus, if
the function g1 (1) is estimated by regression of y; on x1; only, there is no bias.

However, the function g; may not be of interest. Rather, the function g2 may be of interest.
Thus if g; is estimated, when the true relationship of interest is go, then there will be estimation
bias. That is, what may be of interest is the effect of x1; on the conditional mean of y; , holding
Z2; constant, namely

0 0
6—36192(501,932) # 6—36191(561)-

In this sense, omission of xg; from the regression can induce bias.
Another way to see this is by focusing on the linear regression model. Suppose that

yi = b1+ b+ e
E(ei | l‘li,l‘gi) = O.

Then

E(yi|zu) = E (23,8 + a0y + € | x1;)
= 21,8, + E (z2i | z15) By
# $,1i51-

Thus a regression of y; on x1; does not yield the coefficient 5;, unless E (z2; | z1;) =0 or S5 = 0.
Furthermore, suppose F (xg; | x1;) = I'z1;. Then

E(y; | z1) = 2461+ (Dzw) By
=y (51 + F/B2) .
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So a regression of y; on x1; will consistently estimate 3, +I’5. 8, cannot be uncovered from this
regression, unless I' = 0 or 55 = 0, and thus the regression is “biased”, if the parameter 3, is of
interest.

Notice that the omitted variable bias problem disappears if I' = 0 (so x1; and z9; are uncor-
related) or if S5 = 0 (so x2; does not enter the joint regression). The first can be assessed by
examining the correlation between x1; and x9;, but the second can only be assessed by computing
the joint regression. Therefore the standard advice is when in doubt, to always estimate the more
general model, since it is by construction free of the omitted variables problem.

3.2 Irrelevant Variables

In the model

yi = 01 + x50 + €
E (e | z15,22i) = 0,

7

x9; is “irrelevant” if 8, is the parameter of interest and 5 = 0. That is, the truth can be written

as
yi = 81 +e
E(e; | z1i,22)) = 0.
One estimator of 3, is to regress y; on x1; alone, denot~ed Z‘f 1- Another is to regress y; on z1; and
x9;, yielding (81, 85). Under which conditions is 3, or [3; superior?

First, it is easy to see that both are unbiased and consistent for 3;. So in comparison with
the problem of omitted variables, we see that the presence (or absence) of irrelevant variables is
relatively less important. 3

Second, we can consider the relative efficiency of 3, versus /3. It is harder to make comparisons
in the general case, so we focus on the homoskedastic case F (el2 | 14, xgi) = ¢2. Then

nh_)nolo nVar( Bl | X) = (Eiﬂliﬂﬂlu)_l o® = Qf1102>
say, and
Jlim nVar(B, | X) = (Bxyua); — Bryah; (Bwgiah;) sziw/u)il o2 = (Qu — Qiz1) ' 0%,
say. If Exq;xh, = 0 (so the variables are uncorrelated) then these two variance matrices equal, and
the two estimators have equal asymptotic efficiency.

Proposition 3.2.1 If Ezy;x), = 0, 31 and Bl are both consistent and have equal asymptotic
variances.

When Exzy;2), # 0, however, then Q121 > 0 and
Q11 = Q11 — Q121 + Q121 > Q11 — Q121,

SO
Q' < (Qu — Qi)™ ",
meaning that Bl has a lower asymptotic variance matrix than 81- The inclusion of irrelevant
variables reduces efficiency if these variables are correlated with the relevant variables.
Proposition 3.2.2 If Exy;a), # 0, 81 and 81 are both consistent, and
lim nVar( B; | X) < nlLIEOnVaT(Bl | X).

n—oo
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3.3 Model Selection

We have discussed the costs and benefits of inclusion /exclusion of variables. How does a researcher
go about selecting an econometric specification, when economic theory does not provide complete
guidance? This is the question of model selection. It is important that the model selection question
be well-posed. For example, the question: “What is the right model for y?” is not well posed,
because it does not make clear the conditioning set. In contrast, the question, “Which subset of
(21, ...,x) enters the regression function E(y; | 1, = 21, ...,xx; = x)?” is well posed.

In many cases the problem of model selection can be reduced to the comparison of two nested
models, as the larger problem can be written as a sequence of such comparisons. We thus consider
the question of the inclusion of X»s in the linear regression

Y = X181+ X285 te,
where X7 is n X k1 and X5 is n X kg. This is equivalent to the comparison of the two models

Mi Y=X151+6, E(6|X1,X2)=0
Moy Y=X151+X252+6, E(6|X1,X2)=0.

Note that M; C Ma. To be concrete, we say that My is true if 85 # 0.

To fix notation, models 1 and 2 are estimated by OLS, with residual vectors é; and és, estimated
variances &% and 6%, etc., respectively. To simplify some of the statistical discussion, we will on
occasion use the homoskedasticity assumption E (e? | 1;, x2;) = 02

A model selection procedure is a data-dependent rule which selects one of the true models. We
can write this as M. There are many possible desirable properties for a model selection procedure.
One useful property is consistency, that it selects the true model with probability one if the sample

is sufficiently large. A model selection procedure is consistent if
P (M\ =M | M1> — 1
P (M\ = Ms | Mz) — 1

We now discuss a number of possible model selection methods.

Selection Based on Fit

Natural measures of fit of a regression are the residual sum of squares é’é, R? = 1— (é'¢) / 65 or
Gaussian log-likelihood I = —(n/2) log 2. It might therefore be thought attractive to base a model
selection procedure on one of these measures of fit. The problem is that each of these measures
are necessarily monotonic between nested models, namely éjé; > é4é, R? < R3, and I < Iz, so
model Ms would always be selected, regardless of the actual data and probability structure. This
is clearly an inappropriate decision rule!

Selection based on Testing

A common approach to model selection is to base the decision on a statistical test such as
the Wald W,,. The model selection rule is as follows. For some critical level «, let ¢, satisfy
P (Xiz > ca) . Then select My if W,, < cq, else select M.

The major problem with this approach is that the critical level « is indeterminate. The rea-
soning which helps guide the choice of « in hypothesis testing (controlling Type I error) is not

relevant for model selection. That is, if « is set to be a small number, then P (M\ = M; | M1> R
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1—abut P (./T/t\ = Mo | Mz) could vary dramatically, depending on the sample size, etc. An-
other problem is that if a is held fixed, then this model selection procedure is inconsistent, as
P(M\ZMl |M1> —1—a<l1.

Adjusted R-squared

Since R? is not a useful model selection rule, as it always “prefers” the larger model, Theil
proposed an adjusted coefficient of determination

2 €9/ -k

2
Ty

VA
(V]

- 1-

Q>
< N

At one time, it was popular to pick between models based on RQ. This rule is to select My if
R? > R;, else select Ma. Since Risa monotonically decreasing function of s2, this rule is the
same as selecting the model with the smaller s, or equivalently, the smaller log(s?). It is helpful

to observe that
log(s?) = log (62—
og(s®) og <cr n—k)

= log (62) + log <1 + %)

k
~ log( )+—k

k
~ log (6%) + —,
g (0°) +
(the first approximation is log(1 + x) ~ x for small x). Thus selecting based on R’ is the same
as selecting based on log (62) =+ %, which is a particular choice of penalized likelihood criteria. It
turns out that model selection based on any criterion of the form

log (&2) + c%, c>0, (3.1)

is inconsistent, as the rule tends to overfit. Indeed, since under My,

LR, =n(log 62 —log &g) ~ W, —q X%y (3.2)
P(M\ZM1|M1> = P<§2>§§‘M1)
~ P (nlog(s?) < nlog(s3) | M)
~ P (nlog (crl) + ck1 < nlog (02) + (k1 + k2) | My)
P (LR, < cka | Ml)
— P (X < ckg)

Akaike Information Criterion
Akaike proposed an information criterion which takes the form (3.1) with ¢ =2 :

k
_ A2 n
AIC = log (0 )+2n. (3.3)
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This imposes a larger penalty on overparameterization than does R’. Akaike’s motivation for
this criterion is that a good measure of the fit of a model density f(Y | X, M) to the true
density f(Y | X) is the Kullback distance K (M) = E (log f(Y | X) —log f(Y | X, M)). The log-
likelihood function provides a decent estimate of this distance, but it is biased, and a better,
less-biased estimate can be obtained by introducing the penalty 2k. The actual derivation is not
very enlightening, and the motivation for the argument is not fully satisfactory, so we omit the
details. Despite these concerns, the AIC is a popular method of model selection. The rule is to
select My if AICYy < AICj, else select Ms.

Since the AIC criterion (3.3) takes the form (3.1), it is an inconsistent model selection criterion,
and tends to overfit.

Schwarz Criterion

While many modifications of the AIC have been proposed, the most popular appears to be one
proposed by Schwarz, based on Bayesian arguments. His criterion, known as the BIC, is

BIC = log (6°) + log(n)%. (3.4)

Since log(n) > 2 (if n > 8), the BIC places a larger penalty than the AIC on the number of
estimated parameters and is more parsimonious.
In contrast to the other methods studied above, BIC model selection is consistent. Indeed,
since (3.2) holds under M,
LR,

log(n)

—p 0,
SO

P (/\7: M | M1> — P (BIC, < BICy | M1)

= P(LR, <log(n)ks | M)
LR,

= P (g <40

— P(O < kg) = 1.

Also under Ms, one can show that

LR,
log(n) "
thus
_ LR,
P (M = M, | Mg) - P <10g(n) > ks | M2>

— 1.

Selection Among Multiple Regressors
We have discussed model selection between two models. The methods extend readily to the
issue of selection among multiple regressors. The general problem is the model

Vi = B121i + Boxri + -+ + BrTri + €4, E(ej|z;)=0

and the question is which subset of the coefficients are non-zero (equivalently, which regressors
enter the regression).
There are two leading cases: ordered regressors and unordered.
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In the ordered case, the models are

My @ B1#0,85=B3=-=Bxg=0
My i By 0,8y £ 0,85 =+ = e =0

Mg+ 51 #0,82#0,...,8 #0.

which are nested. The AIC selection criteria estimates the K models by OLS, stores the residual
variance 62 for each model, and then selects the model with the lowest AIC (3.3). Similarly for
the BIC, selecting based on (3.4).

In the unordered case, a model consists of any possible subset of the regressors {1, ..., Tk},
and the AIC or BIC in principle can be implemented by estimating all possible subset models.
However, there are 25 such models, which can be a very large number. For example, 210 = 1024,
and 229 = 1,048, 576. In the latter case, a full-blown implementation of the BIC selection criterion
would seem computationally prohibitive.

3.4 Testing for Omitted NonLinearity

If the goal is to estimate the conditional expectation E (y; | z;), it is useful to have a general test
of the adequacy of the specification.

One simple test for neglected nonlinearity is to add nonlinear functions of the regressors to
the regression, and test their significance using a Wald test. Thus, if the model y; = x;f‘f + é; has
been fit by OLS, let z; = h(x;) denote functions of z; which are not linear functions of x; (perhaps
squares of non-binary regressors) and then fit y; = xéB +z[7+¢; by OLS, and form a Wald statistic
for v = 0.

Another popular approach is the RESET test proposed by Ramsey (1969). The null model is

yi = TiB + e
which is estimated by OLS, yielding predicted values g; = x;B Now let
U
Z; =
4"
be an (m — 1)-vector of powers of ;. Then run the auxiliary regression
yi = TiB + 27 + & (3.5)

by OLS, and form the Wald statistic W, for v = 0. It is easy (although somewhat tedious) to
show that under the null hypothesis, W, —4 x2,_;. Thus the null is rejected at the a% level if W,
exceeds the upper a% tail critical value of the x?2, ; distribution.

To implement the test, m must be selected in advance. Typically, small values such as m = 2,
3, or 4 seem to work best.

The RESET test appears to work well as a test of functional form against a wide range of
smooth alternatives. It is particularly powerful at detecting single-index models of the form

v = G(zip) + e
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where G(-) is a smooth “link” function. To see why this is the case, note that (3.5) may be written
as

~ AN\ 2 A\ 3 A\ M
v = iB+ (a18) 30+ (21B) n+ - (248)" Fuwon + &

which has essentially approximated G(-) by a m’th order polynomial.

3.5 log(Y) versus Y as Dependent Variable

An econometrician can estimate Y = X 4 ¢ or log(Y) = X3 + ¢ (or perhaps both). Which is
preferable? There is a large literature on this subject, much of it quite misleading.

The plain truth is that either regression is “okay”, in the sense that both FE(y; | z;) and
E (log (yi) | zi) are well-defined (so long as y; > 0). It is perfectly valid to estimate either or both
regressions. They are different regression functions, neither is more nor less valid than the other.
To test one specification versus the other, or select one specification over the other, requires the
imposition of additional structure, such as the assumptions that the conditional expectation is
linear in x;, and e; ~ N(0,0?).

There still may be good reasons for preferring the log(Y’) regression over the Y regression.
First, it may be the case that F (log(y;) | ;) is roughly linear in z; over the support of z;, while
the regression E (y; | x;) is non-linear, and linear models are easier to report and interpret. Second,
it may be the case that the errors in e; = log (y;) — E (log (y;) | ;) may be less heteroskedastic than
the errors from the linear specification (although the reverse may be true!). Finally, and this may be
the most important reason, if the distribution of y; is highly skewed, the conditional mean E (y; | z;)
may not be a useful measure of central tendency, and estimates will be undesirably influenced by
extreme observations (“outliers”). In this case, the conditional mean-log F (log (y;) | ;) may be a
better measure of central tendency, and hence more interesting to estimate and report.
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Chapter 4

Generalized Least Squares

4.1 GLS and the Gauss-Markov Theorem

The linear regression model

yi = wB+te
E(€z|$z> = 0

imposes the condition of zero conditional mean. This is stronger than the orthogonality condition
E (z;e;) = 0. This stronger condition can be exploited to improve estimation efficiency. Recall the
definition of the conditional variance o3 = E (e? | ;) .

The Generalized Least Squares (GLS) estimator of 3 is

B=(X'D7'X)" (X'D7Y) (4.1)
where
o2 0 0

D = diag{o?,...,02} =
0O 0 --- o2
The GLS estimator is sometimes called the Aitken estimator.
Since Y = X + e, then
B=3+(X'D7'X)" (X'D ).
Since D is a function of X, E (B | X) = [ and
Var(3 | X)=(X'D7'X)"' X'D'DD'X (X'D'X)
— (X'D7'x)7h.
The class of unbiased linear estimators take the form

BL=AX)Y,  AX)X =1

40



where A(X), n x k, is a function only of X. This is called linear because it is a linear function
of Y, even though it is nonlinear in X. OLS is the case A(X) = X(X'X)~! and GLS is the case

A(X)=D'X (X'D"'X)"". Observe that
B(By|X)=AX)X3=5
so B, is unbiased. Thus 8; = 8+ A(X)'e, and its variance is
Var(B;, | X) = A(X)'DA(X).
The “best” estimator within this class is the one with the smallest variance.

Theorem 4.1.1 (Gauss-Markov). The best (minimum-variance) unbiased linear estimator is

GLS.

Proof. Let A* = D7'X (X’D_lX)_1 and A be any other n x k function of X such that

A'X = I).. We need to show that A’DA > A¥ DA*.
Let C = A — A*. Note that

C'X = AX-A'X

= L,—I;=0
and
C'DA* = C'DD'X (X'D7'X)™
= X (X'D7'X) =0
Then
ADA = (C+ A" D(C+ AY)
= C'DC+C'DA"+ A”DC + A"DA*
C'DC + A" DA* > A*DA”.
n

The Gauss-Markov theorem tells us that the OLS estimator is inefficient in linear regression
models, and that within the class of linear estimators, GLS is efficient. However, the restriction
to linear estimators is unsatisfactory, as the theorem leaves open the possibility that a non-linear
estimator could have lower mean squared error than the GLS estimator.

Chamberlain (1987) established a more powerful and general result. He showed that in the
regression model, no regular consistent estimator can have a lower asymptotic variance than the
GLS estimator. This establishes that the GLS estimator is asymptotically efficient. The proof of
his theorem is quite deep and we cannot cover it here.

In Section 1.3 we claimed that OLS is asymptotically efficient in the class of models with
E (z;e;) = 0. Now we have shown that OLS is inefficient if F (e; | ;) = 0. The gain of efficiency
(through use of GLS) comes through the exploitation of the stronger conditional mean assumption,
which has the cost of reduced robustness. If E(e; | ;) # 0 then the GLS estimator will be
inconsistent for the projection coefficient 5, but OLS will be consistent.
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4.2 Skedastic Regression

Except in the special case of homoskedastic errors (where D = Io? and GLS=OLS), the results
of the previous section show that in the regression model OLS is inefficient. However, the GLS
estimator is not feasible since D is unknown. The next few sections explore a method for feasible
implementation of an approximate GLS estimator.

Suppose that the conditional variance takes the parametric form

07 = ag+ 200
= o'z,
where z1; is some ¢ x 1 function of z;. Typically, z1; are squares (and perhaps levels) of some (or
all) elements of x;. Often the functional form is kept simple for parsimony.

Let 7, = €2. Then
E(n; | x:) = ag + 21,01

and we have the regression equation

n = oo+ 2z +§ (4.2)
E(|z) = 0.

It is helpful to think about the regression error &,. It has conditional variance
Var (§; | z;)) = Var (e? | xl)
2
= F ((e? - F (e? | xz)) | ml>
2

= E(egl |zi) — (B (€] | 2))".
If e; is heteroskedastic, then Var (§; | z;) will depend on ;. In contrast, when e; is independent of
x; then it is a constant

Var (§; | x;)) =F (e;l) — ot

and under normality it simplifies to

Var (& | z;) = 20%. (4.3)

4.3 Estimation of Skedastic Regression

Suppose ¢; (and thus 7;) were observed. Then we could estimate o by OLS:
a = (Z’Z)_1 Z'n —pa

and
V(& —a) —q N(0,Va)

where
Vo= (B () B (21€2) (B ()

While e; is not observed, we have the OLS residual é; = y; — x;B =e; — sc;(B — 3). Thus

(4.4)

h—n; = & —e
= —2eia} (B~ B) + (B~ BYwia}(5 - B)
= ¢i7

>
~ =00
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say. Note that

% Z%dh = — Zzzezx vn (6 B) + % 2i(B — B) wix(B — B)v/n

Let
a=(2'2)" 7' (4.5)

be from OLS regression of 7); on z;. Then

Via—a) = Vm(a—a)+ (n'22) w22
—d N(07 Va) (46)

Thus the fact that n; is replaced with 7); is asymptotically irrelevant. We may call (4.5) the
skedastic regression, as it is estimating the conditional variance of the regression of y; on z;.

We have shown that « is consistently estimated by a simple procedure, and hence we can
estimate 07 = zla by 67 = zl&. We now discuss how to use these results to test hypotheses on a,
and construct a FGLS estimator for (.

4.4 Testing for Heteroskedasticity
The hypothesis of homoskedasticity is that E (e? | ;) = o2, or equivalently that
H() e 0

in the regression (4.2). We may therefore test this hypothesis by the estimation (4.5) and con-
structing a Wald statistic.

This hypothesis does not imply that &; is independent of z;. Typically, however, we impose
the stronger hypothesis and test the hypothesis that e; is independent of x;, in which case &; is
independent of x; and the asymptotic variance (4.4) for & simplifies to

Vo = (E (22))) " E(€2). (4.7)

Hence the standard test of Hy is a classic F' (or Wald) test for exclusion of all regressors from the
skedastic regression (4.5). The asymptotic distribution (4.6) and the asymptotic variance (4.7)
under independence show that this test has an asymptotic chi-square distribution.

Theorem 4.4.1 Under Hy, and e; independent of x;, the Wald test of Hy is asymptotically XZ.

Most tests for heteroskedasticity take this basic form. The main differences between popular
“tests” is which transformations of x; enter z;. Motivated by the form of the asymptotic variance
of the OLS estimator 3, White (1980) proposed that the test for heteroskedasticity be based on
setting z; to equal all non-redundant elements of x;, its squares, and all cross-products. Breusch-
Pagan (1979) proposed what might appear to be a distinct test, but the only difference is that
they allowed for general choice of z;, and used an assumption of normality to use the simplification
(4.3) for their test. If this simplification is replaced by the standard formula (under independence
of the error), the two tests coincide.
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4.5 Feasible GLS Estimation

Let

Suppose that &Z-Q > (0 for all 7. Then set
D = diag{52, ...,6%}

and
B= (X’D*1X>_1 X'Dly,

This is the feasible GLS, or FGLS, estimator of [3.

Since there is not a unique specification for the conditional variance the FGLS estimator is not
unique, and will depend on the model (and estimation method) for the skedastic regression.

One typical problem with implementation of FGLS estimation is that in a linear regression
specification, there is no guarantee that &Z-Q > 0 for all 4. If 522 < 0 for some i, then the FGLS
estimator is not well defined. Furthermore, if 52 ~ 0 for some 4, then the FGLS estimator will force
the regression equation through the point (y;,z;), which is typically undesirable. This suggests
that there is a need to bound the estimated variances away from zero. A trimming rule might

make sense:
2

Ei = max[&?,gﬂ
for some o2 > 0.

It is possible to show that if the skedastic regression is correctly specified, then FGLS is
asymptotically equivalent to GLS, but the proof of this is tricky in our notational structure. We

just state the result without proof.
Theorem 4.5.1 If the skedastic regression is correctly specified,
vn (5GLS = BFGLS) =0,

and thus 3
ﬁ (BFGLS - ﬁ) —d N(Oa V)a

where
V = (E (07 %))

4.6 Covariance Matrix Estimation

Examining the asymptotic distribution of Theorem 4.5.1, the natural estimator of the asymptotic

variance of 3 is
n -1 -1
. 1 1 -
0 ~—2 / 1 —1
=|- E X =(—-X'D X .
v (n — % T wz> <n )

which is consistent for V as n — oo. This estimator V0 is appropriate when the skedastic regression
(4.2) is correctly specified.

It may be the case that o'z; is only an approximation to the true conditional variance o2 =
E(e? | ;). In this case we interpret o’z; as a linear projection of e? on z;. B should perhaps be
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called a quasi-FGLS estimator of 5. Its asymptotic variance is not that given in Theorem 4.5.1.

Instead,
V= (E ((o/zi)_l scix;))il (E ((o/zi)_2 U?m,x;)) (E ((o/zi)_l sc,w%))il )

V takes a sandwich form, similar to the covariance matrix of the OLS estimator. Unless o7 = o'z,
V0 is inconsistent for V. )
An appropriate solution is to use a White-type estimator in place of VV°. This may be written

oo (e %) () (1 )

— n(X’D—lx) (X’D—lbb—lx) (X’D—lx)

where D = diag{é?,...,é2}. This is an estimator which is robust to misspecification of the condi-
tional variance, and was proposed by Cragg (Journal of Econometrics, 1992).

4.7 Commentary: FGLS versus OLS

In a regression model, FGLS is asymptotically superior to OLS. Why then do we not exclusively
estimate regression models by FGLS? This is a good question. There are three reasons.

First, FGLS estimation depends on specification and estimation of the skedastic regression.
Since the form of the skedastic regression is unknown, and it may be estimated with considerable
error, the estimated conditional variances may contain more noise than information about the true
conditional variances. In this case, FGLS will do worse than OLS in practice.

Second, individual estimated conditional variances may be negative, and this requires trimming
to solve. This introduces an element of arbitrariness which is unsettling to empirical researchers.

Third, OLS is a more robust estimator of the parameter vector. It is consistent not only in
the regression model, but also under the assumptions of linear projection. The GLS and FGLS
estimators, on the other hand, require the assumption of a correct conditional mean. If the equation
of interest is a linear projection, and not a conditional mean, then the OLS and FGLS estimators
will converge in probability to different limits, as they will be estimating two different projections.
And the FGLS probability limit will depend on the particular function selected for the skedastic
regression. The point is that the efficiency gains from FGLS are built on the stronger assumption
of a correct conditional mean, and the cost is a reduction of robustness to misspecification.
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Chapter 5

Generalized Method of Moments

5.1 Overidentified Linear Model

Consider the linear model

yi = zBte
= 21,81 + 258y + e
FE (:EZBZ) =0

where x1; is k X 1 and z9 is r x 1 with £ = k + r. We know that without further restrictions, an
asymptotically efficient estimator of 8 is the OLS estimator. Now suppose that we are given the
information that 85, = 0. Now we can write the model as

yi = 9,81 +e
E(mze,) = 0.

In this case, how should 3; be estimated? One method is OLS regression of y; on x1; alone. This
method, however, is not necessarily efficient, as their are ¢ restrictions in E (x;e;) = 0, while /3, is
of dimension k < ¢. This situation is called overidentified. There are £ — kK = r more moment
restrictions than free parameters. We call r the number of overidentifying restrictions.

This is a special case of a more general class of moment condition models. Let g(y, z, x, 5) be
an £ x 1 function of a k£ x 1 parameter S with £ > k such that

Eq(yi, zi, i, By) =0 (5.1)

where [ is the true value of /3. In our previous example, g(y,z, 5) = z(y — 2} ). In econometrics,
this class of models are called moment condition models. In the statistics literature, these are
known as estimating equations.

As an important special case we will devote special attention to linear moment condition
models, which can be written as

yi = zf+e
E(xlel) = 0.

where the dimensions of z; and x; are k x 1 and ¢ x 1 , with £ > k. If £ = £ the model is just
identified, otherwise it is overidentified. The variables z; may be components and functions of
x;, but this is not required. This model falls in the class (5.1) by setting

g(yaza'vaO) :x(yleﬂ) (52)
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5.2 GMM Estimator

Define the sample analog of (5.2)
7(8) = £ 3 0(8) = 23w (0 219) = L vy — x129) (53
' i Z i S " ' '

The method of moments estimator for 5 is defined as the parameter value which sets g,,(5) = 0,
but this is generally not possible when ¢ > k. The idea of the generalized method of moments
(GMM) is to define an estimator which sets g,,(3) “close” to zero.

