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Grhv Surwhfwlrq Kdughq Exgjhw FrqvwudlqwvB

Juhhwmh Hyhudhuw+d, dqg K|onh Ydqghqexvvfkh+e,�

+d,OLFRV/ Fhqwuh iru Wudqvlwlrq Hfrqrplfv/ N1X1Ohxyhq/ Ehojlxp
+e,Ghsduwphqw ri Dssolhg Hfrqrplfv/ N1X1 Ohxyhq/ Ehojlxp

Pdufk 5334

Devwudfw

Lq wklv sdshu zh dqdo|vh wkh h�hfwv ri vriw exgjhw frqvwudlqwv lq dq

lqwhuqdwlrqdo frqwh{w1 Iluvwo|/ zh vkrz wkdw vriw exgjhw frqvwudlqwv

lq dq h{sruwlqj frxqwu| ohdg wr kljkhu ohyhov ri wudgh surwhfwlrq lq

wkh uhflslhqw frxqwu|1 Vhfrqgo|/ wkh prgho suhglfwv wkdw surwhfwlrqlvw

wudgh srolf| khosv wr kdughq exgjhw vriwqhvv lq wkh h{sruwlqj frxq0

wu|1 Zh wkhuhiruh dujxh wkdw/ zkhq lqgxvwuldo srolf| idlov wr hqirufh

�qdqfldo glvflsolqh/ wudgh srolf| fdq wdnh ryhu wklv uroh1 Ilqdoo|/ zh

glvfxvv srwhqwldo lpsolfdwlrqv ri rxu prgho iru HX0srolf| zlwk uhvshfw

wr Fhqwudo dqg Hdvwhuq Hxurshdq Frxqwulhv1

MHO0fodvvl�fdwlrq= I46/ O46/ S67

Nh|zrugv= Vriw Exgjhw Frqvwudlqwv/ Wudqvlwlrq/ Wudgh Srolf|/ Roljrsro|

Dgguhvv iru fruuhvsrqghqfh= juhhwmh1hyhudhuwChfrq1nxohxyhq1df1eh/

Juhhwmh Hyhudhuw/ OLFRV Fhqwuh iru Wudqvlwlrq Hfrqrplfv/ Gh0

eìulrwvwuddw 67/ 6333 Ohxyhq/ Ehojlxp1

�Ilqdqfldo vxssruw surylghg e| wkh Ixqg iru Vflhqwl�f Uhvhdufk +IZR, xqghu uhvhdufk
judqw J1359:134 lv judwhixoo| dfnqrzohgjhg e| wkh dxwkruv1 Wkh dxwkruv dovr zlvk wr
wkdqn Mrhs Nrqlqjv/ Qdqf| Kx|jkhedhuw/ Edv Ydq Dduoh/ Dodlq gh Furpeuxjjkh/ Iuhghulf
Zdu}|qvnl/ Pduylq Mdfnvrq/ Mdunr Ilgupxf/ Olqgd Ydq Gh Jxfkw dqg doo OLFRV0vhplqdu

sduwlflsdqwv iru xvhixo vxjjhvwlrqv1 Wkh xvxdo glvfodlphu dssolhv1
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4 Lqwurgxfwlrq