For some ¢ x £ weight matrix W, > 0, let

This is a non-negative measure of the “length” of the vector g, (). For example, if W,, = I, then,
Jo(B) =n-3,(8)7,(8) = n-|g,(8)]*, the square of the Euclidean length. The GMM estimator
minimizes J,(3).

Definition 5.2.1 By, = argmin J, (5).
B

Note that if £ = ¢, then g,,(8) = 0, and the GMM estimator is the MME.
The first order conditions for the GMM estimator are
0

— 2.05,(0/ W, (9
= olyxw ix (Y—ZB)
mn mn

SO
27 XW, X' ZB = 2Z' XW, X'Y
which establishes the following.

Proposition 5.2.1 R
Bann = (Z/XW,X'2) " Z/ XW, XY

While the estimator depends on W,,, the dependence is only up to scale, for if W), is replaced
by ¢W,, for some ¢ > 0, S does not change.

5.3 Distribution of GMM Estimator
Assume that W,, —, W > 0. Let
Q=F (mzzé)
and
O = E (zizje}) = E (g:9}) ,
where g; = x;e;. Then

<1zfx> W, <%X’Z> ., QWQ

n
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and

<12’X> W, <%X’e> —4 QWN (0,9).

n

We conclude:

Theorem 5.3.1 /n (5’ — 5) —q N (0,V), where

V=(QWQ) T (QWawQ) (QWQ) .

In general, GMM estimators are asymptotically normal with “sandwich form” asymptotic vari-
ances.

The optimal weight matrix W is one which minimizes V. This turns out to be Wy = Q1. The
proof is left as an exercise. This yields the efficient GMM estimator:

B=(Z2'XQ7'X'2) " Z/XQ7' XY,
Thus we have

Theorem 5.3.2 For the efficient GMM estimator, v/n (B - ﬁ) —q N ((), (Q’Q_lQ)_1> .

This estimator is efficient only in the sense that it is the best (asymptotically) in the class of
GMM estimators with this set of moment conditions.

Wo = Q! is not known in practice, but it can be estimated consistently. For any W, —p Wo,
we still call B the efficient GMM estimator, as it has the same asymptotic distribution.

We have described the estimator § as “efficient GMM” if the optimal (variance minimizing)
weight matrix is selected. This is a weak concept of optimality, as we are only considering alter-
native weight matrices W,,. However, it turns out that the GMM estimator is semiparametrically
efficient, as shown by Gary Chamberlain (1987).

If it is known that E (g;(8)) = 0, and this is all that is known, this is a semi-parametric
problem, as the distribution of the data is unknown. Chamberlain showed that in this context,
no semiparametric estimator (one which is consistent globally for the class of models considered)
can have a smaller asymptotic variance than (G’ Q_lG)_l. Since the GMM estimator has this
asymptotic variance, it is semiparametrically efficient.

This results shows that in the linear model, no estimator has greater asymptotic efficiency than
the efficient linear GMM estimator. No estimator can do better (in this first-order asymptotic
sense), without imposing additional assumptions.

5.4 Estimation of the Efficient Weight Matrix

Given any weight matrix W,, > 0, the GMM estimator B is consistent yet inefficient. For example,
we can set W,, = I;. In the linear model, a better choice is W, = (X’X)~*. Given any such first-
step estimator, we can define the residuals é; = y; —z;B and moment equations §; = z;é; = g(w;, B)
Construct

N

g: = gl —Ons
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and define
1@ 1 -
W, = (ﬁ > 9;*9;*’) = (5 > gl — @@2) : (5.4)
i=1 i=1
Then W,, —, Q= = Wy, and GMM using W,, as the weight matrix is asymptotically efficient.
A common alternative choice is to set

n —1
1 L

which uses the uncentered moment conditions. Since Fg; = 0, these two estimators are asymptot-
ically equivalent under the hypothesis of correct specification. However, Alastair Hall (2000) has
shown that the uncentered estimator is a poor choice. When constructing hypothesis tests, under
the alternative hypothesis the moment conditions are violated, i.e. Fg; # 0, so the uncentered
estimator will contain an undesirable bias term and the power of the test will be adversely affected.
A simple solution is to use the centered moment conditions to construct the weight matrix, as in
(5.4) above.

Here is a simple way to compute the efficient GMM estimator. First, set W, = (X'X)71,
estimate B using this weight matrix, and construct the residual é; = y; — zz’ﬁ Then set §; = z;¢é;,
and let § be the associated n x ¢ matrix. Then the efficient GMM estimator is

b= (2X (39— n5,8,)" X'2)  ZX (5 ng,5,) " XY.

In most cases, when we say “GMM”, we actually mean “efficient GMM”. There is little point in
using an inefficient GMM estimator as it is easy to compute.
An estimator of the asymptotic variance of 8 can be seen from the above formula. Set

V=n (Z’X (§5 —ng,7,) " X’Z>_1 .

Asymptotic standard errors are given by the square roots of the diagonal elements of V.
There is an important alternative to the two-step GMM estimator just described. Instead, we
can let the weight matrix be considered as a function of 3. The criterion function is then

J(B) =n-g.(8) (% > 9 (5)92‘(6)’) 7.(8):

where
9: (B) = 9i(B) — 9.(B)
The B which minimizes this function is called the continuously-updated GMM estimator,
and was introduced by L. Hansen, Heaton and Yaron (1996).
The estimator appears to have some better properties than traditional GMM, but can be
numerically tricky to obtain in some cases. This is a current area of research in econometrics.

5.5 GMM: The General Case

In its most general form, GMM applies whenever an economic or statistical model implies the £ x 1
moment condition

E(gi(B)) =0.
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Often, this is all that is known. Identification requires [ > k = dim(f). The GMM estimator
minimizes

where

= % Zgi(ﬁ)

—1
I, .,
an(gzgmz‘gng;) ,
i=1

with ¢; = gZ(B) constructed using a preliminary consistent estimator B , perhaps obtained by first
setting W, = I. Since the GMM estimator depends upon the first-stage estimator, often the weight
matrix W, is updated, and then 8 recomputed. This estimator can be iterated if needed.

and

Theorem 5.5.1 Under general reqularity conditions, \/n <B — 6) —q N <O, (G’QflG)fl) , where

. o a1
E(g:9}))” 'and G = B2, -2 g:(B). The variance of 3 may be estimated by (G'Q1~1G where

7 [oJ5}
Q:n S Grgr and G =n"1Y, aﬁ’gl( ).

The general theory of GMM estimation and testing was exposited by L. Hansen (1982).

5.6 Over-Identification Test

Overidentified models (¢ > k) are special in the sense that there may not be a parameter value
such that the moment condition

Eg(w;, ) =0

holds. Thus the model — the overidentifying restrictions — are testable.

For example, take the linear model y; = 3] x1; + B4w2; +e; with E (z1;¢;) = 0 and E (x9;¢;) = 0.
It is possible that 35 = 0, so that the linear equation may be written as y; = 8] x1; + e;. However,
it is possible that 89 # 0, and in this case it would be impossible to find a value of 3, so that
both E (z1; (y; — 2};61)) = 0 and E (x2; (y; — 21,61)) = 0 hold simultaneously. In this sense an
exclusion restriction can be seen as an overidentifying restriction.

Note that g, —, Eg;, and thus g,, can be used to assess whether or not the hypothesis that
FEg; = 0 is true or not. The criterion function at the parameter estimates is

J = ng,Wag,
= 09, (99— 19,9,) " G-
is a quadratic form in g,,, and is thus a natural test statistic for Hy : Fg; = 0.

Theorem 5.6.1 (Sargan-Hansen). Under the hypothesis of correct specification, and if the weight
matriz is asymptotically efficient, K
= J(B) —a Xik-
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The proof of the theorem is left as an exercise. This result was established by Sargan (1958)
for a specialized case, and by L. Hansen (1982) for the general case.

The degrees of freedom of the asymptotic distribution are the number of overidentifying re-
strictions. If the statistic J exceeds the chi-square critical value, we can reject the model. Based on
this information alone, it is unclear what is wrong, but it is typically cause for concern. The GMM
overidentification test is a very useful by-product of the GMM methodology, and it is advisable to
report the statistic J whenever GMM is the estimation method.

When over-identified models are estimated by GMM, it is customary to report the J statistic
as a general test of model adequacy.

5.7 Hypothesis Testing: The Distance Statistic

We described before how to construct estimates of the asymptotic covariance matrix of the GMM
estimates. These may be used to construct Wald tests of statistical hypotheses.

If the hypothesis is non-linear, a better approach is to directly use the GMM criterion function.
This is sometimes called the GMM Distance statistic, and sometimes called a LR-like statistic (the
LR is for likelihood-ratio). The idea was first put forward by Newey and West (1987).

For a given weight matrix W,,, the GMM criterion function is

J(B) =n-G,(8) Wy, (B)
For h : R¥ — R", the hypothesis is
Hy: h(B) =0.

The estimates under H; are

3 = argmin J(3)
B

and those under Hj are

B = argmin J(53).
h(B)=0

The two minimizing criterion functions are J(3) and J(3). The GMM distance statistic is the
difference

D= J(B) — J(B).
Proposition 5.7.1 If the same weight matrix W, is used for both null and alternative,
1. D>0
2. D —4x2

8. If h is linear in B, then D equals the Wald statistic.

If A is non-linear, the Wald statistic can work quite poorly. In contrast, current evidence
suggests that the D statistic appears to have quite good sampling properties, and is the preferred
test statistic.

Newey and West (1987) suggested to use the same weight matrix W,, for both null and alter-
native, as this ensures that D > 0. This reasoning is not compelling, however, and some current
research suggests that this restriction is not necessary for good performance of the test.

This test shares the useful feature of LR tests in that it is a natural by-product of the compu-
tation of alternative models.
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5.8 Conditional Moment Restrictions

In many contexts, the model implies more than an unconditional moment restriction of the form
Eg;(8) = 0. It implies a conditional moment restriction of the form

E(ei(B) | xi) =0

where e;(3) is some s x 1 function of the observation and the parameters. In many cases, s = 1.

It turns out that this conditional moment restriction is much more powerful, and restrictive,
than the unconditional moment restriction discussed above.

Our linear model y; = 25 + e; with instruments z; falls into this class under the stronger
assumption E (e; | ;) = 0. Then €;(8) = y; — 2.

It is also helpful to realize that conventional regression models also fall into this class, except
that in this case z; = x;. For example, in linear regression, e;(3) = y; — /3, while in a nonlinear
regression model e;(3) = y; — g(z;, ). In a joint model of the conditional mean and variance

yi — i3
62(677) =
(yi — =B)* — f(zi)'y

Here s = 2.

Given a conditional moment restriction, an unconditional moment restriction can always be
constructed. That is for any ¢ x 1 function ¢(z;, 3), we can set g;(8) = ¢(z;, 8)e;(8) which satisfies
Eg;(8) = 0 and hence defines a GMM estimator. The obvious problem is that the class of functions
¢ is infinite. Which should be selected?

This is equivalent to the problem of selection of the best instruments. If z; is a valid instrument
satisfying F (e; | x;) = 0, then z;, 22, 23, ..., etc., are all valid instruments. Which should be used?

One solution is to construct an infinite list of potent instruments, and then use the first k
instruments. How is k£ to be determined? This is an area of theory still under development. A
recent study of this problem is Donald and Newey (2001).

Another approach is to construct the optimal instrument. The form was uncovered by Cham-

berlain (1987). Take the case s = 1. Let

Ri=FE <%ei(6) | x)

and
Then the “optimal instrument” is

so the optimal moment is
9i(B) = Aiei(B).
Setting g; () to be this choice (which is k x 1, so is just-identified) yields the best GMM estimator
possible.
In practice, A; is unknown, but its form does help us think about construction of optimal
instruments.
In the linear model e;(3) = y; — 2}, note that

Rz‘ =-F (Zz | l’z)
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and
02:E(€i2‘$2‘),

)

SO
Az‘ ZJ;2E(ZZ‘ ‘ {Ez)

In the case of linear regression, z; = x;, so A; = o, 21,;. Hence efficient GMM is GLS, as we
discussed earlier in the course.

In the case of endogenous variables, note that the efficient instrument A; involves the estimation
of the conditional mean of z; given z;. In other words, to get the best instrument for z;, we need the
best conditional mean model for z; given z;, not just an arbitrary linear projection. The efficient
instrument is also inversely proportional to the conditional variance of e;. This is the same as the
GLS estimator; namely that improved efficiency can be obtained if the observations are weighted
inversely to the conditional variance of the errors.
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Chapter 6

Empirical Likelihood

6.1 Non-Parametric Likelihood

An alternative to GMM is empirical likelihood. The idea is due to Art Owen (1988, 2001) and
has been extended to moment condition models by Qin and Lawless (1994). It is a non-parametric
analog of likelihood estimation.

The idea is to construct a multinomial distribution F(pi,...,p,) which places probability p;
at each observation. To be a valid multinomial distribution, these probabilities must satisfy the

requirements that p; > 0 and
n
d pi=1. (6.1)
i=1

Since each observation is observed once in the sample, the log-likelihood function for this multino-
mial distribution is

Ln(p1y.opn) = Zln(pi). (6.2)

First let us consider a just-identified model. In this case the moment condition places no
additional restrictions on the multinomial distribution. The maximum likelihood estimator of the
probabilities (p1, ..., pn) are those which maximize the log-likelihood subject to the constraint (6.1).
This is equivalent to maximizing

Zlog(pi) — <Zpi —~ 1)

where 4 is a Lagrange multiplier. The n first order conditions are 0 = p; ! — y1. Combined with
the constraint (6.1) we find that the MLE is p; = n~! yielding the log-likelihood —n log(n).
Now consider the case of an overidentified model with moment condition

Egi(ﬁo) =0

where g is £ x 1 and 3 is k x 1 and for simplicity we write g;(53) = g(v:, 2i, i, ). The multinomial
distribution which places probability p; at each observation (y;, z;, z;) will satisfy this condition if
and only if

> pigi(8) =0 (6.3)
=1
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The empirical likelihood estimator is the value of § which maximizes the multinomial log-
likelihood (6.2) subject to the restrictions (6.1) and (6.3).
The Lagrangian for this maximization problem is

=1 =1 =1

where A\ and p are Lagrange multipliers. The first-order-conditions of L} with respect to p;, u,
and A are

1
P p+nXg; (B)

n
sz‘ =1
i=1

> pigi(B) = 0.
i=1

Multiplying the first equation by p;, summing over i, and using the second and third equations,

we find 4 =n and
1

P (1+Ngi(B))

Substituting into L; we find
R, (8,\) = —nln(n) =Y In(1+Xgi(8)). (6.4)
i=1

For given (3, the Lagrange multiplier A($) minimizes R, (5, \) :
A(B) = argmin R, (3, \). (6.5)
A

This minimization problem is the dual of the constrained maximization problem. The solution
(when it exists) is well defined since R, (3, ) is a convex function of A. The solution cannot be
obtained explicitly, but must be obtained numerically (see section 6.5). This yields the (profile)
empirical log-likelihood function for 5.

La(B) = Ru(BAB)
= —nln(n) — > In(1+A(8) g (B))
=1

The EL estimate B is the value which maximizes Ly (/3), or equivalently minimizes its negative

N

p= arg;nin [=Ln(B)] (6.6)

Numerical methods are required for calculation of 3. (see section 6.5) A A
As a by-product of estimation, we also obtain the Lagrange multiplier A = A((), probabilities

. 1

")

and maximized empirical likelihood
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6.2 Asymptotic Distribution of EL Estimator

Define

G;(B) = %gi (B) (6.8)
G = EG; (By)
Q= E (9: (Bo) 9i (Bo)")
and
V= (G/Q_lG)_l (6'9)
Wn=0-G(@'6) ¢ (610

For example, in the linear model, G; (, 8) = —x:2}, G = —E (%:2]), and Q = E (zz}e?) .
Theorem 6.2.1 Under regularity conditions,
Vit (B=8) =" N(@V)
Vid =4 QTN (0,7))

where V' and Vy are defined in (6.9) and (6.10), and \/n (5’ - 60) and \/n) are asymptotically
independent.

The asymptotic variance V' for j is the same as for efficient GMM. Thus the EL estimator is
asymptotically efficient.
Proof. (5, \) jointly solve

) n gi B
0 = aRn(ﬂ,)\) = — A,( ) - (6.11)
=1 (1 + A gi (B))
A\
9 n G (,B) A
0 = %Rn(ﬂJ\) =2 T (6.12)
i—1 1+ Agi (5)
Let G = % >ie1 Gi(Bo) s 9n = % > i1 9i (Bo) and Qy = % > 159 (Bo) gi (Bo)"-
Expanding (6.12) around 8 = 8, and A = A9 = 0 yields
0~G (A=Xo). 6.13
G (A=A
Expanding (6.11) around 8 = 5, and A = A\g = 0 yields

Premultiplying by G/ €' and using (6.13) yields
B—By) + GL, QA

0 ~ —-G0'g, — G2, "Gy ( )
= T, G o (B o)
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Solving for 3 and using the WLLN and CLT yields

Vi (B=80) = —(Gh0"Ga) 7 GO Vg, (6.15)
—4 (@) ETIN(0,9)
— N(0,V)

Solving (6.14) for A and using (6.15) yields
VnA
=t ot (1-a(@eTe) T @) N (0,9)

= QIN(0, 1))

12

Ot (1= G (G9°Ga) 7 G5 ) Vg, (6.16)

Furthermore, since

¢ (1-o'e(@o'e) @) =0

Vn (5’ — 60) and \/55\ are asymptotically uncorrelated and hence independent. |

Chamberlain (1987) showed that V' is the semiparametric efficiency bound for § in the overi-
dentified moment condition model. This means that no consistent estimator for this class of models
can have a lower asymptotic variance than V. Since the EL estimator achieves this bound, it is
an asymptotically efficient estimator for 3.

6.3 Overidentifying Restrictions

In a parametric likelihood context, tests are based on the difference in the log likelihood functions.
The same statistic can be constructed for empirical likelihood. Twice the difference between the
unrestricted empirical likelihood —nlog (n) and the maximized empirical likelihood for the model
(6.7) is

LR, = zn:mn (1 + Vg (5)) . (6.17)

Theorem 6.3.1 If Eg(w;, 3y) =0 then LR,, —q X7_,.

The EL overidentification test is similar to the GMM overidentification test. They are asymp-
totically first-order equivalent, and have the same interpretation. The overidentification test is a
very useful by-product of EL estimation, and it is advisable to report the statistic L R,, whenever
EL is the estimation method.

Proof. First, by a Taylor expansion, (6.15), and (6.16),

F2o(wB) = V(G (5-))
(I — G, (GL2G) G;Q,;l) N
Q1.

12

12
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Second, since In(1 + x) ~ 2 — 22 /2 for z small,

LR, = izm(u&’gi (5))

i=1
o i ~ ~f i ~ A\ 2
~ 2 g (B) - N D (B) g (B) A
i=1 i=1
~ nX/QnS\
—q N (0,V3) Q7N (0,V3)
= Xifk
where the proof of the final equality is left as an exercise. [ |

6.4 Testing

Let the maintained model be
Egi(8) =0 (6.18)

where g is £ x 1 and § is k x 1. By “maintained” we mean that the overidentfying restrictions
contained in (6.18) are assumed to hold and are not being challenged (at least for the test discussed
in this section). The hypothesis of interest is

h(B) = 0.

where h : RF — R%. The restricted EL estimator and likelihood are the values which solve

f = argmax L,(f)
h(B)=0
Ln = Ln(B) = hr(%?i(o Ln(B).

Fundamentally, the restricted EL estimator B is simply an EL estimator with ¢ — k 4+ a overidenti-
fying restrictions, so there is no fundamental change in the distribution theory for 3 relative to B.
To test the hypothesis h(S) while maintaining (6.18), the simple overidentifying restrictions test
(6.17) is not appropriate. Instead we use the difference in log-likelihoods:

LRy =2 (Ln = Ln).
This test statistic is a natural analog of the GMM distance statistic.
Theorem 6.4.1 Under (6.18) and Hp : h(3) = 0, LR,, —q4 X>.

The proof of this result is more challenging and is omitted.

6.5 Numerical Computation
Gauss code which implements the methods discussed below can be found at

http://www.ssc.wisc.edu/~bhansen /progs/elike.prc
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6.5.1 Derivatives

The numerical calculations depend on derivatives of the dual likelihood function (6.4). Define

iGN = T
Gipy = (2
The first derivatives of (6.4) are
Ry = 2LRa(5,0) = ég;* (5.)
R = woltn(.) = —;Z;e: (5.,
The second derivatives are
B = gl (5.0 = 3207 (3007 (33
Mo = gm0 =3 (5B NG 6. - 50 )
Ros = 5o (5.0) = ; GE (BN G (5, ) #fi(fg(f;f)

6.5.2 Inner Loop

The so-called “inner loop” solves (6.5) for given /3. The modified Newton method takes a quadratic
approximation to Ry, (3, A) yielding the iteration rule

Nt =X — 0 (R (B, ) Ra (B, ). (6.19)

where § > 0 is a scalar steplength (to be discussed next). The starting value A; can be set to the
zero vector. The iteration (6.19) is continued until the gradient R (/3, A;) is smaller than some
prespecified tolerance.

Efficient convergence requires a good choice of steplength . One method uses the following
quadratic approximation. Set dg = 0, §; = % and 03 = 1. For p=10, 1,2, set

Ao = A =6, (R (B,0) Ry (B, \)))
Rp = Rn(ﬂ,)‘p)

A quadratic function can be fit exactly through these three points. The value of § which minimizes

this quadratic is
Ry + 3Ry — 4Ry

4Ro + 4Ry — 8R4 '
yielding the steplength to be plugged into (6.19)..
A complication is that A must be constrained so that 0 < p; < 1 which holds if

n(1+Ngi(8)>1 (6.20)
for all i. If (6.20) fails, the stepsize 0 needs to be decreased.

5=
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6.5.3 Outer Loop

The outer loop is the minimization (6.6). This can be done by the modified Newton method
described in the previous section. The gradient for (6.6) is

Lg = a—aﬁLn(ﬁ) = %Rn(ﬁ, A) = Rg + XﬁR)\ = Rg

since Ry (B,A) =0 at A = A(3), where

0

Ao = 5

(B) = =R\ Ry,

the second equality following from the implicit function theorem applied to Ry (8, A(8)) = 0.
The Hessian for (6.6) is

0
Lgg = *W%
8 /
= o7 [Rs (8, A(B)) + A5 Rx (8, M(8))]
= —(Rsp (B, M(B)) + RygAs + A\gRag + NgRaAs)
= R\gR,\Rys — Rpp.

(8)

It is not guaranteed that Lgg > 0. If not, the eigenvalues of Lgg should be adjusted so that all are
positive. The Newton iteration rule is

Bjs1=B; —0Lg5Lg

where 0 is a scalar stepsize, and the rule is iterated until convergence.
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Chapter 7

Endogeneity

We say that there is endogeneity in the linear model y = 2/ + ¢; if 5 is the parameter of interest
and E(z;e;) # 0. This cannot happen if g is defined by linear projection, so requires a structural
interpretation. The coefficient 8 must have meaning separately from the definition of a conditional
mean or linear projection.

Example: Measurement error in the regressor. Suppose that (y;,z}) are joint random
variables, E(y; | «f) = =}’[ is linear, /3 is the parameter of interest, and =} is not observed. Instead
we observe x; = x} + u; where u; is an k x 1 measurement error, independent of y; and z}. Then

yi = z;B+e
= (2 —w) B+e
= ziB+u
where
v, =€ — uéﬁ.

The problem is that
E (zivi) = E [(#] + wi) (e; —uiB)] = —F (usuj) B #0
if §#0 and E (u;u}) # 0. It follows that if A is the OLS estimator, then
B —p BF =0 — (E (xzx;))fl E (ulu;) B # B.

This is called measurement error bias.
Example: Supply and Demand. The variables ¢; and p; (quantity and price) are determined
jointly by the demand equation
¢ = —Ppi + e

and the supply equation
i = Papi + e2i.

Assume that e; = < zli ) is iid, Ee; = 0, 81 + B, = 1 and Ee;e; = I (the latter for simplicity).
2

The question is, if we regress ¢; on p;, what happens?
It is helpful to solve for ¢; and p; in terms of the errors. In matrix notation,

A= ()
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<€h‘> _ [1 b1 }_1<€1i>
Di 1 =B e2i
[ A1)
1 -1 €9;

_ < Bae1i + Bre )

(e1i — e2i)
The projection of g; on p; yields
%@ = B'pite
E(pei) = 0

where
E (pig;) . Ba — B

E@p) 2
Hence if it is estimated by OLS, /3 —p B, which does not equal either 8, or f5. This is called
simultaneous equations bias.

f =

7.1 Instrumental Variables

Let the equation of interest be

where z; is k x 1, and assume that FE(z;e;) # 0 so there is endogeneity. We call (7.1) the structural
equation. In matrix notation, this can be written as

Y=2Z3+e. (7.2)

Any solution to the problem of endogeneity requires additional information which we call
instruments.

Definition 7.1.1 The ¢ x 1 random vector x; is an instrumental variable for (7.1) if E (x;e;) = 0.

In a typical set-up, some regressors in z; will be uncorrelated with e; (for example, at least the
intercept). Thus we make the partition
210\ k1
- 7.3
s < 29 ) k2 (7-3)

where F(z1;¢;) = 0 yet E(z9;e;) # 0. We call z1; exogenous and z9; endogenous. By the above
definition, z1; is an instrumental variable for (7.1), so should be included in z;. So we have the

partition
213 k
T = < sc; ) 6; (7.4)

where z1; = x1; are the included exogenous variables, and z; are the excluded exogenous
variables. That is xy; are variables which could be included in the equation for y; (in the sense
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that they are uncorrelated with e;) yet can be excluded, as they would have true zero coefficients
in the equation.

The model is just-identified if ¢ = k (i.e., if fo = ko) and over-identified if ¢ > k (i.e., if
ly > kg).

We have noted that any solution to the problem of endogeneity requires instruments. This
does not mean that valid instruments actually exist.

7.2 Reduced Form

The reduced form relationship between the variables or “regressors” z; and the instruments x; is
found by linear projection. Let
r=~F (mixé)_l E (7))

be the £ x k matrix of coefficients from a projection of z; on x;, and define
U = 25 — LEQF

as the projection error. Then the reduced form linear relationship between z; and x; is

Zi = F/{EZ‘ + u;. (75)
In matrix notation, we can write (7.5) as
Z=XI'+u (7.6)
where v is n X k.
By construction,
E(xul) =0,

so (7.5) is a projection and can be estimated by OLS:

Z = XI'+4a

r = (xX'x)"(x'2).
Substituting (7.6) into (7.2), we find

Y = (XT+u)f+e

XA+, (7.7)
where
A=TIg4 (7.8)
and
v=uf+e.

Observe that
E ({EZ’UZ) =F (xzu;) 5 + FE (xzez) =0.

Thus (7.7) is a projection equation and may be estimated by OLS. This is

Y = X\+9,

A= (X'X)TH(XY)
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The equation (7.7) is the reduced form for Y. (7.6) and (7.7) together are the reduced form
equations for the system
Y = X\+vw
Z = XI'+u.

As we showed above, OLS yields the reduced-form estimates (A, T')

7.3 Identification

The structural parameter 3 relates to (A, I') through (7.8). The parameter [ is identified, meaning
that it can be recovered from the reduced form, if

rank(l") = k. (7.9)
Assume that (7.9) holds. If ¢ = k, then 3 = I\ If £ > k, then for any W > 0, 8 =
W) 'YW
If (7.9) is not satisfied, then § cannot be recovered from (A, I'). Note that a necessary (although
not sufficient) condition for (7.9) is £ > k.

Since X and Z have the common variables X1, we can rewrite some of the expressions. Using
(7.3) and (7.4) to make the matrix partitions X = [X1, X»| and Z = [X}, Z»|, we can partition I'

as
r — |:1—‘11 P12:|

[oy T
_ I T's
[0 Ty
(7.6) can be rewritten as
Z1 = Xy
Z2 = X1F12 + X2F22 + ug. (710)

B is identified if rank(I") = k, which is true if and only if rank(I'22) = k2 (by the upper-diagonal
structure of I'). Thus the key to identification of the model rests on the f2 x ko matrix I'g9 in (7.10).

7.4 Estimation

The model can be written as
yi = zf+e
E(zie;) = 0
or
g(w,B) = x (yi — 2p).

This a moment condition model. Appropriate estimators include GMM and EL. The estimators
and distribution theory developed in those Chapter 8 and 9 directly apply. Recall that the GMM
estimator, for given weight matrix W, is

B=(ZXW,X'Z)" ZXW,X"Y.
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7.5 Special Cases: 1V and 2SLS

If the model is just-identified, so that k = ¢, then the formula for GMM simplifies. We find that

~

B = (ZXW.X'Z)" ZXW,X'Y

= (X'2)7' W (Z'X) T 2 XWLXY

- (X'2)7' XY
This estimator is often called the instrumental variables estimator (IV) of 3, where X is used
as an instrument for Z. Observe that the weight matrix W,, has disappeared. In the just-identified
case, the weight matrix places no role. This is also the MME estimator of 3, and the EL estimator.

Another interpretation stems from the fact that since 5 = I'"'\, we can construct the Indirect
Least Squares (ILS) estimator:

B = I\

which again is the IV estimator.

Recall that the optimal weight matrix is an estimate of the inverse of Q = E (z;2}e?) . In the
special case that E (7 | z;) = o? (homoskedasticity), then Q = E (z;2}) 0? « E (x;2}) suggesting
the weight matrix W,, = (X’X) ' . Using this choice, the GMM estimator equals

Basrs = (7/X (X'X) 7 X'7) "ZX (X'X) XY

This is called the two-stage-least squares (2SLS) estimator. It was originally proposed by Theil
(1953) and Basmann (1957), and is the classic estimator for linear equations with instruments.
Under the homoskedasticity assumption, the 2SLS estimator is efficient GMM, but otherwise it is
inefficient.

It is useful to observe that writing

Py = X(X'X)'Xx,

7 = PxZ=X(X'X)"X'Z,
then
po / =1
B = (Z2'PxZz) Z'PxY
= (Z/Z> 7'Y.
The source of the “two-stage” name is since it can be computed as follows
e First regress Z on X, vis.,, I' = (X’X) ' (X'Z) and Z = XI' = Px Z.

N N A A\ —1 .
e Second, regress Y on Z, vis., 8 = (Z’Z) Z'Y.
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It is useful to scrutinize the projection Z. Recall, Z = [Z1, Z5] and X = [Zy, X2]. Then
Z = _Zl, Zz_
= [PxZ, PxZ]
= [Z1, PxZ,]
= ZlaZQ )

since Z7 lies in the span of X. Thus in the second stage, we regress Y on Z; and Zs. So only the
endogenous variables Zy are replaced by their fitted values:

Zy = X1T19 + XoT'9s.

7.6 Bekker Asymptotics

Bekker (1994) used an alternative asymptotic framework to analyze the finite-sample bias in the
2SLS estimator. Here we present a simplified version of one of his results. In our notation, the
model is

Y ZB+e (7.11)
Z = XD+u (7.12)
£ = (euw)

E(§|X) 0

E(&|X) = S

As before, X is n x [ so there are [ instruments.
First, let’s analyze the approximate bias of OLS applied to (7.11). Using (7.12),

E <%Z/e) =F (ziei) =I'E (SL‘ZGZ) + F (u,ez) = So1

and

E <lz’z> = E(zz)
n
= I'E (x2}) T+ E (uzf) T+ T'E (zu;) + E (uiug)
= T'QT + Soo

where Q = F (x;2}) . Hence by a first-order approximation
E(B —5) ~ ((1z2)) £(lz
OLS n n
= (F/QF + 522)_1 S91 (713)

which is zero only when S3;1 = 0 (when Z is exogenous).
We now derive a similar result for the 2SLS estimator.

Bosrs = (Z'Px2) " (Z'PxY).
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Let Px = X (X'X )_1 X'. By the spectral decomposition of an idempotent matrix, P = HAH'
where A = diag(I},0). Let ¢ = H'€S~'/2 which satisfies Eqq’ = I,, and partition ¢ = (¢} ¢}) where
q1 is [ x 1. Hence

E <%§/PX£> _ %SI/Q/E (q/Aq) 51/2
_ lsl/QlE <lq£q1) 51/2
n n

_ 151/2/51/2

n

= aS

where

Using (7.12) and this result,

lE‘ (Z/Pxe) = lE‘ (F/X/e) + lE‘ (U/Pxe) = 04521,
n n n
and
%E (2'PxZ) = T'E(w;) T +1"E (zu;) + E (ugzi) T + %E (v Pxu)
= F/QF + 01522.
Together

-1
E (Bms - B) ~ <E <%Z/PXZ>> E <%Z/PX6>
= « (F/Ql—‘ + CYSQQ)iI S91. (7.14)

In general this is non-zero, except when Sp; = 0 (when Z is exogenous). It is also close to zero
when a = 0. Bekker (1994) pointed out that it also has the reverse implication — that when
a =[/n is large, the bias in the 2SLS estimator will be large. Indeed as o — 1, the expression in
(7.14) approaches that in (7.13), indicating that the bias in 2SLS approaches that of OLS as the
number of instruments increases.

Bekker (1994) showed further that under the alternative asymptotic approximation that « is
fixed as n — oo (so that the number of instruments goes to infinity proportionately with sample
size) then the expression in (7.14) is the probability limit of Bygrg — 3

7.7 Identification Failure

Recall the reduced form equation
Zo = X112 4+ Xol'99 + us.

The parameter § fails to be identified if I's5 has deficient rank. The consequences of identification
failure for inference are quite severe.
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Take the simplest case where kK = =1 (so there is no X;). Then the model may be written as

vi = zif+e

Zi = Tt U

and Doy = v = F (x;2;) /Ex?. We see that (3 is identified if and only if 'sg = 7 # 0, which occurs
when E (z;z;) # 0. Thus identification hinges on the existence of correlation between the excluded
exogenous variable and the included endogenous variable.

Suppose this condition fails, so F (z;xz;) = 0. Then by the CLT

% > miei —a Ny ~ N (0, E (23¢})) (7.15)
1=1

RIE SV I N 22
\/ﬁ;%%— \/ﬁgmuz —q No N(O,E(:czul)) (7.16)

therefore S
1 Ti€
8= f ! —q M ~ Cauchy,
\f Zz 1 N2

since the ratio of two normals is Cauchy. This is particularly nasty, as the Cauchy distribution
does not have a finite mean. This result carries over to more general settings, and was examined
by Phillips (1989) and Choi and Phillips (1992).

Suppose that identification does not complete fail, but is weak. This occurs when I'ys is full
rank, but small. This can be handled in an asymptotic analysis by modeling it as local-to-zero,
viz

B -

Ty =n"'/2C,

—1/2 5 picked because it provides just the right balancing to

where C is a full rank matrix. The n
allow a rich distribution theory.
To see the consequences, once again take the simple case k = [ = 1. Here, the instrument x; is
weak for z; if
v = n~12¢c,

Then (7.15) is unaffected, but (7.16) instead takes the form
V=T N R O
= Z Tric+ —— Z TiU;

—d QC —l— Ny
therefore N
~ 1
f=B—a QC + NQ.

As in the case of complete identification failure, we find that B is inconsistent for 5 and the
asymptotic distribution of 3 is non-normal. In addition, standard test statistics have non-standard
distributions, meaning that inferences about parameters of interest can be misleading.
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The distribution theory for this model was developed by Staiger and Stock (1997) and extended
to nonlinear GMM estimation by Stock and Wright (2000). Further results on testing were obtained
by Wang and Zivot (1998).

The bottom line is that it is highly desirable to avoid identification failure. Once again, the
equation to focus on is the reduced form

Zy = X119 + XaoTl'go + ug

and identification requires rank(I'a2) = ko. If ko = 1, this requires I's2 # 0, which is straightforward
to assess using a hypothesis test on the reduced form. Therefore in the case of ko = 1 (one RHS
endogenous variable), one constructive recommendation is to explicitly estimate the reduced form
equation for Zs, construct the test of I'ss = 0, and at a minimum check that the test rejects
H() : F22 =0.

When ks > 1, I'9g # 0 is not sufficient for identification. It is not even sufficient that each
column of T'g9 is non-zero (each column corresponds to a distinct endogenous variable in Xs). So
while a minimal check is to test that each columns of I'g9s is non-zero, this cannot be interpreted
as definitive proof that I'oo has full rank. Unfortunately, tests of deficient rank are difficult to
implement. In any event, it appears reasonable to explicitly estimate and report the reduced form
equations for Xs, and attempt to assess the likelihood that I'9s has deficient rank.
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Chapter 8

The Bootstrap

8.1 Monte Carlo Simulation

It will be helpful to define some general concepts so our discussion will be at a higher level of
generality than the linear regression framework. Recall that we let F' denote the population
distribution of the observations (y;,x;). Now, we let F' denote a general CDF, and let Fy denote
the true value. Let 6 be some parameter of interest and let T}, = T},(y1, Z1..., Yn, Tn, 0) be a statistic

of interest, for example an estimator such as 0 or a test statistic such as (é — (9) / 5(9) The goal

is to calculate the sampling distribution of 7T,.
The exact CDF of T;, when the data are sampled from the distribution F' is

Gz, F) = P(T, <z | F)

Given the structure of the problem, G,, is a function only of F, the distribution of (y;,z;). In
general, G, (z, F') depends on F, meaning that G changes as F' changes.

Ideally, inference on 6 would be based on Gy, (x, Fp), the true value of the sampling distribution.
This is generally impossible for two reasons. First, the function Gy, (z, F') is unknown. Second, Fj
is unknown.

The idea of Monte Carlo simulation is to solve the first problem through numerical simulation.
The idea is that for any given F| the distribution function G, (z, F') can be calculated numerically
through simulation. Since F' is unknown, this does not solve the problem of inference. Instead,
the method is typically used to assess the adequacy of statistical methods in practical settings.

The name Monte Carlo derives from the famous Mediterranean gambling resort, where games
of chance are played.

The method of Monte Carlo is quite simple to describe. The researcher chooses Fy (the dis-
tribution of the data) and the sample size n. A “true” value of 6y is implied by this choice, or
equivalently the value 6 is selected directly by the researcher.

Then the following experiment is conducted

e 1 independent random vectors y;, z}, i = 1,...,n, are drawn from the distribution F' using
the computer’s random number generator.

o The statistic T, = T,, (v}, x} ..., y)i, x), 0) is calculated on this pseudo data.

For step 1, most computer packages have built-in procedures for generating U0, 1] and N(0, 1)
random numbers, and from these most random variables can be constructed. (For example, a
chi-square can be generated by sums of squares of normals.)
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For step 2, it is important that the statistic be evaluated at the “true” value of 6 corresponding
to the choice of F.

The above experiment creates one random draw from the distribution G, (z, F'). This is one
observation from an unknown distribution. Clearly, from one observation very little can be said.
So the researcher repeats the experiment B times, where B is a large number. Typically, we set
B = 1000 or B = 5000, and we will discuss this choice later.

Notationally, let the ¥'th experiment result in the draw T)%,, b = 1,..., B. These results are
stored. They constitute a random sample of size B from the distribution of G, (x, F)) = P (T < x) =
P(T,<=z|F).

From a random sample, we can estimate any feature of interest using (typically) a method of
moments estimator. For example:

Suppose we are interested in the bias, mean-squared error (MSE), or variance of the distribution
of § — 0. We then set T), = 0 — 0, run the above experiment, and calculate

— 1B

Bias(@) = EZT:;I)
b=1

—_— 1B

MSE®) = 5 (T
b=1

Var(d) = MSE@) - (B/Tw)

Suppose we are interested in the Type I error associated with an asymptotic 5% two-sided
t-test. We would then set T}, = ‘@ - 9‘ /s(0) and calculate

B
|
P==>"1(Ty > 1.96), (8.1)

the percentage of the simulated t-ratios which exceed the asymptotic 5% critical value.
Suppose we are interested in the 5% and 95% quantile of 8 or (6 — ) /s(6). We then set T, to

either choice, and compute the 10% and 90% sample quantiles of the sample {775, }. The a% sample
quantile is a number g, such that a% of the sample are less than ¢,. A simple way to compute
sample quantiles is to sort the sample {77} from low to high. Then g, is the N’th number in
this ordered sequence, where N = (B + 1)a. It is therefore convenient to pick B so that N is an
integer. For example, if we set B = 999, then the 5% sample quantile is 50’th sorted value and
the 95% sample quantile is the 950’th sorted value.

The typical purpose of a monte carlo simulation is to investigate the performance of a statistical
procedure (estimator or test) in realistic settings. Generally, the performance will depend on n
and F. In many cases, an estimator or test may perform wonderfully for some values, and poorly
for others. It is therefore useful to conduct a variety of experiments, for a selection of choices of n
and F.

As discussed above, the researcher must select the number of experiments, B. Often this is
called the number of replications. Quite simply, a larger B results in more precise estimates of
the features of interest of GG, but requires more computational time. In practice, therefore, the
choice of B is often guided by the computational demands of the statistical procedure. However,
it should be recognized that the results of a monte carlo experiment are all estimates computed
from a random sample of size B, and therefore it is straightforward to calculate standard errors

71



for any quantity of interest. If the standard error is too large to make a reliable inference, then B
will have to be increased.

In particular, it is simple to make inferences about rejection probabilities from statistical tests,
such as the percentage estimate reported in (8.1). The random variable 1 (7% > 1.96) is iid
Bernoulli, equalling 1 with probability P = E1 (7% > 1.96). The average (8.1) is therefore an

unbiased estimator of P with standard error s (]5) = /P (1 — P)/B. As P is unknown, this may
be approximated using the estimated value s (P) =\ | P (1 — 15) /B or using a hypothesized value.

For example, if we are assessing an asymptotic 5% test, then we can set s (]5) = /(.05) (.95) /B ~

.22/\/?. Hence the standard errors for B = 100, 1000, and 5000, are, respectively, s (15) = .022,
.007, and .003.

8.2 An Example

Here we illustrate Monte Carlo simulation to investigate estimation and tests on a nonlinear
function of regression parameters.
Our model is an iid sample {y;, x1;,x2; : 1 < i < n} from the linear Gaussian regression

Yi = Bo+z1iB+ 28y + €
< L > ~ N(0,I)

T2
e, N(O,U2)

Weset 0 =3, By, =0, 1 =1, By = .5, and n = 300. In this example, the distribution of the data,
F, is determined by the above choices. We don’t have to be more explicit about F), as the above
equations are sufficient to specify the joint distribution.

The parameter of interest is the ratio of the regression slopes

)i
Ba
The goal is to estimate 6, construct confidence intervals for 8, and test the hypothesis that 6 = 6.

Note that 6y = 2.
We estimate the parameters of the model by OLS, and then estimate 6 by

A

Iy
By
The standard error for 6 is calculated by the “delta method”:
0
1
o PN 1/2 ~ -
se(f) = <H5VH5> , Hg = Ba ,
B
=2
Ba

where V' is the White covariance matrix estimate.
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The asymptotic approximation to the distribution of 6 is N (0, AVar(@)), where
AVar(f) =n" (Hé (Em,w;)fl Hg) Ee? ~0.6.

Thus the asymptotic approximation is 6 ~ N (2,0.6).

We first investigate the distribution of 6. We set B = 100, 000, which is extremely high, simply
because the computation time was minimal. Consequently, the error due to the simulation is
minimal.

First, I nonparametrically estimated the density of 0 (using a kernel density estimator). This
density, along with the asymptotic distribution, is displayed in the top section of Figure 1. The
divergence between the exact and asymptotic densities is quite dramatic. The exact density is

skewed and thick-tailed. Next I estimated! the mean and standard deviation of @, finding F (@) =

2.32 and sd(f) = 1.28. Note that these are quite different from the asymptotic approximation
(which are 2.0 and 0.77, respectively).

Inference is typically based on the t-ratio ¢, = (6§ — 6g)/s(f). The asymptotic approximation
to t,, is N(0,1). Using the same simulated samples, we estimated the exact density of ¢,, which is
displayed along with the asymptotic distribution in the bottom section of Figure 1.

Once again we find that the divergence between the exact and asymptotic distributions to be
dramatic. The exact distribution is highly skewed and non-normal. The accuracy of hypothesis
testing and confidence interval coverage depends on tail probabilities. We calculate the exact prob-
abilities P(t, > 1.645) = 0.00, P(t, < —1.645) = .115 and P(|t,| > 1.96) = .084, meaning that
both one-tailed and two-tailed tests and confidence intervals based on asymptotic approximations
have significant Type I error. (The nominal, or asymptotic, Type I error for each of these tests is
.050).

This example shows that asymptotic approximations may be quite poor, even in very simple
regression models with reasonably large samples.

! Actually, these are trimmed means and standard deviations, calculated on a sample where the upper and lower
0.5% of the sample has been trimmed off. This was done to obtain a robust measure of mean and variance, due to
the presence of extreme outliers.
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8.3 The Empirical Distribution Function

The observations are wj, i, ...,n, e.g. w; = (y;, z;) with CDF F(w) = P(w; < w) and true value
Fy. Note that Fy(w) = P (w; <w) = E1(w; < w), where 1(-) is the indicator function, so Fy(w)
can be expressed as a population moment. The MME is the corresponding sample moment:

Fn(w):%zuwigw).

F,(w) is called the empirical distribution function (EDF). F}, is a nonparametric estimate of Fj.
Note that while Fp may be either discrete or continuous, F), is by construction a (discontinuous)
step function.

The EDF is a consistent estimator of the CDF. To see this, note that for any w, 1 (w; < w)
is an iid random variable with expectation Fy(w). Thus by the WLLN, F,(w) —, Fo(w). It also
converges at rate y/n. By the CLT,

Vi (Fy(w) = Fo(w)) = N (0, Fo(w) (1 = Fo(w))) .

To see the effect of sample size on the EDF| in Figure 2, I have plotted the EDF and true
CDF for three random samples of size n = 25, 50, and 100. The random draws are from the
N(0,1) distribution. For n = 25, the EDF is only a crude approximation to the CDF, but the
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approximation appears to improve for the large n. Yet even for n = 100, there is a significant
divergence between the EDF and CDF around w = —.6 in this sample. In general, as the sample
size gets larger, the EDF step function gets uniformly close to the true CDF.

) Distribution Functon, N(D,1) Varobies, N=25.

8.4 Definition of the Bootstrap

Let T,, = T), (w1, ..., wp, 0) be a statistic of interest with CDF G, (x, F') = P(T,, < z | F). For exact
inference on 6, we desire Gy, (z, Fy). This is impossible since Fj is unknown.

In a seminal contribution, Efron (1979) observed that since F can be estimated by F,
Gn(z, Fp) can be estimated by plugging F,, into Gy, (z, F') to get the estimator

G (z) = Gulz, ). (8.2)

Bootstrap inference is based on G} ().

Indeed, bootstrap inference can be based on any estimate F,, of F. (Choices other than the
EDF introduced in the previous section are discussed later.) When F, is the EDF G (z) is called
the nonparametric bootstrap.

The bootstrap distribution substitutes F,, for Fy in the formula Gy, (z, F'). As such, it not only
pretends that the distribution of w; is F;, rather than Fpy, but it also pretends that the true value
of the parameter? is the sample estimate 6, rather than 6.

2More precisely, the bootstrap pretends that the true value of 6 is the value consistent with F,, the estimate of
F used to construct the bootstrap. In most cases, and the ones we consider, this value of 0 is the sample estimate 6.
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The EDF is a valid discrete probability distribution which puts probability mass 1/n at each
point w; = (y;,2;), ¢ = 1,...,n. Notationally, it will be helpful to think of a random variable w}
with the distribution F;,. That is,

Pw; <x) = F,(x).

We can easily calculate the moments of w; :

Eh(w]) = / h(w)dF, (w)

the empirical sample average.

A

Let T} = T), (w5, ...,w},,0) be a random variable with distribution G};. That is,
P(Ty <z) =G} ().

We call w} and T}; the bootstrap distribution of the data and statistic. 7 is the correct analog of
T,, when the true CDF is F,,, as the data w; are sampled from the CDF F;, and the parameter 0,,
is the true value under F,.

Since the EDF F,, is a multinomial (with n support points), in principle the distribution of 7T}!
could be calculated by direct methods. Since there are 2" possible samples {w, ..., w} }, however,
such a calculation is computationally infeasible unless n is very small. The popular alternative is
to use Monte Carlo simulation to approximate the distribution. The algorithm is identical to our
discussion of Monte Carlo simulation, with the following points of clarification:

e The sample size n used for the simulation is the same as the sample size
e The random vectors w; are drawn randomly from the distribution function F,

o T =T, (wj, ..., w*,@ is evaluated at the sample estimate 0.
n 1 n

The generation of random vectors from F,, depends on the form of F,. When F;, equals the
EDF, this is particularly simple. Recall that F,, is a discrete probability distribution putting
probability mass 1/n at each sample point w;. Thus a random draw from F,, is just a random
draw from the sample {ws, ..., w,}. For a bootstrap sample we need n independent random draws
from F),. This requires that we make n independent random draws from the sample {wy, ..., w,}
with replacement. In consequence, a bootstrap sample {w7,...,w}} will necessarily have some
ties and multiple values, which is generally not a problem.

A theory for the determination of the number of bootstrap replications B has been developed
by Andrews and Buchinsky (2000).

8.5 Bootstrap Estimation of Bias and Variance

The bias of 6 is X
n = E(0 — 6)).
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Let T},(0) = 6 — 6. Then
n = E(T,(6p)).
The bootstrap counterparts are 0" = é(w;’f, wowr) and T = 0" — 0, = 0" — 0. The bootstrap
estimate of 7, is
= E(T).
If this is calculated by the simulation described in the previous subsection, the estimate of 7,
is

= 0 -

If 6 is biased, it might be desirable to construct a biased-corrected estimator (one with reduced
bias). Ideally, this would be

0=0—1,,
but 7, is unknown. The (estimated) bootstrap biased-corrected estimator is
0 = 60—
= 00" -0
= 200

Note, in particular, that the biased-corrected estimator is not 9 Intuitively, the bootstrap makes
the following experiment. Suppose that 0 is the truth. Then what is the average value of 0

calculated from such samples? The answer is 0°. If this is lower than 0, this suggests that the
estimator is downward-biased, so a biased-corrected estimator of 6 should be larger than 9 and

the best guess is the difference between 0 and 6. Similarly if 0" is higher than 0, then the estimator
is upward- b1a§ed and the blasedAcorrected estimator should be lower than 6.
Let T,, = 6. The variance of 0 is

Vi, = E(T,, — ET;,)*.

Let T = 6". It has variance
Vi =E(T: — ET)).

n

1 & =\ 2
e 1 7
V=23 (0-07)
b=1
A bootstrap standard error for 0 is the square root of the bootstrap estimate of variance,
s(B) =/ Vi
While this standard error may be calculated and reported, it is not clear if it is useful. The
primary use of asymptotic standard errors is to construct asymptotic confidence intervals, which
are based on the asymptotic normal approximation to the t-ratio. However, the use of the boot-
strap presumes that such asymptotic approximations might be poor, in which case the normal

approximation is suspected. It appears superior to calculate bootstrap confidence intervals, and
we turn to this next.

The simulation estimate is
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8.6 Percentile Intervals

For a distribution function G, (x, F'), let g,(a, F') denote its quantile function. This is the function
which solves
Gn(gn(a, F), F) = a.

[When G, (z, F') is discrete, ¢,(c, F') may be non-unique, but we will ignore such complications.]
Let gn(a) = gn(a, Fy) denote the quantile function of the true sampling distribution, and ¢ () =
qn(a, F,) denote the quantile function of the bootstrap distribution. Note that this function will
change depending on the underlying statistic 7;, whose distribution is Gp.

Let T, = 6, an estimate of a parameter of interest. In (1 — )% of samples, 6 lies in the region
[gn(/2), qn(1 — /2)]. This motivates a confidence interval proposed by Efron:

C1=lgn(@/2), ¢, (1—a/2)].