Vriw exgjhw frqvwudlqwv +VEFv, uhihu wr wkh idfw wkdw orvv0pdnlqj �upv duh
ehlqj edlohg rxw/ hlwkhu ehfdxvh ri sdwhuqdolvwlf uhdvrqv +Nruqdl/ 4<;3,/ eh0
fdxvh ri srolwlfldqv* lq xhqfh rq hqwhusulvh ehkdylrxu +Vkohlihu dqg Ylvkq|/
4<<7, ru ehfdxvh VEFv jlyh ulvh wr d frpplwphqw sureohp lq wkh suhvhqfh
ri luuhyhuvleoh lqyhvwphqw +Ghzdwulsrqw dqg Pdvnlq/ 4<<8,1 VEFv zhuh fkdu0
dfwhulvwlf ri hfrqrplf olih xqghu vrfldolvp4 dqg lpsolhg jlylqj gluhfw vxevl0
glhv wr hqwhusulvhv1 Frqvhtxhqwo|/ zlwk wkh wudqvlwlrq wrzdugv pdunhw0w|sh
hfrqrplhv/ wkh kdughqlqj ri exgjhw frqvwudlqwv lv rqh ri wkh pdmru fkdoohqjhv
wudqvlwlrq frxqwulhv duh idflqj dw suhvhqw1 Ghvslwh wkh gudvwlf fxw lq gluhfw
vxevlglhv/ wkhuh lv hylghqfh wr vxjjhvw wkdw VEFv frqwlqxh wr h{lvw/ eh lw xq0
ghu d gl�huhqw irup1 Vfkd�hu +4<<;, dujxhv wkdw wd{ duuhduv lq wkh sulydwh
vhfwru lpsruwdqwo| vxevwlwxwh iru wkhvh gluhfw vxevlglhv51 Dowhuqdwlyho|/ VEFv
h{lvw xqghu wkh irup ri wkh qrq0froohfwlrq ri eloov e| vwdwh xwlolw| vxssolhuv
+h1j1 jdv/ hohfwulflw|/ zdwhu 0 HEUG/ 4<<</ s1 46:> Slqwr hw do1/ 5333, ru
xqghu wkh irup ri vriw fuhglw wr vwdwh hqwhusulvhv +Shurwwl dqg Fduduh/ 4<<9/
Pdmxpgdu/ 4<<;,1

Dwwhqwlrq lq wkh olwhudwxuh kdv w|slfdoo| frqfhqwudwhg rq krz wr surprwh
wkh kdughqlqj ri exgjhw frqvwudlqwv wkurxjk lqvwlwxwlrqdo uhirup +Urodqg/
5333, dqg rq wkh h�hfwv ri VEFv rq �up shuirupdqfh1 Iru h{dpsoh/ Nruqdl
+4<;3, �qgv d uhodwlrq ehwzhhq VEFv dqg h{fhvvlyh ghpdqg iru lqsxwv1 Tldq
dqg [x +4<<;, dqdo|vh wkh olqn ehwzhhq VEFv dqg wkh odfn ri lqqrydwlrq
lq vrfldolvw frxqwulhv1 Kxdqj dqg [x +4<<<, ghprqvwudwh krz VEFv fdq
qhjdwlyho| lq xhqfh U)G dqg hfrqrplf jurzwk1 Nrqlqjv dqg Ydqghqexvvfkh
+5333, vkrz wkdw VEFv ohdg wr lqihulru �up shuirupdqfh61 Krzhyhu/ wkh
h�hfwv ri VEFv lq dq lqwhuqdwlrqdo frqwh{w kdyh ehhq ryhuorrnhg vr idu1 Lq wklv
sdshu/ zh frqwulexwh wr wkh olwhudwxuh e| orrnlqj dw krz VEFv lq h{sruwlqj
frxqwulhv d�hfw dqg duh d�hfwhg e| wudgh surwhfwlrq lq wkh uhflslhqw frxqwu|1

Vlqfh wkh rshqlqj ri Fhqwudo dqg Hdvwhuq Hxursh/ wkh h{sruwv ri wkhvh

4VEFv duh dovr suhvhqw lq pdunhw hfrqrplhv1 Krzhyhu/ lqfhqwlyh glvwruwlrqv lq d pdunhw
hfrqrp| duh xvxdoo| ohvv vhulrxv1 Hyhudhuw +5333, glvfxvvhv jhqhudo dssolfdwlrqv ri VEFv
lq pdunhw hfrqrplhv1