This is often called the percentile confidence interval.

Computationally, the quantile ¢ (x) is estimated by ¢’ (z), the x’th sample quantile of the
simulated statistics {T}¥,..., Tz}, as discussed in the section on Monte Carlo simulation. The
(1 — @)% Efron percentile interval is then [§}(a/2), (1 — «/2)].

The interval Cy is a popular bootstrap conﬁdence interval often used in empirical practice.
This is because it is easy to compute, simple to motivate, was popularized by Efron early in the
history of the bootstrap, and also has the feature that it is translation invariant. That is, if we
define ¢ = f(0) as the parameter of interest for a monotonic function f, then percentile method
applied to this problem will produce the confidence interval [f(q}(/2)), f(¢:(1— «/2))], which
is a naturally good property.

However, as we show now, C1 is in a deep sense very poorly motivated.

It will be useful if we introduce an alternative definition Cy. Let T),(f) = 6 — 0 and let g, (c)
be the quantile function of its distribution. (These are the original quantiles, with 6 subtracted.)
Then C] can alternatively be written as

Cy =10+ ay(/2), 6+4q;(1—a/2)].
This is a bootstrap estimate of the “ideal” confidence interval
CY =0+ an(e/2), 0+ qn(1—a/2)).
The latter has coverage probability
PlecC?) = P (é +an(e/2) < 00 <0+ gu(1 — oz/2))
= P(~a(1—a/2) 000 < ~gu(a/2))
= Gn(=an(a/2), Fo) = Gn(—qn(1l — a/2), Fy)

which generally is not 1—a! There is one important exception. If 6—0 has a symmetric distribution,
then G, (—x, Fy) =1 — Gp(z, Fp), so

Pl eCd) = Gul-au(0/2), Fo) — Gul—an(l — a/2), Fy)
Gn(‘]n 04/2 Fy (17Gn(Qn(1*a/2)aF0))

© D0 D)

—
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and this idealized confidence interval is accurate. Therefore, C) and C; are designed for the case
that 6 has a symmetric distribution about 6.

When 6 does not have a symmetric distribution, C; may perform quite poorly.

However, by the translation invariance argument presented above, it also follows that if there
exists some monotonic transformation f(-) such that f(8) is symmetrically distributed about f(6y),
then the idealized percentile bootstrap method will be accurate.

Based on these arguments, many argue that the percentile interval should not be used unless
the sampling distribution is close to unbiased and symmetric.

The problems with the percentile method can be circumvented by an alternative method.

Let T,,(6) = 0 — 6. Then

L= = Pla(@/2) <Tu(60) < (1~ /2))
= P(0-al-0a/2) <0 <b-qu(e/2).

so an exact (1 — )% confidence interval for 6y would be

CY =10 — g1 —/2), 0—qn(a/2)].

This motivates a bootstrap analog

Co=10—-q,(1—a/2), 0—gp(a/2)].

Notice that generally this is very different from the Efron interval Cy! They coincide in the special
case that G () is symmetric about 6, but otherwise they differ.
Computationally, this interval can be estimated from a bootstrap simulation by sorting the

bootstrap statistics T, = (9* — 9) , which are centered at the sample estimate 0. These are sorted

to yield the quantile estimates gy (.025) and §;,(.975). The 95% confidence interval is then 0 —
G5(.975), 6 — q5(.025)].
This confidence interval is discussed in most theoretical treatments of the bootstrap, but is not

widely used in practice.

8.7 Percentile-t Equal-Tailed Interval

Suppose we want to test Hy : 6 = 0y against Hy : 0 < 0 at size a. We would set T),(6) =
(9 - 9) /s(0) and reject Hy in favor of Hy if T},(6y) < ¢, where ¢ would be selected so that

P (T,(0p) < ¢) = a.

Thus ¢ = ¢, (). Since this is unknown, a bootstrap test replaces ¢, («) with the bootstrap estimate
¢ (), and the test rejects if T,,(00) < ¢ ().
Similarly, if the alternative is H; : 6 > 6, the bootstrap test rejects if T),(6o) > ¢ (1 — ).
Computationally, these critical values can be estimated from a bootstrap simulation by sorting

the bootstrap t-statistics T)F = (@* — @) / s(@*) Note, and this is important, that the bootstrap test

statistic is centered at the estimate 6, and the standard error 5(9*) is calculated on the bootstrap
sample. These t-statistics are sorted to find the estimated quantiles ¢’ («) and/or ¢ (1 — ).
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Let T,(0) = (é - 9) /5(0). Then
l—a = P(gn(a/2) <Ty(0) < gn(l —/2))
= P (aul@/2) < (0= 00) /5(0) < 4u(1 - /2))
= P (0—s0)au(1 — /2) < 05 < b= 5(0)aa(e/2)) .
so an exact (1 — a)% confidence interval for 6y would be
CY =10 - 5(0)gn(1 = /2), 60— s(0)gn(a/2)].
This motivates a bootstrap analog
Cy = [0 — s(0)q;(1 - a/2), 0—s(0)q;(c/2)]-

This is often called a percentile-t confidence interval. 1t is equal-tailed or central since the proba-
bility that 6y is below the left endpoint approximately equals the probability that 8¢ is above the
right endpoint, each a//2.

Computationally, this is based on the critical values from the one-sided hypothesis tests, dis-
cussed above.

8.8 Symmetric Percentile-t Intervals

Suppose we want to test Hy : 6 = 0y against Hy : 0 # 0 at size a. We would set T),(6) =
(é - 9) /5(6) and reject Hy in favor of Hj if |T},(69)| > ¢, where ¢ would be selected so that

P (|T.(00)] > ¢) = .
Note that

P(|Tn(60)] <c¢) = P(—c<Tyu(bo) <c)
= En(c) = Gp(—c)
= Gple),

which is a symmetric distribution function. The ideal critical value ¢ = ¢, («) solves the equation

Gulgn(@) =1—qa.

Equivalently, g, (a) is the 1 — a quantile of the distribution of |7},(6)] .
The bootstrap estimate is ¢ («), the 1 — o quantile of the distribution of |T}*|, or the number
which solves the equation

Go(a;(a) = Gr(a(a) = Gh(—gi(a) =1 e

Computationally, ¢ («) is estimated from a bootstrap simulation by sorting the bootstrap t-
statistics |T,¥| = ‘9* - 9‘ /5(6"), and taking the upper a% quantile. The bootstrap test rejects if
T (00)] > qp(a).

Let

Cr=1[0—s0)as(c), 0+ 50)a; ()],
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where ¢} () is the bootstrap critical value for a two-sided hypothesis test. Cjy is called the sym-
metric percentile-t interval. It is designed to work well since

P(loeCy) = P(0—s0)as(@) <00 <0+s0)g:(a))

= P(T(00)] < 4(@)
~ P(|Tn(90)| < Qn(a))
1—a.

If 0 is a vector, then to test Hy : 8 = 0 against H; : 0 # 0y at size o, we would use a Wald
statistic

. I .
W@W%:n@gﬂ)V;1@—0>
or some other asymptotically chi-square statistic. Thus here T},(6) = W,,(6). The ideal test rejects

if Wy, > gqn(cr), where g, () is the (1 — )% quantile of the distribution of W;,. The bootstrap test
rejects if W, > ¢} (), where ¢ () is the (1 — )% quantile of the distribution of

Wi=n (0"~ a)’v;—l (0 -0).

Computationally, the critical value ¢ («) is found as the quantile from simulated values of W}.
Note in the simulation that the Wald statistic is a quadratic form in (@* — 9) , not (@* — 00) .

[This is a typical mistake made by practitioners.]

8.9 Asymptotic Expansions

Let T;, be a statistic such that
T, —q N(0,v?). (8.3)

If 7, = /n <9 - 0()) then v = V while if T,, is a t-ratio then v = 1. Equivalently, writing
T, ~ Gp(x, F) then
lim Gy(z, F) = ® (5) ,

n—oo v
or

GMLF32¢(%>+oﬂy (8.4)

While (8.4) says that G,, converges to ® (%) as n — 00, it says nothing, however, about the rate
of convergence, or the size of the divergence for any particular sample size n. A better asymptotic
approximation may be obtained through an asymptotic expansion.

The following notation will be helpful. Let a,, be a sequence.

Definition 8.9.1 a,, = o(1) if a, — 0 as n — oo
Definition 8.9.2 a,, = O(1) if |ay| is uniformly bounded.
Definition 8.9.3 a, =o(n™") if n" |ay| — 0 as n — oo.

Basically, a,, = O(n™") if it declines to zero like n™".

We say that a function g(x) is even if g(—x) = g(z), and a function h(zx) is odd if h(—z) =
—h(x). The derivative of an even function is odd, and vice-versa.

81



Theorem 8.9.1 Under regularity conditions and (8.3),

x 1 1 _
Gl F) =@ (3 ) + —501(@. F) + ~ (. F) + O(n~*?)

uniformly over x, where g1 is an even function of x, and go is an odd function of x. Moreover, g;
and go are differentiable functions of x and continuous in F' relative to the supremum norm on the
space of distribution functions.

We can interpret Theorem 8.9.1 as follows. First, G,,(z, F') converges to the normal limit at
rate n/2. To a second order of approximation,

Gn(z,F) = ® (E) +n "V 2g(x, F).
v
Since the derivative of g1 is odd, the density function is skewed. To a third order of approximation,
Gn(z,F) =~ ® (%) + n71/2g1(:c, F)+ntg(z, F)

which adds a symmetric non-normal component to the approximate density (for example, adding
leptokurtosis).

8.10 One-Sided Tests

Using the expansion of Theorem 8.9.1, we can assess the accuracy of one-sided hypothesis tests
and confidence regions based on an asymptotically normal t-ratio T,. An asymptotic test is based
on ®(x).

To the second order, the exact distribution is

P(T, < z) =Gz, Fy) = (z) + mgl(%Fo) +0(n™1)
since v = 1. The difference is
®(z) — Gp(z, Fo) = mgl(%Fo) +0(n)

= o),

so the order of the error is O(n~1/2).
A bootstrap test is based on G} (z), which from Theorem 8.9.1 has the expansion

G (z) = Gp(x, F,) = ®(z) + g1(z, Fp) +0(n™1).

1
nl/2
Because ®(x) appears in both expansions, the difference between the bootstrap distribution and
the true distribution is

Ga@) — G, Fo) = 5 (91(0, F) — gn(, Fo)) + O™,

Since F, converges to F at rate y/n, and g¢; is continuous with respect to F, the difference
(91(z, F,) — g1(z, Fy)) converges to 0 at rate y/n. Heuristically,

g1(z, Fn) — g1(z, Fy) =~ 8—Fgl($,Fo)(Fn*Fo)

= o),
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The “derivative” a% g1(z, F) is only heuristic, as F' is a function. We conclude that
G;kl(x) - Gn(l‘, FO) = O(nil)a

or
P(Tf <xz)=P (T, <z)+0(n1),

which is an improved rate of convergence over the asymptotic test (which converged at rate
O(n~1/2)). This rate can be used to show that one-tailed bootstrap inference based on the t-
ratio achieves a so-called asymptotic refinement — the Type I error of the test converges at a faster
rate than an analogous asymptotic test.

8.11 Symmetric Two-Sided Tests

If a random variable X has distribution function H(z) = P(X < z), then the random variable | X|
has distribution function

since

P(X|<z) = P(-x<X<ux)

I
T
~
A
&
|
T
~
A
)

Similarly, if 7}, has exact distribution Gy, (z, F'), then |T},| has the distribution function

Gn(z, F) = Gp(x, F) — Gp(—x, F).

A two-sided hypothesis test rejects Hy for large values of |T,,|. Since T, —4 Z, then |T,| —4
|Z| ~ ®. Thus asymptotic critical values are taken from the @ distribution, and exact critical
values are taken from the Gy, (z, Fy) distribution. From Theorem 8.9.1, we can calculate that

Gu@,F) = Gula,F) - Gu(—z, F)
_ <<I>(sc) (e F) + F))
- (cp(—x) F—pon(-a F) + ga(-z, F)) L O3
= B(a) + Zgale, F) + O, (8.5)

where the simplifications are because g; is even and g is odd. Hence the difference between the
asymptotic distribution and the exact distribution is

B(x) ~ Cula, Fo) = ~2(a, Fo) + O(n*?) = O(n ™).
The order of the error is O(n™1).
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Interestingly, the asymptotic two-sided test has a better coverage rate than the asymptotic
one-sided test. This is because the first term in the asymptotic expansion, g1, is an even function,
meaning that the errors in the two directions exactly cancel out.

Applying (8.5) to the bootstrap distribution, we find

. — — 2
Go(x) = Gn(w, Fn) = B(z) + ~ga(z, F) + O(n /%),
Thus the difference between the bootstrap and exact distributions is

— — 2 _
Gn(l‘) - Gn(l‘a FO) = E (92(1‘7 Fn) - 92(5[:’ FO)) + O(n 3/2)
= o),
the last equality because F,, converges to Fy at rate \/n, and gy is continuous in F. Another way
of writing this is
P(|T;| < x) = P(ITo| < z) + O(n~?/?)

so the error from using the bootstrap distribution (relative to the true unknown distribution) is
O(n~3/2). This is in contrast to the use of the asymptotic distribution, whose error is O(n~1). Thus
a two-sided bootstrap test also achieves an asymptotic refinement, similar to a one-sided test.

A reader might get confused between the two simultaneous effects. Two-sided tests have better
rates of convergence than the one-sided tests, and bootstrap tests have better rates of convergence
than asymptotic tests.

The analysis shows that there may be a trade-off between one-sided and two-sided tests. T'wo-
sided tests will have more accurate size (Reported Type I error), but one-sided tests might have
more power against alternatives of interest. Confidence intervals based on the bootstrap can be
asymmetric if based on one-sided tests (equal-tailed intervals) and can therefore be more informa-
tive and have smaller length than symmetric intervals. Therefore, the choice between symmetric
and equal-tailed confidence intervals is unclear, and needs to be determined on a case-by-case basis.

8.12 Percentile Confidence Intervals

To evaluate the coverage rate of the percentile interval, set T,, = \/n <9 — 0()) . We know that

T, —4 N(0,V), which is not pivotal, as it depends on the unknown V. Theorem 8.9.1 shows that
a first-order approximation

Gl F) = @ (Z) +0(n™"1?),
where v = vV, and for the bootstrap
Gy (@) = Gula, Fa) = @ (3) +O(n™12),

where V = V(F,,) is the bootstrap estimate of V. The difference is

X

G (z) — Gu(x, Fy) = @ (5) — P (%) + O(n—l/z)

- -+(3)

= O(n~Y/?

% (6 — v) + O(n~1/2)
)
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Hence the order of the error is O(n~1/2).

The good news is that the percentile-type methods (if appropriately used) can yield \/n-
convergent asymptotic inference. Yet these methods do not require the calculation of standard
errors! This means that in contexts where standard errors are not available or are difficult to
calculate, the percentile bootstrap methods provide an attractive inference method.

The bad news is that the rate of convergence is disappointing. It is no better than the rate
obtained from an asymptotic one-sided confidence region. Therefore if standard errors are available,
it is unclear if there are any benefits from using the percentile bootstrap over simple asymptotic
methods.

Based on these arguments, the theoretical literature (e.g. Hall, 1992, Horowitz, 2002) tends to
advocate the use of the percentile-t bootstrap methods rather than percentile methods.

8.13 Bootstrap Methods for Regression Models

The bootstrap methods we have discussed have set G} (x) = G, (z, F,), where F, is the EDF.
Any other consistent estimate of Fy may be used to define a feasible bootstrap estimator. The
advantage of the EDF is that it is fully nonparametric, it imposes no conditions, and works in
nearly any context. But since it is fully nonparametric, it may be inefficient in contexts where more
is known about F. We discuss some bootstrap methods appropriate for the case of a regression
model where

yi = wB+e
E(ei|z;) = 0.

The non-parametric bootstrap distribution resamples the observations (y;,z}) from the EDF,
which implies

yi = a'B+e
E(zje;) = 0

but generally
E (e} | 2}) #0.

The the bootstrap distribution does not impose the regression assumption, and is thus an inefficient
estimator of the true distribution (when in fact the regression assumption is true.)

One approach to this problem is to impose the very strong assumption that the error e; is
independent of the regressor x;. The advantage is that in this case it is straightforward to con-
struct bootstrap distributions. The disadvantage is that the bootstrap distribution may be a poor
approximation when the error is not independent of the regressors.

To impose independence, it is sufficient to sample the z} and €] independently, and then create
Y = x:‘/f‘f + e7. There are different ways to impose independence. A non-parametric method is
to sample the bootstrap errors e randomly from the OLS residuals {éj,...,é,}. A parametric
method is to generate the bootstrap errors e} from a parametric distribution, such as the normal
ef ~ N(0,62).

For the regressors x, a nonparametric method is to sample the z; randomly from the EDF
or sample values {x1, ...,z }. A parametric method is to sample z} from an estimated parametric
distribution. A third approach sets z} = x;. This is equivalent to treating the regressors as fized
in repeated samples. If this is done, then all inferential statements are made conditionally on the
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observed values of the regressors, which is a valid statistical approach. It does not really matter,
however, whether or not the z; are really “fixed” or random.

The methods discussed above are unattractive for most applications in econometrics because
they impose the stringent assumption that x; and e; are independent. Typically what is desirable
is to impose only the regression condition E (e; | ;) = 0. Unfortunately this is a harder problem.

One proposal which imposes the regression condition without independence is the Wild Boot-
strap. The idea is to construct a conditional distribution for e} so that

E(ej|zi) = 0
E(e?|z) = &

E(e?|z) = é.

A conditional distribution with these features will preserve the main important features of the
data. This can be achieved using a two-point distribution of the form

plor_ (LEVB) ) _ Vo1
e; = 5 €; = —2\/5

plo_ (LoVB) ) _ Vo+l
€ = 9 €; = 2\/5

For each z;, you sample €] using this two-point distribution.

8.14 Bootstrap GMM Inference

Let w; = (i, z, z;) and let B be the 2SLS or GMM estimator of 3. Using the EDF of w;, we can
apply the bootstrap methods discussed before to compute estimates of the bias and variance of ﬁ,
and construct confidence intervals for (3, identically as in the regression model. However, caution
should be applied when interpreting such results.

A straightforward application of the nonparametric bootstrap works in the sense of consistently
achieving the first-order asymptotic distribution. This has been shown by Hahn (1996). However,
it fails to achieve an asymptotic refinement when the model is over-identified, jeopardizing the
theoretical justification for percentile-t methods. Furthermore, the bootstrap applied J test will
yield the wrong answer.

The problem is that in the sample, B is the “true” value and yet §n(3) # 0. Thus according to
random variables w; drawn from the EDF F,,,

E(9:(8)) =7.(8) #0.

This means that w; do not satisfy the same moment conditions as the population distribution.
A correction suggested by Hall and Horowitz (1996) can solve the problem. Given the bootstrap
sample (Y*, X*, Z*), define the bootstrap GMM criterion

TB) =n- (3:08) ~3.(5)) Wi (3:08) ~ 5.(3))

where G, (3) is from the in-sample data, not from the bootstrap data.
Ak
Let 8 minimize J*(8), and define all statistics and tests accordingly. In the linear model, this
implies that the bootstrap estimator is

B" = (2" X*WiX¥Z2*) " (2" X W (XYY - X'e)).
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where e =Y — 7 B are the in-sample residuals. The bootstrap J statistic is J* (3*)

Brown and Newey (2002) have an alternative solution. They note that we can sample from the
observations {wq, ..., wy} with the empirical likelihood probabilities {p;} described in Chapter 6.
Since > Pigi (B) = 0, this sampling scheme preserves the moment conditions of the model, so
no recentering or adjustments are needed. Brown and Newey argue that this bootstrap procedure
will be more efficient than the Hall-Horowitz GMM bootstrap.

To date, there are very few empirical applications of bootstrap GMM, as this is a very new
area of research.
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Chapter 9

Univariate Time Series

A time series y; is a process observed in sequence over time, t = 1, ...,T. To indicate the dependence
on time, we adopt new notation, and use the subscript ¢ to denote the individual observation, and
T to denote the number of observations.

Because of the sequential nature of time series, we expect that Y; and Y;_1 are not independent,
so classical assumptions are not valid.

We can separate time series into two categories: univariate (y; € R is scalar); and multivariate
(y+ € R™ is vector-valued). The primary model for univariate time series is autoregressions (ARs).
The primary model for multivariate time series is vector autoregressions (VARs).

9.1 Stationarity and Ergodicity
Definition 9.1.1 {Y;} is covariance (weakly) stationary if
E(Y) =p

is independent of t, and
Cov (Y, Yii) = (k)

1s independent of t for all k.
(k) is called the autocovariance function.

Definition 9.1.2 {Y;} is strictly stationary if the joint distribution of (Y, ..., Y;_) is independent
of t for all k.

Definition 9.1.3 p(k) = v(k)/v(0) = Corr(Y:, Yi_i) is the autocorrelation function.
Definition 9.1.4 (loose). A stationary time series is ergodic if (k) — 0 as k — co.

The following two theorems are essential to the analysis of stationary time series. There proofs
are rather difficult, however.

Theorem 9.1.1 If Y; is strictly stationary and ergodic and Xy = f(Yi,Yi—1,...) is a random
variable, then X, is strictly stationary and ergodic.
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Theorem 9.1.2 (Ergodic Theorem). If Xy is strictly stationary and ergodic and E | X;| < oo, then

as T — oo,
1 Z
Tz;Xt%
t=

This allows us to consistently estimate parameters using time-series moments:
The sample mean:

Y

=
I

Nl =
M’ﬂ

1

~~
Il

The sample autocovariance

2. (k) —p v(k);
5. (k) —p plR).

Proof. Part (1) is a direct consequence of the Ergodic theorem. For Part (2), note that

=
=

— 1) (Vi — 1)

Nl =
o+~
I
L

k) =

1
T
t

|
Mﬂ

T
V.Y k——ZY;u—Tmeﬂ?
1 =1

By Theorem 9.1.1 above, the sequence Y;Y;_j is strictly stationary and ergodic, and it has a finite
mean by the assumption that EY;? < co. Thus an application of the Ergodic Theorem yields

T

1

7 2 VY —p B(YiYip).
t=1

Thus
A(k) —p E(YYi_p) — i — i + p? = E(YtYH) - u2 = (k).

Part (3) follows by the continuous mapping theorem: p(k k)/4(0 ~v(k)/7(0) = p(k). [ |
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9.2 Autoregressions

In time-series, the series {...,Y1,Ys,...,Yp, ...} are jointly random. We consider the conditional
expectation
E(Y; | Ii-1)

where ;1 = {Y;_1,Y;_9,...} is the past history of the series.
An autoregressive (AR) model specifies that only a finite number of past lags matter:

EY | I—1) = E (Y | Vi1, Yiok) -
A linear AR model (the most common type used in practice) specifies linearity:
E(Yi | Ii-1) = a+p1 Y1+ poYea + -+ pp Y
Letting
GtZYZ*E(YHL&—l),
then we have the autoregressive model

i = a+pYViaa+pYia+-+ oYk +e
E(et | It—l) = 0.

The last property defines a special time-series process.
Definition 9.2.1 ¢; is a martingale difference sequence (MDS) if E (e | I;—1) = 0.

Regression errors are naturally a MDS. Some time-series processes may be a MDS as a conse-
quence of optimizing behavior. For example, some versions of the life-cycle hypothesis imply that
either changes in consumption, or consumption growth rates, should be a MDS. Most asset pricing
models imply that asset returns should be the sum of a constant plus a MDS.

The MDS property for the regression error plays the same role in a time-series regression as
does the conditional mean-zero property for the regression error in a cross-section regression. In
fact, it is even more important in the time-series context, as it is difficult to derive distribution
theories without this property.

A useful property of a MDS is that e; is uncorrelated with any function of the lagged information
I;_1. Thus for k > 0, E(Y;_xer) = 0.

9.3 Stationarity of AR(1) Process
A mean-zero AR(1) is

Y =pYi1 + e
Assume that e; is iid, E(e;) = 0 and Ee? = 02 < oo.

By back-substitution, we find

Y;f = et+pet_1+p26t_2+...

o0

= Z Pket—k-

k=0

Loosely speaking, this series converges if the sequence p*e;_j gets small as k — oo. This occurs
when |p| < 1.
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Theorem 9.3.1 If |p| < 1 then Y; is strictly stationary and ergodic.

We can compute the moments of Y; using the infinite sum:
o
EY,=> p*E(ei1) =0
k=0

oo 2
_ 2k _ ¢
Var(Y;) = Zp Var (e;—x) = 7
k=0
If the equation for Y; has an intercept, the above results are unchanged, except that the mean
of Y; can be computed from the relationship

EY; = O‘+pEthla

and solving for £Y; = EY;_; we find FY; = a/(1 — p).

9.4 Lag Operator
An algebraic construct which is useful for the analysis of autoregressive models is the lag operator.
Definition 9.4.1 The lag operator L satisfies LY; = Y; 4.

Defining L? = LL, we see that L?Y; = LY; 1 =Y; 5. In general, L*Y, =Y.
The AR(1) model can be written in the format

Yi —pYio1 + e
or
(1—pL)Yiq1 = ¢

The operator p(L) = (1 — pL) is a polynomial in the operator L. We say that the root of the
polynomial is 1/p, since p(z) = 0 when z = 1/p. We call p(L) the autoregressive polynomial of Y;.

From Theorem 9.3.1, an AR(1) is stationary iff |p| < 1. Note that an equivalent way to say
this is that an AR(1) is stationary iff the root of the autoregressive polynomial is larger than one
(in absolute value).

9.5 Stationarity of AR(k)

The AR(k) model is
Yi=p Vi1 +pYia+ -+ oYk e

Using the lag operator,

Yy — piLY; = poL?Y; — - — pp LMY, = ey,
or
p(L)Y: = e
where
p(L) =1—p L —poL? —--- — py L.

We call p(L) the autoregressive polynomial of Y;.
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The Fundamental Theorem of Algebra says that any polynomial can be factored as
p2) = (1=A"2) (1=2"2) - (1= 12)

where the Ay, ..., Ay are the complex roots of p(z), which satisfy p(\;) = 0.

We know that an AR(1) is stationary iff the absolute value of the root of its autoregressive
polynomial is larger than one. For an AR(k), the requirement is that all roots are larger than one.
Let |A| denote the modulus of a complex number .

Theorem 9.5.1 The AR(k) is strictly stationary and ergodic if and only if |A\;| > 1 for all j.

One way of stating this is that “All roots lie outside the unit circle.”
If one of the roots equals 1, we say that p(L), and hence Y, “has a unit root”. This is a special
case of non-stationarity, and is of great interest in applied time series.

9.6 Estimation

Let
z = (1 Yy Yig - Yy ),
B = ( a P P2 ot Pk )/-

Then the model can be written as
yr = T} + e

The OLS estimator is )
5= (X'X)" XY

To study 5, it is helpful to define the process u; = x;e;. Note that u; is a MDS, since
E(ut ‘ It—l) = E(xtet ‘ It—l) = .CIItE (et | It—l) = 0

By Theorem 9.1.1, it is also strictly stationary and ergodic. Thus

1 o 1 o
T thet =7 Zut —p B (uy) = 0. (9.1)
t=1 t=1

Theorem 9.6.1 If the AR(k) process Yy is strictly stationary and ergodic and EY? < oo, then
B —p B asT — oo.

Proof. The vector z; is strictly stationary and ergodic, and by Theorem 9.1.1, so is z;z. Thus
by the Ergodic Theorem,

T

1

T thxé —p B (z27) = Q.
t=1

Combined with (9.1) and the continuous mapping theorem, we see that

) 1z -1 1 Z
B=p8+ <T g xwé) <T E xtet> —, Q7 '0=0.
t=1 t=1
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9.7 Asymptotic Distribution

Theorem 9.7.1 MDS CLT. If us is a strictly stationary and ergodic MDS and E(uzu}) = Q < oo,
then as T — oo,

T
1
ﬁZut —d N(O,Q) .
t=1

Since xie; is a MDS, we can apply Theorem 9.7.1 to see that

T

Z Tt —d N 0 Q)
where

Q = E(xrhed).

Theorem 9.7.2 If the AR(k) process Y; is strictly stationary and ergodic and EY,* < oo, then as
T — o0,

VT (B=8) —=a N (0,Q7'0Q7).

This is identical in form to the asymptotic distribution of OLS in cross-section regression. The
implication is that asymptotic inference is the same. In particular, the asymptotic covariance
matrix is estimated just as in the cross-section case.

9.8 Bootstrap for Autoregressions

In the non-parametric bootstrap, we constructed the bootstrap sample by randomly resampling
from the data values {y;, z;}. This creates an iid bootstrap sample. Clearly, this cannot work in a
time-series application, as this imposes inappropriate independence.

Briefly, there are two popular methods to implement bootstrap resampling for time-series data.

Method 1: Model-Based (Parametric) Bootstrap.

1. Estimate B and residuals é;.
2. Fix an initial condition (Y_g41,Y k49, ..., Yp).
3. Simulate iid draws e} from the empirical distribution of the residuals {éi, ..., ér}.

4. Create the bootstrap series Y;* by the recursive formula
Yi=a+pY  + Y o+ 4 Y+ e

This construction imposes homoskedasticity on the errors e}, which may be different than the
properties of the actual e;. It also presumes that the AR(k) structure is the truth.

Method 2: Block Resampling

1. Divide the sample into T'/m blocks of length m.
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9.9

or

. Resample complete blocks. For each simulated sample, draw T'/m blocks.

. Paste the blocks together to create the bootstrap time-series Y;*.

This allows for arbitrary stationary serial correlation, heteroskedasticity, and for model-
misspecification.

. The results may be sensitive to the block length, and the way that the data are partitioned

into blocks.

. May not work well in small samples.

Trend Stationarity

Yio = po+mt+ S (9.2)
St = p1St—1+paSi—2+ -+ ppSi—1 + e, (9.3)
Y=o+ ait+p Y1+ pYio1 4+ 4 pp Yk + e (9.4)

There are two essentially equivalent ways to estimate the autoregressive parameters (py, ..., p)-

e You can estimate (9.4) by OLS.

e You can estimate (9.2)-(9.3) sequentially by OLS. That is, first estimate (9.2), get the residual

S,, and then perform regression (9.3) replacing S; with S;. This procedure is sometimes called
Detrending.

The reason why these two procedures are (essentially) the same is the Frisch-Waugh-Lovell
theorem.

Seasonal Effects

There are three popular methods to deal with seasonal data.

Include dummy variables for each season. This presumes that “seasonality” does not change
over the sample.

Use “seasonally adjusted” data. The seasonal factor is typically estimated by a two-sided
weighted average of the data for that season in neighboring years. Thus the seasonally
adjusted data is a “filtered” series. This is a flexible approach which can extract a wide
range of seasonal factors. The seasonal adjustment, however, also alters the time-series
correlations of the data.

First apply a seasonal differencing operator. If s is the number of seasons (typically s = 4
or s =12),
Ay =Y - Y,

or the season-to-season change. The series A,Y; is clearly free of seasonality. But the long-run
trend is also eliminated, and perhaps this was of relevance.
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9.10 Testing for Omitted Serial Correlation
For simplicity, let the null hypothesis be an AR(1):
Yi =a+ pYio1 + ug. (9.5)
We are interested in the question if the error u; is serially correlated. We model this as an AR(1):
ur = Oup_1 + e (9.6)
with e; a MDS. The hypothesis of no omitted serial correlation is

Hy : 6=0
H1 : 9750

We want to test Hy against Hj.
To combine (9.5) and (9.6), we take (9.5) and lag the equation once:

Yi1=a+pYio+ui—1.
We then multiply this by 6 and subtract from (9.5), to find
Y, 0,1 =a—0a+pYi_1 — 0pYi_1 +up — Ouy_q,

or
Yi=a(l-0)+(p+0) Y1 — 0pYi—o + e = AR(2).

Thus under Hy, Y; is an AR(1), and under H; it is an AR(2). Hy may be expressed as the
restriction that the coefficient on Y;_5 is zero.

An appropriate test of Hy against H; is therefore a Wald test that the coefficient on Y;_o is
zero. (A simple exclusion test).

In general, if the null hypothesis is that Y; is an AR(k), and the alternative is that the error
is an AR(m), this is the same as saying that under the alternative Y; is an AR(k+m), and this
is equivalent to the restriction that the coefficients on Y;_x_1,...,Y; g ., are jointly zero. An
appropriate test is the Wald test of this restriction.

9.11 Model Selection

What is the appropriate choice of k in practice? This is a problem of model selection.
One approach to model selection is to choose k based on a Wald tests.
Another is to minimize the AIC or BIC information criterion, e.g.

2k
AIC(E) = log 62 (k) + T
where 62(k) is the estimated residual variance from an AR (k)
One ambiguity in defining the AIC criterion is that the sample available for estimation changes
as k changes. (If you increase k, you need more initial condi_tions.) This can induce strange
behavior in the AIC. The best remedy is to fix a upper value k, and then reserve the first k as

initial conditions, and then estimate the models AR(1), AR(2), ..., AR(k) on this (unified) sample.
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9.12 Autoregressive Unit Roots
The AR(k) model is

p(L)Y: = p+e
p(L) = 1—pL—---—p,L".

As we discussed before, ¥; has a unit root when p(1) =0, or
prrpy+--+pp=1

In this case, Y; is non-stationary. The ergodic theorem and MDS CLT do not apply, and test
statistics are asymptotically non-normal.
A helpful way to write the equation is the so-called Dickey-Fuller reparameterization:

AY; =p+ oY1 + 1 AYe g+ + Oék—lAY;f—(k_D + e;. (9.7)

These models are equivalent linear transformations of one another. The DF parameterization
is convenient because the parameter oy summarizes the information about the unit root, since
p(1) = —ayg. To see this, observe that the lag polynomial for the Y; computed from (9.7) is

(1—-L)—aol —ay(L— L% — - — oy (LF1 = LF)
But this must equal p(L), as the models are equivalent. Thus
p1)=(1-1)—ay—(1-1) = —(1-1)=—an.
Hence, the hypothesis of a unit root in Y; can be stated as
Hy:ap=0.
Note that the model is stationary if ag < 0. So the natural alternative is
Hi:op<0.
Under Hp, the model for Y; is
AY; = p+a1AYe g + -+ a1 AY, gy + e,

which is an AR(k-1) in the first-difference AY;. Thus if ¥; has a (single) unit root, then AY; is a
stationary AR process. Because of this property, we say that if ¥; is non-stationary but A?Y; is
stationary, then Y; is “integrated of order d”, or I(d). Thus a time series with unit root is I(1).

Since aq is the parameter of a linear regression, the natural test statistic is the t-statistic for
Hj from OLS estimation of (9.7). Indeed, this is the most popular unit root test, and is called the
Augmented Dickey-Fuller (ADF) test for a unit root.

It would seem natural to assess the significance of the ADF statistic using the normal table.
However, under Hy, Y; is non-stationary, so conventional normal asymptotics are invalid. An
alternative asymptotic framework has been developed to deal with non-stationary data. We do
not have the time to develop this theory in detail, but simply assert the main results.
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Theorem 9.12.1 (Dickey-Fuller Theorem). Assume ag =0. As T — o0,

T@o —d (1—041—&2—---—04k,1)DFa
ADF = —2_ _, DF,
s(éo)

The limit distributions DF,, and DF; are non-normal. They are skewed to the left, and have
negative means.

The first result states that &g converges to its true value (of zero) at rate T, rather than the
conventional rate of T%/2. This is called a “super-consistent” rate of convergence.

The second result states that the t-statistic for & converges to a limit distribution which is
non-normal, but does not depend on the parameters «. This distribution has been extensively
tabulated, and may be used for testing the hypothesis Hy. Note: The standard error s(éyg) is the
conventional (“homoskedastic”) standard error. But the theorem does not require an assumption
of homoskedasticity. Thus the Dickey-Fuller test is robust to heteroskedasticity.

Since the alternative hypothesis is one-sided, the ADF test rejects Hy in favor of H; when
ADF < ¢, where c is the critical value from the ADF table. If the test rejects Hy, this means that
the evidence points to Y; being stationary. If the test does not reject Hp, a common conclusion is
that the data suggests that Y; is non-stationary. This is not really a correct conclusion, however.
All we can say is that there is insufficient evidence to conclude whether the data are stationary or
not.

We have described the test for the setting of with an intercept. Another popular setting includes
as well a linear time trend. This model is

AKg = U1 + ,u2t + GfOY;‘,fl + 041AY;571 +---+ Gfk_lﬁyvt_(k_l) + et (98)

This is natural when the alternative hypothesis is that the series is stationary about a linear time
trend. If the series has a linear trend (e.g. GDP, Stock Prices), then the series itself is non-
stationary, but it may be stationary around the linear time trend. In this context, it is a silly
waste of time to fit an AR model to the level of the series without a time trend, as the AR model
cannot conceivably describe this data. The natural solution is to include a time trend in the fitted
OLS equation. When conducting the ADF test, this means that it is computed as the t-ratio for
agp from OLS estimation of (9.8).

If a time trend is included, the test procedure is the same, but different critical values are
required. The ADF test has a different distribution when the time trend has been included, and
a different table should be consulted.

Most texts include as well the critical values for the extreme polar case where the intercept has
been omitted from the model. These are included for completeness (from a pedagogical perspective)
but have no relevance for empirical practice where intercepts are always included.
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Chapter 10

Multivariate Time Series

A multivariate time series Y; is a vector process m x 1. Let I, = (Y;—1,Y;_9,...) be all lagged
information at time ¢. The typical goal is to find the conditional expectation F (Y; | I;—1). Note
that since Y; is a vector, this conditional expectation is also a vector.

10.1 Vector Autoregressions (VARs)
A VAR model specifies that the conditional mean is a function of only a finite number of lags:
EY [ L) =EY: | Yi1,.... Vi)
A linear VAR specifies that this conditional mean is linear in the arguments:
EY;|Yic1,..,Yip) = Ao+ AiYeoa + Ay o+ - - ApY .

Observe that Ag is m x 1,and each of A; through Ay are m x m matrices.
Defining the m x 1 regression error

etZY},—E(Yt\It—l),
we have the VAR model

Vi = A+ AY, 1 +AY o+ ALY+ e
E(et | Itfl) = 0.

Alternatively, defining the mk + 1 vector

1
Yia
Yk
and the m x (mk + 1) matrix
A=(A0 A A - Ap),
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then
Y;f = A.l't + e;.

The VAR model is a system of m equations. One way to write this is to let a;- be the jth row
of A. Then the VAR system can be written as the equations

/
Yji = ajze + eji.

Unrestricted VARs were introduced to econometrics by Sims (1980).

10.2 Estimation

Consider the moment conditions
E (xtejt) = 0,

j=1,...,m. These are implied by the VAR model, either as a regression, or as a linear projection.
The GMM estimator corresponding to these moment conditions is equation-by-equation OLS

a; = (X'X)'X'Y;.
An alternative way to compute this is as follows. Note that
i =Y/ X(X'X)™".

And if we stack these to create the estimate A, we find

Yy
. Y )
A = - X(X'X)~
Yo
= Y'X(X'X)™?,
where
Y:(Y1 Yy - Ym)

the T' x m matrix of the stacked ;.
This (system) estimator is known as the SUR (Seemingly Unrelated Regressions) estimator,
and was originally derived by Zellner (1962)

10.3 Restricted VARs

The unrestricted VAR is a system of m equations, each with the same set of regressors. A restricted
VAR imposes restrictions on the system. For example, some regressors may be excluded from some
of the equations. Restrictions may be imposed on individual equations, or across equations. The
GMM framework gives a convenient method to impose such restrictions on estimation.
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10.4 Single Equation from a VAR

Often, we are only interested in a single equation out of a VAR system. This takes the form
Y = a;% + e,

and x; consists of lagged values of Y}; and the other Y}}s. In this case, it is convenient to re-define
the variables. Let y; = Yj;, and Z; be the other variables. Let e; = e;; and 3 = a;. Then the single
equation takes the form

yr = 73 + e, (10.1)

and /
ggt:[(l Yia oo Yiw Zi,y - é_k)]-

This is just a conventional regression, with time series data.

10.5 Testing for Omitted Serial Correlation

Consider the problem of testing for omitted serial correlation in equation (10.1). Suppose that e,
is an AR(1). Then

yr = zf+e
er = BOei—1 4wy (10.2)
E(ut ‘ It—l) = 0.

Then the null and alternative are
Hy:0=0 Hy:0+#0.
Take the equation y; = x5 + e;, and subtract off the equation once lagged multiplied by 6, to get

Yy — Oy = (SUQB + et) -0 (1’;_15 + 61571)
zyf —Ox_15 + e — Oey_y,

or
Yyr = Oyr1 + B + 1y + g, (10.3)

which is a valid regression model.

So testing Hy versus Hj is equivalent to testing for the significance of adding (y;—1,z¢—1) to
the regression. This can be done by a Wald test. We see that an appropriate, general, and simple
way to test for omitted serial correlation is to test the significance of extra lagged values of the
dependent variable and regressors.

You may have heard of the Durbin-Watson test for omitted serial correlation, which once was
very popular, and is still routinely reported by conventional regression packages. The DW test is
appropriate only when regression y; = x} + €; is not dynamic (has no lagged values on the RHS),
and e; is iid N(0,1). Otherwise it is invalid.

Another interesting fact is that (10.2) is a special case of (10.3), under the restriction v = — 0.
This restriction, which is called a common factor restriction, may be tested if desired. If valid,
the model (10.2) may be estimated by iterated GLS. (A simple version of this estimator is called
Cochrane-Orcutt.) Since the common factor restriction appears arbitrary, and is typically rejected
empirically, direct estimation of (10.2) is uncommon in recent applications.
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10.6 Selection of Lag Length in an VAR

If you want a data-dependent rule to pick the lag length &k in a VAR, you may either use a testing-
based approach (using, for example, the Wald statistic), or an information criterion approach. The
formula for the AIC and BIC are

AIC(k) = logdet (Q(k))m%
A plog(T)
BIC(k) = logdet (Q(k))JrT
R 1 &
Q(k) = T ét(k)ét(k)/
t=1

p = m(km+1)

where p is the number of parameters in the model, and é;(k) is the OLS residual vector from the
model with k lags. The log determinant is the criterion from the multivariate normal likelihood.

10.7 Granger Causality

Partition the data vector into (Y%, Z;). Define the two information sets

Ilt — (Y;a)/t71>thQa'”)
IQt — (Y;JZt’)Q*l’Zt*l’Yt72’Zt72)7“')

The information set Iy; is generated only by the history of Y;, and the information set Io; is
generated by both Y; and Z;. The latter has more information.
We say that Z; does not Granger-cause Y; if

EYi|hi1)=E;|I2-1).

That is, conditional on information in lagged Y;, lagged Z; does not help to forecast Y;. If this
condition does not hold, then we say that Z; Granger-causes Y;.

The reason why we call this “Granger Causality” rather than “causality” is because this is not
a physical or structure definition of causality. If Z; is some sort of forecast of the future, such as a
futures price, then Z; may help to forecast Y; even though it does not “cause” Y;. This definition
of causality was developed by Granger (1969) and Sims (1972).

In a linear VAR, the equation for Y; is

Vi=a+p Y1+ +pYok+Zi_ 1+ + Zi_ 1 + et
In this equation, Z; does not Granger-cause Y; if and only if
Ho:vy=vy=-=7,=0.

This may be tested using an exclusion (Wald) test.

This idea can be applied to blocks of variables. That is, Y; and/or Z; can be vectors. The
hypothesis can be tested by using the appropriate multivariate Wald test.

If it is found that Z; does not Granger-cause Y;, then we deduce that our time-series model of
E (Y: | I;—1) does not require the use of Z;. Note, however, that Z; may still be useful to explain
other features of Y;, such as the conditional variance.
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10.8 Cointegration

The idea of cointegration is due to Granger (1981), and was articulated in detail by Engle and
Granger (1987).

Definition 10.8.1 The m x 1 series Y; is cointegrated if Y; is 1(1) yet there exists B, m X r, of
rank r, such that z; = B'Y; is I(0). The r vectors in (3 are called the cointegrating vectors.

If the series Y; is not cointegrated, then r = 0. If » = m, then Y; is I(0). For 0 <r < m, Y} is
I(1) and cointegrated.

In some cases, it may be believed that 3 is known a priori. Often, 3 = (1 —1)’. For example,
if Y; is a pair of interest rates, then 8 = (1 ~— 1)’ specifies that the spread (the difference in
returns) is stationary. If Y = (log(Consumption) log(Income))’, then § = (1 — 1)’ specifies
that log(Consumption/Income) is stationary.

In other cases,  may not be known.

If Y} is cointegrated with a single cointegrating vector (r = 1), then it turns out that § can
be consistently estimated by an OLS regression of one component of Y; on the others. Thus Y; =
(Yit, Yay) and 8 = (B fBy) and normalize 8; = 1. Then By = (Y3Y2) 1Y2Y; —, 5. Furthermore
this estimation is super-consistent: T(8y — 85) —4 Limit, as first shown by Stock (1987). This
is not, in general, a good method to estimate /3, but it is useful in the construction of alternative
estimators and tests.

We are often interested in testing the hypothesis of no cointegration:

HO :r=0
Hy : r>0.
Suppose that (3 is known, so z; = 8'Y; is known. Then under Hy z; is I(1), yet under Hy 2 is

I(0). Thus Hy can be tested using a univariate ADF test on z;.
When £ is unknown, Engle and Granger (1987) suggested using an ADF test on the estimated

residual Z; = B/Y}, from OLS of Y3; on Ys;. Their justification was Stock’s result that B is super-
consistent under H7. Under Hy, however, ﬁ is not consistent, so the ADF critical values are not
appropriate. The asymptotic distribution was worked out by Phillips and Ouliaris (1990).

When the data have time trends, it may be necessary to include a time trend in the estimated
cointegrating regression. Whether or not the time trend is included, the asymptotic distribution
of the test is affected by the presence of the time trend. The asymptotic distribution was worked
out in B. Hansen (1992).

10.9 Cointegrated VARs

We can write a VAR as
A(L)Y}/ = €t
A(L) = I—AL—AyL?—...— A LF

or alternatively as
AY; =11Y; 1 + D(L)AY;—1 + e

where
m = —AQ1)
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Theorem 10.9.1 (Granger Representation Theorem). Y; is cointegrated with m x r (B if and only
if rank(Il) =7 and 11 = af’ where a is m x r, rank(a) = r.

Thus cointegration imposes a restriction upon the parameters of a VAR. The restricted model
can be written as

AY, = aﬁ’Y}_l—l—D(L)AY}_l—i-et
AY, = az_1+ D(L)AY;—1 +e;.

If 8 is known, this can be estimated by OLS of AY; on z;_; and the lags of AY;.

If 8 is unknown, then estimation is done by “reduced rank regression”, which is least-squares
subject to the stated restriction. Equivalently, this is the MLE of the restricted parameters under
the assumption that e; is iid N(0, €2).

One difficulty is that g is not identified without normalization. When r = 1, we typically just
normalize one element to equal unity. When r > 1, this does not work, and different authors have
adopted different identification schemes.

In the context of a cointegrated VAR estimated by reduced rank regression, it is simple to
test for cointegration by testing the rank of II. These tests are constructed as likelihood ratio
(LR) tests. As they were discovered by Johansen (1988, 1991, 1995), they are typically called
the “Johansen Max and Trace” tests. Their asymptotic distributions are non-standard, and are
similar to the Dickey-Fuller distributions.
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Chapter 11

Limited Dependent Variables

A “limited dependent variable” Y is one which takes a “limited” set of values. The most common
cases are

e Binary: Y = {0,1}

e Multinomial: Y ={0,1,2,...,k}
e Integer: Y ={0,1,2,...}

e Censored: Y = {z:2 >0}

The traditional approach to the estimation of limited dependent variable (LDV) models is
parametric maximum likelihood. A parametric model is constructed, allowing the construction of
the likelihood function. A more modern approach is semi-parametric, eliminating the dependence
on a parametric distributional assumption. We will discuss only the first (parametric) approach,
due to time constraints. They still constitute the majority of LDV applications. If, however, you
were to write a thesis involving LDV estimation, you would be advised to consider employing a
semi-parametric estimation approach.

For the parametric approach, estimation is by MLE. A major practical issue is construction of
the likelihood function.

11.1 Binary Choice

The dependent variable Y; = {0,1}. This represents a Yes/No outcome. Given some regressors z;,
the goal is to describe P (Y; =1 | z;), as this is the full conditional distribution.
The linear probability model specifies that
P(Y;=1|z)=z.p.

As P(Y; =1|z;) = E(Y; | z;), this yields the regression: Y; = x}5+¢; which can be estimated by

OLS. However, the linear probability model does not impose the restriction that 0 < P (Y; | z;) < 1.

Even so estimation of a linear probability model is a useful starting point for subsequent analysis.
The standard alternative is to use a function of the form
P(Yi=1|z;)=F (2;0)

where F'(-) is a known CDF, typically assumed to be symmetric about zero, so that F(z) =
1 — F(—=z). The two standard choices for F' are
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e Logistic: F(u) = (14+e )",

e Normal: F(u) = ®(u).
If F is logistic, we call this the logit model, and if F' is normal, we call this the probit model.
This model is identical to the latent variable model
Y o= zifte
ei ~ F()

{1 ifY >0

Yi = 0 otherwise -

For then
PYi=1|wz) = P >0]w)
= P($;ﬁ+61>0‘l‘l)
= P(e > —zif|z)
= 1-F (—2iB)

Estimation is by maximum likelihood. To construct the likelihood, we need the conditional
distribution of an individual observation. Recall that if Y is Bernoulli, such that P(Y =1) = p
and P(Y =0) =1 — p, then we can write the density of Y as

fy)=pA-p'Y,  y=0,L

In the Binary choice model, Y; is conditionally Bernoulli with P(Y; =1 | z;) = p; = F () . Thus
the conditional density is

flyi | ) =pl'(1—p) ¥
= F(ziB)”" (1 - F (zjB8))"¥.

Hence the log-likelihood function is
n(B) = Zlog Fyi | @)

= Zlog (2iB)" (1 — F (238))' %)

= Y [wilog F («48) + (1 — y;) log(1 — F (/)]

i=1
= ZlogF(:cﬁ Zlogl— z;B3)).
yi=1 ¥:=0

The MLE B is the value of 5 which maximizes (). Standard errors and test statistics are
computed by asymptotic approximations. Details of such calculations are left to more advanced
courses.
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11.2 Count Data

If Y ={0,1,2,...}, a typical approach is to employ Poisson regression. This model specifies that

).\ )k
PYi=k|z) — w k= 0.1.2...

Ai = exp(z;).

The conditional density is the Poisson with parameter \;. The functional form for A; has been
picked to ensure that \; > 0.
The log-likelihood function is

n

n
=D log f(yi | x:) = ) (—exp(aiff) + yiif5 — log(uit))
i=1 i=1

The MLE is the value 3 which maximizes ln(B).

Since

E(Y; | zi) = A\ = exp(x;3)

is the conditional mean, this motivates the label Poisson “regression.”

Also observe that the model implies that

Var (Y; | ;) = Ai = exp(2;f),

so the model imposes the restriction that the conditional mean and variance of Y; are the same.
This may be considered restrictive. A generalization is the negative binomial.

11.3 Censored Data

The idea of “censoring” is that some data above or below a threshold are mis-reported at the
threshold. Thus the model is that there is some latent process ¥ with unbounded support, but

we observe only
oy if y; >0
yl_{ 0 ify;<0 ° (11.1)

(This is written for the case of the threshold being zero, any known value can substitute.) The
observed data y; therefore come from a mixed continuous/discrete distribution.

Censored models are typically applied when the data set has a meaningful proportion (say 5%
or higher) of data at the boundary of the sample support. The censoring process may be explicit
in data collection, or it may be a by-product of economic constraints.

An example of a data collection censoring is top-coding of income. In surveys, incomes above
a threshold are typically reported at the threshold.

The first censored regression model was developed by Tobin (1958) to explain consumption of
durable goods. Tobin observed that for many households, the consumption level (purchases) in a
particular period was zero. He proposed the latent variable model

yi = aB+e
e; ~ iid N(0,0?)

with the observed variable y; generated by the censoring equation (11.1). This model (now called
the Tobit) specifies that the latent (or ideal) value of consumption may be negative (the household
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would prefer to sell than buy). All that is reported is that the household purchased zero units of
the good.

The naive approach to estimate (3 is to regress y; on z;. This does not work because regression
estimates E (Y; | z;), not E (Y;* | z;) = /3, and the latter is of interest. Thus OLS will be biased
for the parameter of interest 3.

[Note: it is still possible to estimate E (Y; | z;) by LS techniques. The Tobit framework pos-
tulates that this is not inherently interesting, that the parameter of 3 is defined by an alternative
statistical structure.]

Consistent estimation will be achieved by the MLE. To construct the likelihood, observe that
the probability of being censored is

P(y; =0 )

—_
8
s
+
S
N
(e}
8
N

The conditional distribution function above zero is Gaussian:

P(yi:y|xi):/0 1¢< aﬁ) z, y > 0.

Therefore, the density function can be written as

B a3 1w=0) a3 (y>0)
Fola=e (~Z2) 7 g (=20)

where 1 (+) is the indicator function.
Hence the log-likelihood is a mixture of the probit and the normal:

W3 = Y los sl )
— yzz_log<b< ) y;)log[ —1¢< 5)}

The MLE is the value 3 which maximizes I,,(8).

11.4 Sample Selection

The problem of sample selection arises when the sample is a non-random selection of potential
observations. This occurs when the observed data is systematically different from the population
of interest. For example, if you ask for volunteers for an experiment, and they wish to extrapolate
the effects of the experiment on a general population, you should worry that the people who
volunteer may be systematically different from the general population. This has great relevance
for the evaluation of anti-poverty and job-training programs, where the goal is to assess the effect
of “training” on the general population, not just on the volunteers.
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A simple sample selection model can be written as the latent model

yi = i+ e
T, = 1(22’7+60¢ >0)
where 1 (+) is the indicator function. The dependent variable y; is observed if (and only if) T; = 1.
Else it is unobserved.
For example, y; could be a wage, which can be observed only if a person is employed. The

equation for 7; is an equation specifying the probability that the person is employed.
The model is often completed by specifying that the errors are jointly normal

()~x(o() %))

It is presumed that we observe {z;, z;, T;} for all observations.
Under the normality assumption,

€1; = peoi + Vi,
where v; is independent of ep; ~ N(0,1). A useful fact about the standard normal distribution is

that
E (epi | e0i > —z) = AMx) = %7

and the function A\(x) is called the inverse Mills ratio.
The naive estimator of § is OLS regression of y; on z; for those observations for which y; is
available. The problem is that this is equivalent to conditioning on the event {T; = 1}. However,

E(ew|Ti=1,Z;) = E(ewu|{ew > -2}, %)
= pE (601‘ | {eol' > *ZZ{’}/}, Zi) + F (UZ‘ ‘ {601' > *Z;’}/}, Zi)
= pA(27),
which is non-zero. Thus
e1; = pA (2(7) + i,
where
E(ui |T;=1,Z;) =0.
Hence
yi = i+ pA (217) + wi (11.2)

is a valid regression equation for the observations for which T; = 1.

Heckman (1979) observed that we could consistently estimate 5 and p from this equation, if v
were known. It is unknown, but also can be consistently estimated by a Probit model for selection.
The “Heckit” estimator is thus calculated as follows

e Estimate 4 from a Probit, using regressors z;. The binary dependent variable is T;.
e Estimate (B,b) from OLS of y; on z; and A(z/7).

e The OLS standard errors will be incorrect, as this is a two-step estimator. They can be
corrected using a more complicated formula. Or, alternatively, by viewing the Probit/OLS
estimation equations as a large joint GMM problem.
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The Heckit estimator is frequently used to deal with problems of sample selection. However,
the estimator is built on the assumption of normality, and the estimator can be quite sensitive
to this assumption. Some modern econometric research is exploring how to relax the normality
assumption.

The estimator can also work quite poorly if A (z/4) does not have much in-sample variation. This
can happen if the Probit equation does not “explain” much about the selection choice. Another
potential problem is that if z; = z;, then A (2}%) can be highly collinear with x;, so the second
step OLS estimator will not be able to precisely estimate 5. Based this observation, it is typically
recommended to find a valid exclusion restriction: a variable should be in z; which is not in z;. If
this is valid, it will ensure that A (z/9) is not collinear with z;, and hence improve the second stage
estimator’s precision.
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Chapter 12

Panel Data

A panel is a set of observations on individuals, collected over time. An observation is the pair
{yit, zit}, where the i subscript denotes the individual, and the ¢ subscript denotes time. A panel
may be balanced:

{yit,zar} :t=1,..,T; i=1,..,n,
or unbalanced:

{yit,zit} : Fori=1,...,n, t=1t; ... 1.

12.1 Individual-Effects Model

The standard panel data specification is that there is an individual-specific effect which enters
linearly in the regression
Yit = T30+ ui + e

The typical maintained assumptions are that the individuals ¢ are mutually independent, that wu;
and e;; are independent, that e; is iid across individuals and time, and that e;; is uncorrelated
with ;.

OLS of y;; on x4 is called pooled estimation. It is consistent if

E (xztuz) =0 (12.1)

If this condition fails, then OLS is inconsistent. (12.1) fails if the individual-specific unobserved
effect u; is correlated with the observed explanatory variables ;. This is often believed to be
plausible if u; is an omitted variable.

If (12.1) is true, however, OLS can be improved upon via a GLS technique. In either event,
OLS appears a poor estimation choice.

Condition (12.1) is called the random effects hypothesis. It is a strong assumption, and most
applied researchers try to avoid its use.

12.2 Fixed Effects

This is the most common technique for estimation of non-dynamic linear panel regressions.

The motivation is to allow u; to be arbitrary, and have arbitrary correlated with x;. The goal
is to eliminate wu; from the estimator, and thus achieve invariance.

There are several derivations of the estimator.
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First, let

1 if i=3j
dij = )
0 else
and
di1
di = N
din

an n X 1 dummy vector with a “1” in the 'th place. Let

U1
u =
Un,
Then note that
w; = dju,
and
Yir = Ty + diu + ey (12.2)

Observe that
E (ei | zit,d;) =0,

so (12.2) is a valid regression, with d; as a regressor along with ;.
OLS on (12.2) yields estimator (3, @). Conventional inference applies.
Observe that

e This is generally consistent.

e If x;; contains an intercept, it will be collinear with d;, so the intercept is typically omitted
from w;.

e Any regressor in x;; which is constant over time for all individuals (e.g., their gender) will
be collinear with d;, so will have to be omitted.

e There are n + k regression parameters, which is quite large as typically n is very large.

Computationally, you do not want to actually implement conventional OLS estimation, as the
parameter space is too large. OLS estimation of 3 proceeds by the FWL theorem. Stacking the

observations together:
Y =XB+ Du+e,

then by the FWL theorem,

B = (X'(1-Pp)X) " (X' (1-Pp)Y)
_ (X*/X*)—l (X*/Y*),
where

Y* = Y-DD'D)'DY
X* = X-D(D'D)'D'X.
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Since the regression of y;; on d; is a regression onto individual-specific dummies, the predicted
value from these regressions is the individual specific mean ¥;, and the residual is the demean
value
Yir = Yit — Ys-
The fixed effects estimator 3 is OLS of y}; on %, the dependent variable and regressors in deviation-
from-mean form.
Another derivation of the estimator is to take the equation

!
Yit = TS + ui + e,

and then take individual-specific means by taking the average for the #'th individual:

1 1 1
i;yit = iéwgtﬁ‘i‘ui + i‘;eit
or
Ui = Tif + u; + €.
Subtracting, we find
Y = T8 + ey,

which is free of the individual-effect ;.

12.3 Dynamic Panel Regression

A dynamic panel regression has a lagged dependent variable
Yit = aYie—1 + T8 + ui + €. (12.3)

This is a model suitable for studying dynamic behavior of individual agents.

Unfortunately, the fixed effects estimator is inconsistent, at least if 7" is held finite as n — oo.
This is because the sample mean of y;;_1 is correlated with that of e;.

The standard approach to estimate a dynamic panel is to combine first-differencing with IV or
GMM. Taking first-differences of (12.3) eliminates the individual-specific effect:

Ay = aAy—1 + Azl B+ Aejr. (12.4)
However, if e;; is iid, then it will be correlated with Ay;;_q :

E(Ayi—10eit) = E ((Yir—1 — vit—2) (eit — €it—1)) = —E (yir—1€it—1) = —0=.

So OLS on (12.4) will be inconsistent.

But if there are valid instruments, then IV or GMM can be used to estimate the equation.
Typically, we use lags of the dependent variable, two periods back, as y;_o is uncorrelated with
Ae;i. Thus values of y;;_r, k > 2, are valid instruments.

Hence a valid estimator of @ and f3 is to estimate (12.4) by IV using y;—2 as an instrument for
Ay;—1 (which is just identified). Alternatively, GMM using y;—2 and y;—3 as instruments (which
is overidentified, but loses a time-series observation).

A more sophisticated GMM estimator recognizes that for time-periods later in the sample, there
are more instruments available, so the instrument list should be different for each equation. This is
conveniently organized by the GMM principle, as this enables the moments from the different time-
periods to be stacked together to create a list of all the moment conditions. A simple application
of GMM yields the parameter estimates and standard errors.
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Chapter 13

Nonparametrics

13.1 Kernel Density Estimation

Let X be a random variable with continuous distribution F(z) and density f(z) = - F(x). The

goal is to estimate f(x) from a random sample (X, ..., X;,} While F(x) can be estimated by the
EDF F(z) = n ' Y7, 1(X; <), we cannot define %F(m) since F'(z) is a step function. The
standard nonparametric method to estimate f(x) is based on smoothing using a kernel.

While we are typically interested in estimating the entire function f(x), we can simply focus
on the problem where z is a specific fixed number, and then see how the method generalizes to
estimating the entire function.

Definition 1 K(u) is a second-order kernel function if it is a symmetric zero-mean density
function.

Three common choices for kernels include the Gaussian

K(z) = # exp <—‘%2>

the Epanechnikov
%(1—332), lz] <1

K@= 20" 77 51

and the Biweight or Quartic

11 —a2)?, |z[<1

K(z) =
(z) 0 |z| > 1

In practice, the choice between these three rarely makes a meaningful difference in the estimates.
The kernel functions are used to smooth the data. The amount of smoothing is controlled by
the bandwidth h > 0. Let

Rt =1 ()

be the kernel K rescaled by the bandwidth h. The kernel density estimator of f(z) is

N

f(z) = %ZK;L (X; — ).
=1
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This estimator is the average of a set of weights. If a large number of the observations X; are near

z, then the weights are relatively large and f (z) is larger. Conversely, if only a few X; are near z,

then the weights are small and f(z) is small. The bandwidth % controls the meaning of “near”.
Interestingly, f(z) is a valid density. That is, f(z) > 0 for all 2, and

/_Zf(x)dx:/:%;m(xi—m Z/ Ky (X; — ) / K (u

where the second-to-last equality makes the change-of-variables u = (X; — z)/h.
We can also calculate the moments of the density f(z). The mean is

/wxf(;g)dl’ = %é/:th(sz)dm

—00

the sample mean of the X;, where the second-to-last equality used the change-of-variables u =
(X; — z)/h which has Jacobian h.
The second moment of the estimated density is

n

oo R 1 o0
/_Oowa(x)dx = E;/_meKh(Xi—x)dm

= lzn:/oo (X; + uh)® K (u) du

n
1=1

1 — 2 — o0 1 — o0
= =Y X?2+2N " X.h K(u)du+ = h? 2K (u) d
n; +n; /_OO (u)qun; /_Oou (u) du
= lZN:X-Q—FWJQ
ni:1 7 K

where

o3 :/ 22K (z) dx

—00

is the variance of the kernel. It follows that the variance of the density f(z) is

© o 2 1 ;& 2
/oox2f($)d$</ooscf(x)d:c> = E;Xf+h2a§<<E;X¢>

= &%+ hPo%

Thus the variance of the estimated density is inflated by the factor h20% relative to the sample
moment.
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13.2 Asymptotic MSE for Kernel Estimates

For fixed x and bandwidth h observe that
EKp (X —2) = / Kp(z—x) f(2)dz = / Ky, (uh) f(z + hu)hdu = / K (u) f(z + hu)du

The second equality uses the change-of variables u = (z — z)/h. The last expression shows that
the expected value is an average of f(z) locally about z.

This integral (typically) is not analytically solvable, so we approximate it using a second order
Taylor expansion of f(x + hu) in the argument hu about hu = 0, which is valid as A — 0. Thus

(o h) = f(2) + ' (@)hu+ 3 )
and therefore

EK, (X — )

12

/ K (u < +f()hu+1f”(x)h2u2>du
= / K (u)du+ f'(x / K (u) udu + f” h2/ K (u) u*du
= f(x)+§f”(x)h ok

The bias of f(z) is then
Bias(z) = Ef(x) ZEKh ~ f(z) = % £ (2)h20%.

We see that the bias of f(x) at # depends on the second derivative f”(z). The sharper the derivative,
the greater the bias. Intuitively, the estimator f () smooths data local to X; = z, so is estimating
a smoothed version of f(z). The bias results from this smoothing, and is larger the greater the
curvature in f(x).

We now examine the variance of f (z). Since it is an average of iid random variables, using
first-order Taylor approximations and the fact that n~! is of smaller order than (nh)~!

Var (z) = %Var (Kp (X — x))

12

00 - 2
o K(hx) f(z)dz—ﬁw

= —/ K (u)® f (z + hu) du
~ W/ K(u)2d
_ f@)R(E)

nh

where R(K) = [* K (z)? dz is called the roughness of K.
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Together, the asymptotic mean-squared error (AMSE) for fixed z is the sum of the approximate
squared bias and approximate variance

1

AMSEy(z) = Zf"(x)2h4a}1< + M

nh

A global measure of precision is the asymptotic mean integrated squared error (AMISE)

_ WOk RU") | R(K)

AMISE), = / AMSEy(z)da ; e

(13.1)

where R(f") = [ (f" (2))? dz is the roughness of f”. Notice that the first term (the squared bias)
is increasing in h and the second term (the variance) is decreasing in nh. Thus for the AMISE to
decline with n, we need h — 0 but nh — oo. That is, h must tend to zero, but at a slower rate
than n~1.

Equation (13.1) is an asymptotic approximation to the MSE. We define the asymptotically

optimal bandwidth hg as the value which minimizes this approximate MSE. That is,

ho = argmin AMISE},
h

It can be found by solving the first order condition

d R(K)

el — 1344 A _
dhAMISEh ot R(f") =0
yielding
RK) \'*
ho= | ——2 /2, 13.2
g (U%R(f”)> g (132)

This solution takes the form hy = en~/5 where ¢ is a function of K and f, but not of n. We
thus say that the optimal bandwidth is of order O(n~'/5). Note that this h declines to zero, but
at a very slow rate.

In practice, how should the bandwidth be selected? This is a difficult problem, and there is a
large and continuing literature on the subject. The asymptotically optimal choice given in (13.2)
depends on R(K), o2, and R(f"). The first two are determined by the kernel function. Their
values for the three functions introduced in the previous section are given here.

K 0% = [% 2?K (x)dx R(K)= [* K (z)*dz
Gaussian 1 1/(2/7)
Epanechnikov 1/5 1/5

Biweight 1/7 5/7

An obvious difficulty is that R(f”) is unknown. A classic simple solution proposed by Silverman
(1986)has come to be known as the reference bandwidth or Silverman’s Rule-of-Thumb.
It uses formula (13.2) but replaces R(f”) with 6 °R(¢"), where ¢ is the N(0,1) distribution
and 62 is an estimate of 02 = Var(X). This choice for h gives an optimal rule when f(z) is
normal, and gives a nearly optimal rule when f(z) is close to normal. The downside is that if the
density is very far from normal, the rule-of-thumb h can be quite inefficient. We can calculate that
R(¢") =3/ (8y/7) . Together with the above table, we find the reference rules for the three kernel
functions introduced earlier.

Gaussian Kernel: hyye = 1.06n"1/5
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Epanechnikov Kernel: h,j. = 2.34n~1/5
Biweight (Quartic) Kernel: Ay = 2.78n1/5

Unless you delve more deeply into kernel estimation methods the rule-of-thumb bandwidth is
a good practical bandwidth choice, perhaps adjusted by visual inspection of the resulting estimate
f (z). There are other approaches, but implementation can be delicate. I now discuss some of these
choices. The plug-in approach is to estimate R(f”) in a first step, and then plug this estimate into
the formula (13.2). This is more treacherous than may first appear, as the optimal h for estimation
of the roughness R(f") is quite different than the optimal h for estimation of f(z). However, there
are modern versions of this estimator work well, in particular the iterative method of Sheather
and Jones (1991). Another popular choice for selection of h is cross-validation. This works by
constructing an estimate of the MISE using leave-one-out estimators. There are some desirable
properties of cross-validation bandwidths, but they are also known to converge very slowly to
the optimal values. They are also quite ill-behaved when the data has some discretization (as is
common in economics), in which case the cross-validation rule can sometimes select very small
bandwidths leading to dramatically undersmoothed estimates. Fortunately there are remedies,
which are known as smoothed cross-validation which is a close cousin of the bootstrap.
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Chapter 14

Appendix A: Mathematical Formula

Factorial: For positive integer n, n!l =n(n—1)(n —2)---1, and 0! =1

Exponential Function:
o0

e’ =exp(x) = Z %
n=0

Natural Logarithm: In(z) is the inverse of e”
Stirling’s Formula: n! ~ /2rnn"e™", n — o0.
Gamma Function: For o > 0, T'(a) = [;7 t* e !dt.
Special values: T'(1) =1, T (3) = /7
Recurrence Property: I'(a + 1) = al'(«)
Relation to Factorial: For n integer, I'(n) = (n — 1)!
Binomial coefficients: For nonnegative integers n and r, n > r,

() =

Binomial Expansion: For real  and y and nonnegative integer n
" /n
x4 n _ - i, N—1
o =3 ()

A number z is the limit of the sequence {z,} if for every € > 0, there is some N < oo such
that |z, — x| < e for all n > N. The sequence is said to converge if it has a limit.
The limit superior (limsup) and limit inferior (liminf) of the sequence {x,} are

limsupz, = inf sup xx
n—oo N k>N
liminfx, = sup inf x;
n—oo N k>N

A function f : R — R is continuous at x if lim,_,, f(z) = f(a). A function f(x) is uniformly
continuous if for every ¢ > 0 there exists a § > 0 such that |f(x) — f(y)| < ¢ for every = and y
in its domain with |z —y| < 0.

Taylor Series in one variable

N n 2N+l
fla+z)= Zﬁf(")(a) + a0, 0<0<1
L) !
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Second-Order Vector Taylor Expansion. For z,a € RF
2

fla+z) = f(a) —i—m’ﬁf(a) + %m/(?aaaa’

da

fla+0x)z, 0<6<1
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Chapter 15

Appendix B: Matrix Algebra

15.1 Terminology

A scalar a is a single number.
A vector a is a k x 1 list of numbers, typically arranged in a column. We write this as

ai
a2
Qg

Equivalently, a vector a is an element of Euclidean k space, hence a € R*. If k = 1 then a is a
scalar.
A matrix A is a k x r rectangular array of numbers, written as

a1l a2 - Qir
a1 Q@2 - Q2

A= | . .| =laiy)
a1 Qg2 - Qkr

By convention a;; refers to the ¢'th row and j'th column of A. If r = 1 or k = 1 then A is a vector.
If r=kK=1, then A is a scalar.
A matrix can be written as a set of column vectors or as a set of row vectors. That is,

o
o
A:[al as - ar]:
o,
where
ay;
az;
a; =
Qi
are column vectors and
, P— - . ) .
ij = [ aﬂ ajg aﬂ ]
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are row vectors.
The transpose of a matrix, denoted B = A’, is obtained by flipping the matrix on its diagonal.

a1l a1 - Gl

a2 a2 - Ag2
B=A =

a1y Q2r - AL

Thus b;; = aj; for all i and j. Note that if A is k x r, then A" is r x k. If a is a k x 1 vector, then
a’ is a 1 X k row vector.

A matrix is square if k = r. A square matrix is symmetric if A = A’, which implies a;; = aj;.
A square matrix is diagonal if the only non-zero elements appear on the diagonal, so that a;; =0
if ¢ # j. A square matrix is upper (lower) diagonal if all elements below (above) the diagonal
equal zero.

A partitioned matrix takes the form

All A12 e AIT'

Agy Agy oo Ay,
A=| T8 TR ’

Ay Ak -0 Apy

where the A;; denote matrices, vectors and/or scalars.

15.2 Matrix Multiplication

If @ and b are both k x 1, then their inner product is
k
a'b = a1b; + asby + - - + apby, = Zajbj
j=1

Note that a’'b = b'a.
If Ais k x r and B is r X s, then we define their product AB by writing A as a set of row
vectors and B as a set of column vectors (each of length r). Then

ay
/
a2
4B = | o b b
/
a
L 7k
[ alby alby - a\b,
/ / /
- CL2b1 CL2b2 st CL2br
/ / !/
| akbl aka tee a/k,bfr

When the number of columns of A equals the number of rows of B, we say that A and B, or the
product AB, are conformable, and this is the only case where this product is defined.
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An alternative way to write the matrix product is to use matrix partitions. For example,

and

AB

Ag1 Aao By B

_ A11B11 + A12B21 A1 Bi2 + A12B2»
A21B11 + A22B21 A21Bi12 + A2 B2

_ [An A12:||:B11 Bu]

AB = [ A Ay - A ]
B,
= AiB1+ ABy+ -+ A.B,

j=1

The Euclidean norm of an m x 1 vector a is

1/2
la = (d'a)"? = (D@) .

If A is a m X n matrix, then its Euclidean norm is

An important diagonal matrix is the identity matrix, which has ones on the diagonal.

1/2

|A] = tr (A'A) V2 _ (vec(A) vec(A 1/2 Z Zam

=1 j=1

k x k identity matrix is denoted as

1 0 - 0

o1 - 0
I, = )

00 1

Important properties are that if A is k x r, then A, = A and [ A = A.
We say that two vectors a and b are orthogonal if a’b = 0. The columns of a k X r matrix A,
r < k, are said to be orthogonal if A’A = I,.. A square matrix A is called orthogonal if A’A = I}.

15.3 Trace, Inverse, Determinant

The trace of a k x k square matrix A is the sum of its diagonal elements

k
= E Qg
i=1
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Some straightforward properties are

tr(cA) = ctr(4)
tr(4) = tr(4)
tr(A+B) = tr(A4)+tr(B)
tr (Ik) k
tr (AB) = tr(BA)
The last result follows since
aﬁbl allbg ce a/lbk
abby abbs ---  abb
tr (AB) = tr 2_ ' 2_ ? 2

apbr apby - apby

k
= >on
=1
k
/
=1

= tr(BA).

A k x k matrix A has full rank, or is nonsingular, if there is no ¢ # 0 such that Ac = 0.
In this case there exists a unique matrix B such that AB = BA = I;.. This matrix is called the
inverse of A and is denoted by A~!. Some properties include

AATY = A=,
(A7) = ()
(AC)™t = ¢c7ta?
A+C)t = At(Aat o) ot
A7 —(A+0)t = ATtAt o)A

1

Also, if A is an orthogonal matrix, then A~! = A.
The following fact about inverting partitioned matrices is sometimes useful

[ A B }‘1 _ [ E-1 _E-'BD! (15.1)

C D —-D-1CE! F1

where

E' = A'4A'BF'CAT = (A-BD'O)™

F' = D'+ D 'CE'BD = (D-CAT'B)""

Even if a matrix A does not possess an inverse, we can still define a generalized inverse A~

as a matrix which satisfies
AA~A = A. (15.2)
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The matrix A~ is not necessarily unique. The Moore-Penrose generalized inverse A~ satisfies
(15.2) plus the following three conditions

ATAAT = A7
AA™ is symmetric
A~ A is symmetric
For any matrix A, the Moore-Penrose generalized inverse A~ exists and is unique.
The determinant is defined for square matrices.
If Ais 2 x 2, then its determinant is det A = aj1a92 — a12a91.
For a general k x k matrix A = [a;;], we can define the determinant as follows. Let 7 =
(j1, ..., Jk) denote a permutation of (1,...,k). There are k! such permutations. There is a unique

count of the number of inversions of the indices of such permutations (relative to the natural order
(1,...,k)), and let er = +1 if this count is even and e, = —1 if the count is odd. Then

det A = E ExQ1j,A2j5 * * * Qg
s

Some properties include

o det A=det A

e det (0A) = aFdet A

o det(AB) = (det A) (det B)
o det (A7) = (det A7t

A B

odet[c D

] = (det D)det (A — BD~!C) if det D # 0

e det A # 0 if and only if A is nonsingular.
e If A is triangular (upper or lower), then det A = Hle Qi
e If A is orthogonal, then det A = +1

15.4 Eigenvalues

The characteristic equation of a square matrix A is
det (A — A\I) =0.

The left side is a polynomial of degree k in A so has exactly k roots, which are not necessarily
distinct and may be real or complex. They are called the latent roots or characteristic roots
or eigenvalues of A. If \; is an eigenvalue of A, then A — \; I} is singular so there exists a non-zero
vector h; such that

(A= XNlp)h; =0

The vector h; is called a latent vector or characteristic vector or eigenvector of A corre-
sponding to A;.

We now state some useful properties. Let A; and h;, ¢ = 1, ..., k denote the k eigenvalues and
eigenvectors of a square matrix A. Let A be a diagonal matrix with the characteristic roots in the
diagonal, and let H = [hy - - hg].
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det(A) = TTiy A

tr(A) = X5 A

e A is non-singular if and only if all its characteristic roots are non-zero.

If A has distinct characteristic roots, there exists a nonsingular matrix P such that A =
P7IAP and PAP7! = A.

e If A is symmetric, then A = HAH' and H'AH = A, and the characteristic roots are all real.

e The characteristic roots of A~! are )\1_1, )\2_1, vy )\,;1.

The decomposition A = HAH' is called the spectral decomposition of a matrix.

We define the rank of a square matrix as the number of its non-zero characteristic roots.

We say that a square matrix A is positive semi-definite if for all non-zero ¢, ¢ Ac > 0. This
is written as A > 0. We say that A is positive definite if for all non-zero ¢, ¢ Ac > 0. This is
written as A > 0.

If A is positive definite, then A is non-singular and A~ exists. Furthermore, A1 > 0.

We say that X is n X k, k < n, has full rank k if there is no non-zero ¢ such that Xc = 0. In
this case, X’'X is symmetric and positive definite.

If A is symmetric, then A > 0 if and only if all its characteristic roots are positive.

If A > 0 we can find a matrix B such that A = BB’. We call B a matrix square root of A.
The matrix B need not be unique. One way to construct B is to use the spectral decomposition
A = HAH' where A is diagonal, and then set B = HAY2.

15.5 Idempotent and Projection Matrices

A square matrix A is idempotent if AA = A.

If A is also symmetric (most idempotent matrices are) then all its characteristic roots equal
either zero or one. To see this, note that we can write A = HAH' where H is orthogonal and A
contains the (real) characteristic roots. Then

A=AA=HAH' HAH = HA*H'.

By the uniqueness of the characteristic roots, we deduce that A2 = A and \? = \; fori = 1,..., k.
Hence they must equal either 0 or 1.

It follows that if A is symmetric and idempotent, then tr(A) = rank(A).

Let X be an n x k matrix, £ < n. Two projection matrices are

P = X(XX)'X'
M = I,-P
= I, - X (X'X)' X"

They are called projection matrices due to the property that for any matrix Z which can be written
as Z = XT for some matrix I', (we say that Z lies in the range space of X) then

PZ=PXI'=X (X'X) 'X'XIT =XI'=Z

and
MZ=(I,-P)Z=7Z—-PZ=7—-27=0.
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As an important example of this property, partition the matrix X into two matrices X7 and
Xs, so that
X=[X; Xo.

Then PX1 = X1 and MX1 =0.

P and M are symmetric:

P = QTXXvay

and
M =(I,-P)=I-P =1I,—P=M.

The projection matrices P and M are idempotent:

PP = (X (X'X)'x') (x (x'x)"'X')
= X (X'X)7' XX (X'X)" X'
- X (X'X)'X' =P,
and
MM = (I,-P)(I, - P)
I, — PI, — I,P + PP
I,—P—-P+P
= I,-P=M

Furthermore,

M+P = I,-P+P=1I,
MP = (I,—P)P=P-PP=P—-P=0.

Another useful property is that

trP = k (15.3)
trM = n—k (15.4)

Indeed,
P = (X (x'x)7X)
= o ((x'x) " x'x)
= ftr (Ik)
— K
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and
tr M =tr (I, — P) =tr(l,) —tr (P)=n—k.

From this, we deduce that the ranks of P and M are k and n = k, respectively. Since M is
symmetric and idempotent, its spectral decomposition takes the form

_ Infk 0 !
M_H[ 0 O]H (15.5)

with H'H = I,.

15.6 Kronecker Products and the Vec Operator

Let A=a1 a2 --- ap] = [a;j] be m x n. The vec of A, denoted by vec (A), is the mn x 1 vector
a1
vec (A) = “
Gn,

Let B be any matrix. The Kronecker product of A and B, denoted A ® B, is the matrix

anB a12B alnB

a1 B axB .-+ aB
A®B= . .

am1B  amaB -+ ampB

Some important properties are now summarized. These results hold for matrices for which all
matrix multiplications are conformable.

e (A+B)®C=A®C+B&C
e (A® B)(C® D)= AC ® BD

A (B®C)=(A®B)®C

(A B) =A'"® B’

tr (A® B) = tr (A) tr (B)

If Aism xmand Bisn xn, det(A® B) = (det (A4))" (det (B))™

(A B '=A"1@ B!
IfA>0and B>0then A® B>0

vec (ABC) = (C' ® A) vec (B)

tr (ABCD) = vec (D')' (C' ® A) vec (B)
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15.7 Matrix Calculus

Let 2 = (z1,...,x%) be k x 1 and g(x) = g(z1, ...,m3) : R¥ — R. The vector derivative is

5 72-g(x)
o7 (z) = , :
a—zkg(x)
and 9
(@) = ( ghole) - L) ).
Some properties are now summarized.
° %(a/m) ai(m a)=a
o 3% (Az)=A
aﬁ (2’Az) = (A+ Az

® Bz;z ( /AJI) (A+A/)

A = [a;j] be m x n and g(A) : R™ — R. We define

0 [ 0

579(4) = | 5e=0(4)]

Oaj

Some properties are now summarized.

o %( "Ax) = xa!

o Zln(A)= (A—l)’

. ie(4B) =

° % (A 1B) —A~'BA-!
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Chapter 16

Appendix C: Probability

16.1 Foundations

The set S of all possible outcomes of an experiment is called the sample space for the experiment.
Take the simple example of tossing a coin. There are two outcomes, heads and tails, so we
can write S = {H,T}. If two coins are tossed in sequence, we can write the four outcomes as
S={HH,HT,TH,TT}.

An event A is any collection of possible outcomes of an experiment. An event is a subset of S,
including S itself and the null set (). Continuing the two coin example, one event is A = {HH, HT'},
the event that the first coin is heads. We say that A and B are disjoint or mutually exclusive
if AN B = (. For example, the sets {HH, HT'} and {T'H} are disjoint. Furthermore, if the sets
Ay, Ag, ... are pairwise disjoint and U2, A; = S, then the collection Ag, A, ... is called a partition
of S.

The following are elementary set operations:

Union: AUB={x:2€ Aorxec B}.

Intersection: ANB = {z:2€ Aand z € B}.

Complement: A°={z:xz ¢ A}.

The following are useful properties of set operations.

Communtatitivity: AU B = BU A4; ANB=BnNA.
Associativity: AU(BUC) = (AU B)UC; AN(BNC)=(AnB)NnC.
Distributive Laws: AN(BUC)=(ANB)U(ANC); AU(BNC)=(AUB)N(AUC).

DeMorgan’s Laws: (AU B)® = A°N B (AN B)“ = A°U B-.

A probability function assigns probabilities (numbers between 0 and 1) to events A in S.
This is straightforward when S is countable; when S is uncountable we must be somewhat more
careful.A set B is called a sigma algebra (or Borel field) if ) € B, A € B implies A° € B, and
Ay, Ag, ... € B implies U2, A; € B. A simple example is {{), S} which is known as the trivial sigma
algebra. For any sample space S, let B be the smallest sigma algebra which contains all of the
open sets in S. When S is countable, B is simply the collection of all subsets of S, including () and
S. When S is the real line, then B is the collection of all open and closed intervals. We call B the
sigma algebra associated with S. We only define probabilities for events contained in B.

We now can give the axiomatic definition of probability. Given S and B, a probability function
P satisfies P(S) = 1, P(A) > 0 for all A € B, and if Ay, As,... € B are pairwise disjoint, then
P (U2, 4) = S, P(Ay).

Some important properties of the probability function include the following

e P(D)=0
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e P(A)<1

P(A°)=1-P(A)

P(BNnA°) =P(B)—-P(ANB)

P(AUB)=P(A)+ P(B)—-P(ANB)

If A C B then P(A) < P(B)

Bonferroni’s Inequality: P(ANB) > P(A)+ P(B) — 1

Boole’s Inequality: P(AUB) < P(A) + P(B)

For some elementary probability models, it is useful to have simple rules to count the number
of objects in a set.

When counting the number of objects in a set, there are two important distinctions. Counting
may be with replacement or without replacement. Counting may be ordered or unordered.
For example, consider a lottery where you pick six numbers from the set 1, 2, ..., 49. This selection is
without replacement if you are not allowed to select the same number twice, and is with replacement
if this is allowed. Counting is ordered or not depending on whether the sequential order of the
numbers is relevant to winning the lottery. Depending on these two distinctions, we have four
expressions for the number of objects (possible arrangements) of size r from n objects.

Without With
Replacement Replacement
Ordered (n%'r), n"
Unordered ™ (”’L;_l)

In the lottery example, if counting is unordered and without replacement, the number of
potential combinations is (469) = 13,983, 816.
If P(B) > 0 the conditional probability of the event A given the event B is

P(ANB)
P(A|B)=————.
For any B, the conditional probability function is a valid probability function where S has been
replaced by B. Rearranging the definition, we can write

P(ANB)=P(A| B)P(B)
which is often quite useful. We can say that the occurrence of B has no information about the
likelihood of event A when P (A | B) = P(A), in which case we find
P(ANnB)=P(A)P(B) (16.1)
We say that the events A and B are statistically independent when (16.1) holds. Furthermore,
we say that the collection of events Aj, ..., Ay are mutually independent when for any subset

{Aii’iEI},
P (ﬂAZ) =[P ).

el el
Theorem 2 (Bayes’ Rule). For any set B and any partition Ay, A, ... of the sample space, then
for eachi=1,2,...

P(B| A;) P(A;)
P(A;| B) = S22, P (B ] A;) P(4;)
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16.2 Random Variables

A random variable X is a function from a sample space S into the real line. This induces a
new sample space — the real line — and a new probability function on the real line. Typically,
we denote random variables by uppercase letters such as X, and use lower case letters such as
x for potential values and realized values. For a random variable X we define its cumulative
distribution function (CDF) as

Fx)=P(X <x). (16.2)

Sometimes we write this as Fix(z) to denote that it is the CDF of X. A function F(z) is a CDF
if and only if the following three properties hold:

1. lim,—_ oo F(x) =0 and lim,_,o F'(z) =1

2. F(z) is nondecreasing in x

3. F(z) is right-continuous

We say that the random variable X is discrete if F(z) is a step function. In the latter case,
the range of X consists of a countable set of real numbers 71, ..., 7. The probability function for
X takes the form

P(X =71j) =mj, j=1..7r (16.3)

where 0 < 7; <1 and Z;Zl ;=1

We say that the random variable X is continuous if F'(x) is continuous in 2. In this case P(X =
7) =0 for all 7 € R so the representation (16.3) is unavailable. Instead, we represent the relative
probabilities by the probability density function (PDF)

f() = 2 F(a)

so that "
ﬂ@:/ﬂ@m
and

b
ngxg@:/f@m.
These expressions only make sense if F'(x) is differentiable. While there are examples of continuous
random variables which do not possess a PDF, these cases are unusual and are typically ignored.
A function f(z) is a PDF if and only if f(x) >0 for all 2 € R and [*_ f(z)dz.
16.3 Expectation

For any measurable real function g, we define the mean or expectation Eg(X) as follows. If X
is discrete,

Eg(X) =Y _g(rj)m;,
j=1

and if X is continuous



The latter is well defined and finite if

/oo 9(2)| f(z)dz < co. (16.4)

Il = / dx
(:13)>0
IQ = / dx
g(z

If 1 = oo and Iy < oo then we define Fg(X) = oo. If I; < oo and [z = oo then we define
Eg(X) = —oc0. If both I} = 0o and I» = co then Eg(X) is undefined.

Since F (a + bX) = a + bEX, we say that expectation is a linear operator.

For m > 0, we define the m’th moment of X as EX™ and the m/th central moment as
E(X-EX)™.

Two special moments are the mean y = EX and variance 02 = E (X — p)? = EX2 — ;2. We
call o = v/o? the standard deviation of X. We can also write 02 = = Var(X). For example, this
allows the convenient expression Var(a 4+ bX) = b*Var(X).

The moment generating function (MGF) of X is

If (16.4) does not hold, evaluate

M(X\) = Eexp (AX).
The MGF does not necessarily exist. However, when it does and F | X|™ < oo then

dm
—M =EX™
MO =B

which is why it is called the moment generating function.
More generally, the characteristic function (CF) of X is

C(N\) = Eexp (iAX).
where i = v/—1 is the imaginary unit. The CF always exists, and when F|X|™ < oo

™ - m
d)\—mC()\) o =1 E(X )

The LP norm, p > 1, of the random variable X is

X1, = (B|X]?)"7.

16.4 Common Distributions

For reference, we now list some important discrete distribution function.
Bernoulli

P(X=z) = p"l-p** =01 0<p<l1
EX = »p
Var(X) = p(1-p)
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Binomial

P(X=2) = < )px(lp)"z, r=0,1,..,n; 0<p<1
EX = np
Var(X) = np(l—p)
Geometric
P(X=z) = p-p* ', z=12.; 0<p<l
EX = 1
p
Var(x) = +57
ar =
P2
Multinomial
n! T1, T Ton,
P(Xi=x1,Xo=22,... X = Tp) mp11p22---pm )
T4t T, = m
pt-tpm = 1
EX =
Var(X) =
Negative Binomial
-1
P(X=1) = (”i )p(lm“, r=1,2.; 0<p<l
EX =
Var(X) =
Poisson
P(X=2) = eXp(jAM . 2=0,1,2,..., A>0
x!
EX = )
Var(X) = X
We now list some important continuous distributions.
Beta
Da+B) o 51
r) = ———x*" " (1—=x , 0<xz<1; a>0, >0
B «
a a+p
Var(X) = of 5
(a+B8+1)(a+p)
Cauchy
1
f((E) = m, —o0 < T <O
EX = ~
Var(X) = oo
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Exponential

1 T
f(x) eexp<6>, 0<z< o0 >0
EX =0
Var(X) 62
Logistic
flz) = (1+exp(:c) 5 —00 <z < 00
exp (—))
EX =0
Var(X) =
Lognormal
x) = 5 exp | ———5 3 | <z < oo o

EX = exp(p+0?/2)
Var(X) = exp(2u+ 202) —exp (2p + 02)

Pareto
B
flx) = %, a <z < oo, a >0, 5>0
EX = % B>1
2
Var(X) = BS ; p>2
B-1)7(8-2)
Uniform
1
flz) = P a<z<b
Y - a+b
2
b—a)?
Var(X) = ( 12a)
Weibull
v
flx) = %x” 1exp< %), 0<z<o0; v>0, 6>0

Var(X) = g (r <1:%> e (H%))
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16.5 Multivariate Random Variables

A pair of bivariate random variables (X,Y) is a function from the sample space into R?. The joint
CDF of (X,Y) is

F(z,y) =P (X <z,Y <y).
If F' is continuous, the joint probability density function is

62

flx,y) = amayF(%y)-

For a Borel measurable set A € R?,
P(X<Y)eA) = //Af(:r,y)d:ndy
For any measurable function g(z,y),
Eg(X,Y) = /_Z /_O; 9(z,y) f(z,y)dzdy.

The marginal distribution of X is

Fx(z) = P(X<uz)
= lim F(z,y)

= y/; /Z f(z,y)dydx

fi(@) = - Fxle) = [ fwdy

so the marginal density of X is

Similarly, the marginal density of Y is

fr(y) = / " ).

The random variables X and Y are defined to be independent if f(x,y) = fx(x)fy(y).
Furthermore, X and Y are independent if and only if there exist functions g(x) and h(y) such that

f(z,y) = g(z)h(y).
If X and Y are independent, then

E(g(X)h(Y)) = / / 9(2)h(y) f(y, z)dyde
- / / 9(@)h(y) fy (9) fx (2)dyde

— [s@itx@)ds [ mo) @iy
= Eg(X)Eh(Y). (16.5)
if the expectations exist. For example, if X and Y are independent then

E(XY) = EXEY.
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Another implication of (16.5) is that if X and Y are independent and Z = X + Y/, then
Mz(\) = Eexp(A(X+Y))
= FE(exp(AX)exp(\Y))
= Eexp(NX)Eexp (NY)
= Mx(A)My(N). (16.6)
The covariance between X and Y is

Cov(X,Y)=0xy = E((X — EX)(Y — EY)) = EXY — EXEY.

The correlation between X and Y is

00Xy
00y

Corr(X,Y) = pxy =

The Cauchy-Schwarz Inequality implies that |pyy| < 1.The correlation is a measure of linear
dependence, free of units of measurement.

If X and Y are independent, then oxy = 0 and pyxy = 0. The reverse, however, is not true.
For example, if EX = 0 and EX? = 0, then Cov(X, X?) = 0.

A useful fact is that

Var (X +Y) =Var(X)+Var(Y) +2Cov(X,Y).
An implication is that if X and Y are independent, then
Var (X +Y) =Var(X)+ Var(Y),

the variance of the sum is the sum of the variances.
A k x 1 random vector X = (X1, ..., X;,)" is a function from S to R*. Letting z = (z1, ..., 71)’,
it has the distribution and density functions

F(z) = P(X <u)

For a measurable function ¢ : R¥ — R*, we define the expectation

P9(X) = [ g(o)f(@)da
where the symbol dx denotes dx; - - - dzy. In particular, we have the £ x 1 multivariate mean
w=FEX
and k x k covariance matrix

Y o= E((X-p(X-p))
= EXX' —

If the elements of X are mutually independent, then ¥ is a diagonal matrix and
k k
Var <Z X¢> = Z Var (X;)
i=1 i=1
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16.6 Conditional Distributions and Expectation
The conditional density of Y given X = x is defined as

fY\X (y|z)= J}if(jxy))

if fx(z) > 0. One way to derive this expression from the definition of conditional probability is

o ..
frix(lz) = a—yg%P(YﬁyWSXSSUJr@

0 . PY<yin{z<X<z+e})
8_yal—>0 Px<X<z+e¢)
9 Platey) - Fy)
0y —0 Fx($+€) *Fx(l‘)
0. ZF(z+ey)
a_yelgtl) fx(x+e)
o255 F ()
fx(z)
f(z,y)
fx(@)

The conditional mean or conditional expectation is the function

oo

m<x>=E<Y|X=x>:/ ufvix (| ) dy.

The conditional mean m(z) is a function, meaning that when X equals x, then the expected value
of Y is m(x).
Similarly, we define the conditional variance of Y given X = x as
o%(z) = Var(Y | X =1x)
- E <(Y “m@)? | X = :r)
= E(Y?| X =1)—m(z)
Evaluated at 2 = X, the conditional mean m(X) and conditional variance o2(x) are random
variables, functions of X. We write this as E(Y | X) = m(X) and Var (Y | X) = ¢2(X). For
example, if E(Y | X =z) = a+ Bz, then E(Y | X) = a+ X, a transformation of X.

The following are important facts about conditional expectations.
Simple Law of Iterated Expectations:

E(E(Y|X))=E(Y) (16.7)
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Proof:
E(E(Y X)) = E(m(X))
= [ m@)s@

— /_00 /_OO yfvix (v z) fx(z)dydz

= /Z/ny(y,x)dydw
B(Y).

Law of Iterated Expectations:
E(EX|X,2)|X)=E(|X) (16.8)
Conditioning Theorem. For any function g(x),
E(gX)Y | X)=g(X)E(Y | X) (16.9)
Proof: Let
hz) = E(gX)Y [ X =)
— [ s@usvix vl o) dy

—00

) / " uhvix (v @) dy

= g(z)m(z)
where m(z) = E(Y | X =z). Thus h(X) = g(X)m(X), which is the same as E (¢(X)Y | X) =
g(X)EY [ X).
16.7 Transformations

Suppose that X € R* with continuous distribution function Fy () and density fx(z). Let Y =
g(X) where g(z) : R¥ — RF is one-to-one, differentiable, and invertible. Let h(y) denote the
inverse of g(x). The Jacobian is

J(y) = det (%,h@)) .

Consider the univariate case k = 1. If g(z) is an increasing function, then g(X) < Y if and
only if X < h(Y), so the distribution function of Y is

Few) = Po(X)<y)
— P(X <h(Y))
= Py (h(Y))
so the density of Y is
) = P ) = Fx (W(Y)) -h(w)
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If g(x) is a decreasing function, then g(X) <Y if and only if X > h(Y), so

Fy(y) = P(9(X)<y)
= 1-P(X > h(Y))

= 1—Fx (h(Y))
and the density of Y is p
fr(y) = —fx (R(Y)) d—yh(y)-

We can write these two cases jointly as

fr(y) = fx (h(Y)) I (y)]- (16.10)

This is known as the change-of-variables formula. This same formula (16.10) holds for k£ > 1,
but its justification requires deeper results from analysis.

As one example, take the case X ~ U[0,1] and Y = —1In(X). Here, g(z) = —In(z) and
h(y) = exp(—y) so the Jacobian is J(y) = —exp(y). As the range of X is [0, 1], that for Y is [0,00).
Since fx (x) =1 for 0 <z <1 (16.10) shows that

fY(y) = eXp(iy)a 0 < Yy < 00,

an exponential density.

16.8 Normal and Related Distributions

The standard normal density is

1 z?
o(x) = mexp <—?> , —00 < & < 00.
This density has all moments finite. Since it is symmetric about zero all odd moments are zero. By
iterated integration by parts, we can also show that EX? =1 and EX* = 3. It is conventional to
write X ~ N(0, 1), and to denote the standard normal density function by ¢(z) and its distribution
function by ®(z). The latter has no closed-form solution.
If 7 is standard normal and X = p + oZ, then using the change-of-variables formula, X has

density
1 (x —p)?
flx) = exp | ———— |, —00 <z < 0.

V2o 202

which is the univariate normal density. The mean and variance of the distribution are p and
02, and it is conventional to write X ~ N(u,o?).
For x € R*, the multivariate normal density is

1 (z—p)'27 (= —p)
2 P det ()2 T <_ 2 ) . sER

The mean and covariance matrix of the distribution are 1 and X, and it is conventional to write
X ~ N(p,X).

It useful to observe that the MGF and CF of the multivariate normal are exp (X' p + A'SA/2)
and exp (i)\/u — )\/2)\/2) , respectively.

fz) =
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If X € RF is multivariate normal and the elements of X are mutually uncorrelated, then
¥ = diag{a]z} is a diagonal matrix. In this case the density function can be written as

flz) = 1 exp <_ <($1—M1)2/0%+---+(mk—,uk)2/g%>>
Ok

@en)* 2oy .. 2

k

1 zj — ;)
= H—(27r)1/20j exp (( 320;3) )

=1

which is the product of marginal univariate normal densities. This shows that if X is multivariate
normal with uncorrelated elements, then they are mutually independent.

Another useful fact is that if X ~ N(u,>) and Y = a+ BX with B an invertible matrix, then
by the change-of-variables formula, the density of Y is

fly) =

1 —uy) 25 (y —
T exp (_(y Ly) 2y (y w))y ——
™ (§) Y

where 11y = a+Bp and Xy = BYX.B’, where we used the fact that det (BZB’)I/2 = det (2)1/2 det (B).
This shows that linear transformations of normals are also normal.
Let X ~ N(0,1,) and set Q@ = X’ X. We show at the end of this section that the @ has density

fly) = WWH exp(—y/2), y=>0. (16.11)

I'(3

and is known as the chi-square density with r degrees of freedom, denoted 2. Its mean and
variance are 1 = r and o2 = 2r. A useful result is:

Theorem 16.8.1 If Z ~ N(0,A) with A >0, ¢ X q, then Z'A™'Z ~ xﬁ-

Let Z ~ N(0,1) and @ ~ x?2 be independent. Set

Z
ty = .
VQ/r
We show at the end of this section that the density of ¢, is
T (Ll
fl@) = ) — (16.12)

VAl (5) (14 %) 7

and is known as the student’s t distribution with r degrees of freedom.
Proof of (16.11). The MGF for the density (16.11) is

Bew(Q) = [ gy et e (-u/2)dy
2
= (1-2t)7? (16.13)
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oo a—1

where the second equality uses the fact that [y y* ' exp (=by)dy = b~°T'(a), which can be found
by applying change-of-variables to the gamma function. For Z ~ N(0, 1) the distribution of Z2 is

P(Z?<y) = 2P(0<Z <)

2 W1 z* d
A meXp< )
1

_ [’ “1/2 gy (5
= /of(%)21/28 exp( 2>ds

using the change-of-variables s = 22 and the fact I' (§) = /7. Thus the density of Z?2 is (16.11)

with 7 = 1. From (16.13), we see that the MGF of Z2 is (1 —2t)"*/2. Since we can write Q =
X'X=3", ZJ2 where the Z; are independent N(0,1), (16.6) can be used to show that the MGF

of Q is (1 — 2t)™"/%, which we showed in (16.13) is the MGF of the density (16.11).
Proof of (16.8.1). The fact that A > 0 means that we can write A = CC’ where C' is
non-singular. Then A~! = C~YC~! and

C~'Z ~ N(0,C*AC™V) = N(0,Cc*CC’'C™Y) = N(0, 1,).

Thus
Z'AT 2 =7'C7VC Z2 = (C712) (C71Z) ~ X2

Proof of (16.12). Using the simple law of iterated expectations, ¢, has distribution function

oo - o2
{

8

a
o
3

Il
=

N
I\
<
3
——

Il
=

I
3|
Ll
—— T
8
= |0
~

Thus its density is

d Q
flx) = E%q) <sc ?>

ey
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16.9 Maximum Likelihood

If the distribution of Y; is F(y,6) where F is a known distribution function and # € © is an
unknown m X 1 vector, we say that the distribution is parametric and that 6 is the parameter
of the distribution F. The space © is the set of permissible value for 6. In this setting the method
of maximum likelihood is the appropriate technique for estimation and inference on 6.

If the distribution F' is continuous then the density of Y; can be written as f(y, #) and the joint
density of a random sample Y = (Y1, ...,Y;) is

Fu (7.6) =[] £ (0.
1=1

The likelihood of the sample is this joint density evaluated at the observed sample values, viewed
as a function of 6. The log-likelihood function is its natural log

Ln(6) = > Inf (Y;,0).
i=1

If the distribution F' is discrete, the likelihood and log-likelihood are constructed by setting

Define the Hessian )

H=-F 1 Y;, 0 16.14
8089/ l'lf( 0) ( )
and the outer product matrix
O=F glnf(YQ)glnf(YQ)' (16.15)
- 89 2, V0 69 2, V0 . .
Two important features of the likelihood are
Theorem 16.9.1 P
—FEInf(Y;,0) =0 (16.16)
90 0=0o
H=Q=1, (16.17)

The matrix Iy is called the information, and the equality (16.17) is often called the infor-
mation matrix equality.

Theorem 16.9.2 Cramer-Rao Lower Bound. If 0 is an unbiased estimator of 0 € R, then
Var(9) > (nly) ™.

The Cramer-Rao Theorem gives a lower bound for estimation. However, the restriction to
unbiased estimators means that the theorem has little direct relevance for finite sample efficiency.

The maximum likelihood estimator or MLE 6 is the parameter value which maximizes
the likelihood (equivalently, which maximizes the log-likelihood). We can write this as

0 = argmax L, (0).
0cO

In some simple cases, we can find an explicit expression for 0 as a function of the data, but these
cases are rare. More typically, the MLE 6 must be found by numerical methods.
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Why do we believe that the MLE 6 is estimating the parameter 87 Observe that when stan-
dardized, the log-likelihood is a sample average

L6 = > oIn (4,0) = Blnf (.0) = L),

As the MLE 6 maximizes the left-hand-side, we can see that it is an estimator of the maximizer
of the right-hand-side. The first-order condition for the latter problem is
0 0
0=55L(0) = 5B f (Y, 0)
which holds at AQ = 0p by (16.16). In fact, under conventional regularity conditions, 6 is consistent
for this value, 6 —, 6y as n — oo.

Theorem 16.9.3 Under regularity conditions, \/n (9 — 90) —q N ((), Ial).

Thus in large samples, the approximate variance of the MLE is (nIo)_l which is the Cramer-
Rao lower bound. Thus in large samples the MLE has approximately the best possible variance.
Therefore the MLE is called asymptotically efficient.

Typically, to estimate the asymptotic variance of the MLE we use an estimate based on the
Hessian formula (16.14)

N I~ 02 .
= ngaeae,lnf(ﬁﬁ) (16.18)

We then set fa L= g1, Asymptotic standard errors for 0 are then the square roots of the diagonal
elements of nilfo_l.

Sometimes a parametric density function f(y,#) is used to approximate the true unknown
density f(y), but it is not literally believed that the model f(y,#) is necessarily the true density.
In this case, we refer to L, (é) as a quasi-likelihood and the its maximizer 0 as a quasi-mle or
QMLE.

In this case there is not a “true” value of the parameter 6. Instead we define the pseudo-true

value 0 as the maximizer of

Elnf(Y;,H)=/f(y)lnf(y,9)dy

which is the same as the minimizer of

- [ 1o ()

the Kullback-Leibler information distance between the true density f(y) and the parametric density
f(y,0). Thus the QMLE 6 is the value which makes the parametric density “closest” to the true
value according to this measure of distance. The QMLE is consistent for the pseudo-true value,
but has a different covariance matrix than in the pure MLE case, since the information matrix
equality (16.17) does not hold. A minor adjustment to Theorem (16.9.3) yields the asymptotic
distribution of the QMLE:

Jn (9 - 90) Sy N(,V), V=HloH
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The moment estimator for V is R
V=H1OHA"

where H is given in (16.18) and
A 1 N O RV
0= 5; lnf<YZ-,c9>%lnf<Yi,6> .

Asymptotic standard errors (§0metimes called qmle standard errors) are then the square roots of
the diagonal elements of n=1V.
Proof of Theorem 16.9.1. To see (16.16),

0
)

— [ Ml b0y

0=0¢ 0=0o
J (y,60)
= / dy
[ 5w >f( 0) os,
= f(y,0
89/ 9 9
= —1 = 0.
00 =0,
Similarly, we can show that
62
E 3939'f ()/ZaQO) -0
f(Y;aHO)
By direction computation,
2 f(Yi,00) 55 f (Yi,00) % f (Y, 00)
0 ,lnf(YZ,Qo) _ d&daf( 0) agf( a0)09f2( aO)
9000 f (Yi, 60) f (Y3, 60)
O F(Yi,0)) 8 9
_ 0006’ — . _— . /
— —f(Yi,Qo) 891nf(Y;,90) 50 In f(Y;,00)" .

Taking expectations yields (16.17). [ |
Proof of Cramer-Rao Lower Bound.

0 "9
S = g5 (V.00) = ;%mf(n,ew

which by Theorem (16.9.1) has mean zero and variance nH. Write the estimator ¢ = O(Y) as a
function of the data. Since 6 is unbiased for any 6,

0= 50 = [ 8301 7.0)ds

where § = (y1, ..., yn). Differentiating with respect to 6 and evaluating at 6y yields

1= [0@)557 @0 di = [ 85) 5511 G.) 1 5.60)dy = E (05
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By the Cauchy-Schwarz inequality
1= ‘E <95’> ‘2 <Var(S)Var (é)

SO

Var (6) > Varl 5 nLH

[
Proof of Theorem 16.9.3 Taking the first-order condition for maximization of L, (@), and
making a first-order Taylor series expansion,

T £ 1691”(%9)
n n 92 .
%lnf(Yi,@o)Jr;mlnf(K,@n) (6-4).

12

=1

where 6, lies on a line segment joining # and 6. (Technically, the specific value of 6, varies by
row in this expansion.) Rewriting this equation, we find

(9—90):< Zaeaa/lnf Eﬁ)) < ;mfm,eo))

=1

Since % In f (Y;,00) is mean-zero with covariance matrix €2, an application of the CLT yields

1 < 0
%;%mf(n,eo)wmo,m.

The analysis20f the sample Hessian is somewhat more complicated due to the presence of 6,,. Let
H(0) = —% In f(Y;,0). If it is continuous in @, then since 6,, —, 0y we find H(6,) —, H and
SO

1 n
_Z In f (Y}, = = In f (Y3, n H(0,
28989, w f (Vi 600) Z( O (Vi 0.) — H( >)+ (0)
— pH
by an application of a uniform WLLN. Together,
Vi (0= 00) —a HTIN (0,Q) = N (0, H'QH™Y) = N (0,H™Y),

the final equality using Theorem 16.9.1 . |
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Chapter 17

Appendix D: Asymptotic Theory

17.1 Inequalities
Triangle inequality.

(X + Y| <[X]+]Y].

C" inequality.
X"+ Y] 0<r<1
X +Y|" <
21X+ YT r>1

Proofs of the following statements are at the end of this section.
Jensen’s Inequality. If g(-) : R — R is convex, then

9(E(X)) < E(9(X)).

L" Norm: || X||, = (E|X|")"/"

L" inequality:. If r <p, ||X||, <[ X],

Holder’s Inequality. If p > 1 and ¢ > 1 and % + % =1, then
EIXY| < |IX], 1Y,

Cauchy-Schwarz Inequality.

EIXY] < [[X]lo [I¥]l

This is Holder’s inequality with p = ¢ = 2.
Minkowski’s Inequality. For p > 1,

X+ Y, < [ X, + Y]], -
Markov’s Inequality. For any strictly increasing function g(X) > 0,

P(g(X) > a) < a 'Eg(X).
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Proof of Jensen’s Inequality. Let a 4 bz be the tangent line to g(x) at x = EX. Since g(z)
is convex, tangent lines lie below it. So for all z, g(x) > a + bz yet g(EX) = a + bEX since the
curve is tangent at £X. Applying expectations, Eg(X) > a+ bEX = g(EX), as stated. B

Proof of L" Inequality. Let Y = |X|" and g(z) = 2?/", which is convex. By Jensen’s inequality,
g(EY) < Eq(Y), so
(EBX]"" < BE(X|")" = B|XP

Raised to the 1/p power is the inequality. g

Proof of Holder’s Inequality. By renormalization, without loss of generality we can assume
E|X|P =1 and E|Y|? = 1, so that we need to show E|XY| < 1. By the theorem of geometric
means, for A >0and B >0

1 1
AYPBY1<-A4+ B (17.1)
p q
% 1 1 1 1
BIXY| = B[(XP)7 ()] < B (1P + V) = S0 =1
p q b q
as needed.

We now show (17.1). Define a random variable 7" which takes the value In A with probability
1/p, and the value In B with probability 1/g. The exponential function is convex, so Jensen’s
inequality yields

AYPBY1 = exp BlnA—i—élnB]

exp(E(T))
E (exp(T))

1.1
= ~A+-B
p p

IN

which is (17.1) as needed. n
Proof of Minkowski’s Inequality. If p = 1, the triangle inequality yields | X + Y| < | X|+ Y],
and then take expectations.

For p > 1, define its conjugate ¢ = p/(p — 1) (so 1/p+ 1/q = 1). By the triangle inequality,
Holder’s inequality,

E|X+Y]P = E <|X FYPUX Y|)

E (\X Lypt |X|) +E (|X Lypt |Y|)

1 P, + {1+ v et v,
= (EIX+YP)P (X1, + 1Y1,)

where the final inequality holds since (p — 1)g = p. Multiplying both sides by (E |X + Y? )1/ p-1
yields the result. |

Proof of Markov’s Inequality. Set Y = g(X), and let {-} denote the indicator function. For
simplicity suppose that Y has density f(y). Then

aP(Y > a) = aE{Y > a} :oz/{y > a}f(y)dy:/

{y>a}

af(y)dy < /

{y>a} -
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the second-to-last inequality using the region of integration {y > a}. Hence P(Y > ) < o 'E(Y)
and we are done. |

17.2 Convergence in Probability

We say that Z, converges in probability to Z as n — oo, denoted Z,, —, Z as n — oo, if for
all 9 > 0,

lim P(|Z,—Z|>d)=0.

n—oo

This is a probabilistic way of generalizing the mathematical definition of a limit.

A set of random vectors { X1, ..., X,,} are independent and identically distributed or iid
if they are mutually independent and are drawn from a common distribution F.

Weak Law of Large Numbers (WLLN). If X; € R¥ is iid and E |X;| < oo, then as n — oo

— 1 <&
1=

Proof: Without loss of generality, we can set E(X) = 0 (by recentering X; on its expectation).
We need to show that for all 6 > 0 and n > 0 there is some N < oo so that for all n > N,
P (!Xn| > (5) < n. Fix § and 7. Set ¢ = dn/3. Pick C' < oo large enough so that

E(X|1(X|>0C)) <e (17.2)

(where 1 (-) is the indicator function) which is possible since F | X| < co. Define the random vectors

Wi = Xil(|Xi| <C) - E(X;1(|Xi| <))

Zi = X;1(|Xi| >C)—E(X;1(X;]| > C)).

By the triangle inequality, Jensen’s inequality and (17.2),
E|Z,| E|Z;|

E1Xi|1(]X5] > C) + [E (X1 (X3 > C))]
2E1X;|1(1X3| > C)
%. (17.3)

(VAN VAN VAN VAN

By Jensen’s inequality, the fact that the W; are iid and mean zero, and the bound |W;| < 2C,

2
n

(B[W.) < EW

_ Ew?
N n
2
_ i
n
< g2 (17.4)

the final inequality holding for n > 4C?/e? = 366’2_/52172._ B
Finally, by Markov’s inequality, the fact that X, = W,, + Z,,, the triangle inequality, (17.3)
and (17.4),

E|X,| E|\W,|+FE|Z,
Xl _ EWal +BZ] 3 _
) ) )
the equality by the definition of . We have shown that for any § > 0 and 1 > 0 then for all
n > 36C2/5%n?, P (!Xn‘ > (5) <1, as needed. |

P([X,| >6) <
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17.3 Almost Sure Convergence

We say that Z,, converges almost surely or with probability one to Z as n — oo, denoted
Lp —as 4 asn — oo, if for all § > 0,

P(lim Zn:Z>:1.

n—oo
Equivalently, for every € > 0,
P(hm \Z, — Z| <€> =1
n—oo
Almost sure convergence is stronger than convergence in probability. For example, consider
the sequence of discrete random variables Z,, with
P(Z,
P(Z,

) = n!

1
0) = 1—n"

1

You can see that Z,, —, Z yet Z, does not converge almost surely.
Strong Law of Large Numbers (SLLN). If {X;,..., X,,} are iid with E'|X| < oo and
EX = pthenasn — oo

— 1 <&
Xy = E Zle —a.s. HU-
1=

To show the SLLN, we need some intermediate results. The first is a maximal form of Markov’s
inequality.

Theorem 3 (Komogorov’s Inequality) If Xi,...,X, are independent with EX; = 0 and S; =
SI_1 Xi, then for any e >0

1O 2
, < = 2 .
P <112ia§>% S; > A) <3 ZIEXZ (17.5)
Proof. Since
E(Sn | Xla 7X‘) = ZE(X] | Xla 7X‘) = ZXJ = SZ
7j=1 Jj=1
then by Jensen’s inequality
SE=|E(Sn| X1, X))? <E(S2| X1,..., Xi) . (17.6)

149



Let I,_1 = {SZQ > A2 max;; S]2 < )\2} which are disjoint events. Then
\2p <max |S;i| > )\) = \’P <max 52 > )\2>
1<i<n 1<i<n
:vgpwﬂ
i=1

= Z)\2P (Ii,le > )\2)

S B (1)
=1

ZE (Ii E (52 ] X1, .., Xi1))

=1

= ﬁiE(Q4S@
i=1

< E(S)
= Y EX}.
i=1

The fourth line is Markov’s inequality, the fifth is (17.6), the sixth uses the conditioning theorem
and the law of iterated expectations. |

The next two are summation results.

Toeplitz Lemma. Suppose z, — = with |z, —z| < B and for a; > 0, Z;-Zzl a; — 00 as
n — 00. Then as n — oo

IN

IN

D1 4T
Z?:l a;
Proof: Fix ¢ > 0. Find N; < oo such that |z, — x| < e for all n > Nj. Then find Ny < oo such
that Z;V:ll a; < Be ;V:zl a;. Then for all for n > Ny,

'Z] 1 45T ‘ 'Z a] (zj —

< 2e.

‘Z] N1+1 a; (SUJ )
J

14

[ |
Kronecker Lemma. If b, is increasing with b, — oo, and 5,, = Z] 1Tj — x, thenasn — oo

1 n
b_ ijl’j — 0.
nj:l
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Proof: Set a; = b; —bj_1 > 0. Then

Z bjSL‘j = Z bij — Z bijfl
j=1 j=1 7=1
= ) b= bjiaSji1— Y a8
j=1 7j=1 7j=1
= bnSn — ZajS]_l
j=1

Hence as n — oo

1 ¢ 2251951
_ b:x: = S — J= —xz—x=0
bn J; I " Z?:l CL]

using the Toeplitz Lemma. |

We now complete the proof of the SLLN.

Proof of SLLIN: Without loss of generality, assume EX = 0. To simplify the proof, we assume
that 02 < co. We first show that S,, = Sy i1 X; converges to a finite random limit almost surely
as n — o00. This occurs if and only if S; —S;, — 0 as j,k — oo. Indeed, for each ¢ > 0, using
Kolmogorov’s inequality (17.5).

P <U {|Smik — S| > 5}> = lim P ( max Sk — S| > g>
k=1

n—00 1<k<n

1 . m+n Xz 2
= m Y B ()

t=m-+1

(o ¢]
0'2 .92
- 2 Z L
9

t=m-+1

IN

— 0

as m — 00 since Y o0, 172 < o0o.
We now apply the Kronecker Lemma with b; = ¢ and 2; = i~1X;. Since Z?:l T; converges as
n — oo almost surely, it follows that

771: %ZH:XZ:biZn:meZHO
i=1 =1

almost surely. |

17.4 Convergence in Distribution

Let Z, be a random variable with distribution F,(x) = P (Z, < z). We say that Z, converges
in distribution to Z as n — oo, denoted Z,, —4 Z, where Z has distribution F(z) = P (Z < x),
if for all  at which F(x) is continuous, F,(x) — F(x) as n — oc.

Central Limit Theorem (CLT). If X; € R is iid and E | X;|* < oo, then as n — oo

Vi (Fu— ) = 7= 3 (X =) = N (0.V),
=1
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where = EX and V = E(X — p) (X — p)’.

Proof: Without loss of generality, it is sufficient to consider the case 4 = 0 and V = I. For
A € RF let C(A) = Eexp (iN'X) denote the characteristic function of X and set ¢(\) = InC(A).

Then observe

%C’()\) = iF (Xexp (iNX))
0? ) .
g = PPE (XX exp (iXX))
so when evaluated at A =0
co) =1
iC'(O) = E(X)=0
N ! -
i C(0) = —E(XX')=-]
ONON F
Furthermore,
B 0 B . 0
() = Fred) =C)T 57 C()
02 1 9?2 9 0 0
cw(N) = mc()\) =C(N) 8)\8)\’00\) - C(\) N (A)WC’()\)
so when evaluated at A =0
c(0) = 0
C)\(O) = 0
C)\)\(O) = —Ik.

By a second-order Taylor series expansion of ¢(A) about A = 0,
o) = e(0) + ex(OA + 5 Ve (A = S Ve (WA

where \* lies on the line segment joining 0 and A.

(17.7)

We now compute Cp(A) = Eexp (iNy/nX,) the characteristic function of /nX,. By the
properties of the exponential function, the independence of the X;, the definition of ¢(\) and

(17.7)
1 n\/
InC,(\) = logFEexp |i— X
(V) \/ﬁ; j

- 1
= logFk H exp <z

j=1 \/ﬁ
- 1

= logHEexp (i—XXj>
=1 \/,r_l

_ A

= nc \/ﬁ

- %XCM()\H))\
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where A, — 0 lies on the line segment joining 0 and A/y/n. Since cxx(An) — cax(0) = — I, we see
that as n — oo,

Cr(N) — exp (—%A’A)

the characteristic function of the N (0, ) distribution. This is sufficient to establish the theorem.
[

17.5 Asymptotic Transformations

Continuous Mapping Theorem 1 (CMT). If Z,, —, c as n — oo and g (-) is continuous at c,
then g(Z,) —, g(c) as n — oo.

Proof: Since g is continuous at ¢, for all € > 0 we can find a 6 > 0 such that if |Z, —¢| < §
then |g (Z,) — g(¢)| < e. Recall that A C B implies P(A) < P(B). Thus P (|g (Z,) —g(c)| <¢) >
P(|Z, —c| <) — 1 as n — oo by the assumption that Z, —, c¢. Hence g(Z,) — g(c) as n — oc.

Continuous Mapping Theorem 2. If Z, —; Z as n — oo and g (-) is continuous, then
9(Zn) —a 9(Z) as n — oo.

Delta Method: If \/n (6, — 0g) —4 N (0,%), where 0 is m x 1 and ¥ is m x m, and ¢(0) :
R™ — R, k < m, then
V(g (0n) — 9(00)) —a N (0, 90%gp)

where gg(0) = 55,9(6) and gy = ga(6o).
Proof: By a vector Taylor series expansion, for each element of g,

9i(0n) = g;(00) + gjo(07,) (6n — 60)

where 0,,; lies on the line segment between 6,, and ¢y and therefore converges in probability to 0.
It follows that aj, = g;9(07,) — gjo —p 0. Stacking across elements of g, we find

V(g (0n) — 9(00)) = (90 + an) Vo (0 — 0o) —a goN (0,%) = N (0, ggXgp)
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Chapter 18

Appendix E: Numerical Optimization

Many econometric estimators are defined by an optimization problem of the form

0 = argmin Q(0) (18.1)
0cO

where the parameter is § € © C R™ and the criterion function is Q(#) : © — R. For example
NLLS, GLS, MLE and GMM estimators take this form. In most cases, Q(¢) can be computed
for given 0, but 0 is not available in closed form. In this case, numerical methods are required to
obtain 6.

18.1 Grid Search

Many optimization problems are either one dimensional (m = 1) or involve one-dimensional opti-
mization as a sub-problem (for example, a line search). Here we outline some standard approaches
to one-dimensional optimization.

Grid Search. Let © = [a, b] be an interval. Suppose we want to find § with an error bounded
by some ¢ > 0. Then set G = (b—a)/e to be the number of gridpoints. Construct an equally spaced
grid on the region [a, b] with G gridpoints, which is {0(j) = a+j(b—a)/G:j=0,...,G}. At each
point evaluate the criterion function and find the gridpoint which yields the smallest value of the
criterion, which is 6(J) where j = argming< ;< Q(6(j)). This value 6(j) is the gridpoint estimate
of 6. If the grid is sufficiently fine to capture small oscillations in Q(6), the approximation error
is bounded by e, that is, ‘G(j) - 9‘ < e. Plots of Q(0(j)) against 6(j) can help diagnose errors in
grid selection. This method is quite robust but potentially costly.

Two-Step Grid Search. The gridsearch method can be refined by a two-step execution. For
an error bound of ¢ pick G so that G2 = (b — a)/e For the first step define an equally spaced
grid on the region [a,b] with G gridpoints, which is {0(j) = a + j(b — a)/G : 7 = 0,...,G}.
At each point evaluate the criterion function and let j = argming<,;<; Q(6(j)). For the second
step define an equally spaced grid on [0(j —1),60(j + 1)] with G gridpoints, which is {¢'(k) =
0(j — 1) + 2k(b — a)/G? : k = 0,..,G}. Let k = argming ;< Q(¢'(k)). The estimate of 6 is
0’(12:). The advantage of the two-step method over a one-step grid search is that the number of
function evaluations has been reduced from (b — a)/e to 24/(b — a)/e which can be substantial.
The disadvantage is that if the function Q(0) is irregular, the first-step grid may not bracket 0
which thus would be missed.
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18.2 Gradient Methods

Gradient Methods are iterative methods which produce a sequence 6; : ¢ = 1,2, ... which are de-
signed to converge to . All require the choice of a starting value 61, and all require the computation
of the gradient of Q(6)

0
9(6) = 55Q(0)
and some require the Hessian
82
H(6) = - Q(6).

If the functions g(0) and H(0) are not analytically available, they can be calculated numerically.
Take the j'th element of g(6). Let §; be the j'th unit vector (zeros everywhere except for a one in
the j'th row). Then for & small

o) = W02 =00

Similarly,
Y QO+ 6+ 0re) — QO+ dre) — QO+ 65¢) + Q)

g2

gik(0) ~

In many cases, numerical derivatives can work well but can be computationally costly relative to
analytic derivatives. In some cases, however, numerical derivatives can be quite unstable.

Most gradient methods are a variant of Newton’s method which is based on a quadratic
approximation. By a Taylor’s expansion for 8 close to 0

0=g(8) ~ g(0) + H(6) (é - 9)

which implies

This suggests the iteration rule X
Oiv1=0; — H(0;) " g(65).

where
One problem with Newton’s method is that it will send the iterations in the wrong direction if
H(0;) is not positive definite. One modification to prevent this possibility is quadratic hill-climbing

which sets .
Oir1=10; — (H(Hz) + C%Z'Im)_l 9(91‘).

where «; is set just above the smallest eigenvalue of H(6;) if H(0) is not positive definite.

Another productive modification is to add a scalar steplength )\;. In this case the iteration
rule takes the form

Oit1="0; — Digi\i (18.2)

where g; = ¢(0;) and D; = H(0;)~! for Newton’s method and D; = (H(0;) + o;I,,) " for quadratic
hill-climbing.

Allowing the steplength to be a free parameter allows for a line search, a one-dimensional
optimization. To pick \; write the criterion function as a function of A

Q(\) = Q(0; + Digi))
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a one-dimensional optimization problem. There are two common methods to perform a line search.
A quadratic approximation evaluates the first and second derivatives of Q(A) with respect to
A, and picks \; as the value minimizing this approximation. The half-step method considers the
sequence A = 1, 1/2, 1/4, 1/8, ... . Each value in the sequence is considered and the criterion
Q(0; + D;g;\) evaluated. If the criterion has improved over Q(0;), use this value, otherwise move
to the next element in the sequence.

Newton’s method does not perform well if Q(#) is irregular, and it can be quite computationally
costly if H(#) is not analytically available. These problems have motivated alternative choices for
the weight matrix D;. These methods are called Quasi-Newton methods. Two popular methods
are do to Davidson-Fletcher-Powell (DFP) and Broyden-Fletcher-Goldfarb-Shanno (BFGS).

Let

Agi = gi—9gi1
A@z‘ = 9,‘ — Hi—l
and . The DFP method sets

AQZAHQ Di—lAgiAg;Di—l
NN AgiD; 1Ag;

D;=D; 1+

The BFGS methods sets
AG; AD, B AG; A,
AODgi  (A0Ag,)

AO;AgiD; ¢ i D;_1Ag; A0,

D; = D;_
o NG Ag; A0 Ag;

5AgiD;i_1Ag; +

For any of the gradient methods, the iterations continue until the sequence has converged in
some sense. This can be defined by examining whether |0; — 6;_1], |Q (6;) — Q (0i—1)] or |g(6;)]
has become small.

18.3 Derivative-Free Methods

All gradient methods can be quite poor in locating the global minimum when Q(6) has several
local minima. Furthermore, the methods are not well defined when Q(6) is non-differentiable. In
these cases, alternative optimization methods are required. One example is the simplex method
of Nelder-Mead (1965).

A more recent innovation is the method of simulated annealing (SA). For a review see
Goffe, Ferrier, and Rodgers (1994). The SA method is a sophisticated random search. Like the
gradient methods, it relies on an iterative sequence. At each iteration, a random variable is drawn
and added to the current value of the parameter. If the resulting criterion is decreased, this new
value is accepted. If the criterion is increased, it may still be accepted depending on the extent of
the increase and another randomization. The latter property is needed to keep the algorithm from
selecting a local minimum. As the iterations continue, the variance of the random innovations
is shrunk. The SA algorithm stops when a large number of iterations is unable to improve the
criterion. The SA method has been found to be successful at locating global minima. The downside
is that it can take considerable computer time to execute.
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