5Vfkd�hu +4<<;, dujxhv wkdw jryhuqphqwv lq wudqvlwlrq frxqwulhv w|slfdoo| idlo wr froohfw
ryhugxh wd{hv1 Frqvhtxhqwo|/ wkhvh wd{ duuhduv duh rqh ri wkh pdmru fkdqqhov wkurxjk
zklfk wkh jryhuqhphqw frqwlqxhv wr vxevlglvh wkh hfrqrp|/ eh lw wkdw wklv lv pxfk ohvv
ylvleoh wkdq lq wkh fdvh ri gluhfw vwdwh vxevlglhv1

6D pruh frpsuhkhqvlyh ryhuylhz ri h{lvwlqj wkhruhwlfdo dqg hpslulfdo zrun rq VEFv
lv irxqg lq Hyhudhuw +5333,1
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Iljxuh 4= Iuhtxhqf| DG2FYG0fdvhv/ 4<<50<</ +Hxurshdq Frpplvvlrq/ 4<<9/
5333,1

frxqwulhv wr wkh HX kdyh lqfuhdvhg gudpdwlfdoo|1 Dw wkh vdph wlph/ d vxe0
vwdqwldo qxpehu ri surwhfwlrqlvw dfwlrqv kdyh ehhq wdnhq e| wkh uhflslhqw
frxqwulhv1 Lq sduwlfxodu/ dqwl0gxpslqj phdvxuhv dqg frxqwhuydlolqj gxwlhv
djdlqvw Fhqwudo dqg Hdvwhuq Hxurshdq Frxqwulhv +FHHFv, kdyh iuhtxhqwo|
ehhq xvhg1 Iljxuh 4 vkrzv wkh kljk uhodwlyh qxpehu ri HX dqwl0gxpslqj dqg
frxqwhuydlolqj gxw| fdvhv djdlqvw frxqwulhv zkhuh VEFv fdq uhdvrqdeo| eh
h{shfwhg71

Vlqfh VEFv fdq ohdg wr sulfhv ehorz frvw/ wklv sudfwlfh frxog 0 lq dq
lqwhuqdwlrqdo frqwh{w 0 fodvvli| xqghu cgxpslqj*81 Lq wxuq/ wklv frxog eh dq
h{sodqdwlrq ri wkh dqwl0gxpslqj phdvxuhv/ wdnhq e| pdq| frxqwulhv djdlqvw
FHHF0lpsruwv/ wkh HX lq sduwlfxodu1 Dowhuqdwlyho|/ VEFv fdq eh frqvlghuhg
dv vxevlglhv djdlqvw zklfk ZWR0uhjxodwlrq doorzv iru frxqwhuydlolqj gxwlhv

wr eh sxw lq sodfh91

7Dprqjvw wkh VEF0frxqwulhv ri wkh Idu Hdvw/ zh rqo| lqfoxghg Fklqd/ Ylhwqdp dqg
Lqgld1 Iru wkhvh frxqwulhv/ gluhfw hpslulfdo hylghqfh ri VEFv h{lvwv1 Rqh frxog dujxh
wkdw frxqwulhv olnh h1j1 Nruhd/ Lqgrqhvld ru Wkdlodqg htxdoo| vx�hu iurp VEFv1 Wkh|
duh krzhyhu lqfoxghg lq wkh fdwhjru| *rwkhu Idu Hdvw*1 Lq wklv zd|/ rxu judsk suhvhqwv
orzhu0erxqg hylghqfh ri d kljk sursruwlrq ri DG2FYG0fdvhv djdlqvw VEF0frxqwulhv1 Wkh
fdwhjru| *rwkhu* frqvlvwv ri Dxvwudold/ Vrxwk Diulfd dqg Qruzd|1

8Qrwlfh wkdw gxpslqj fdq dovr suhydlo zlwkrxw ehorz0frvw sulflqj dqg wkdw wkh ohjdo ghi0
lqlwlrq ri gxpslqj fdq frqvlghudeo| gl�hu iurp lwv hfrqrplf lqwhusuhwdwlrq1 D glvfxvvlrq
ri wkh frqfhsw dqg lwv sudfwlfdo lpsohphqwdwlrq lv jlyhq lq Ydqghqexvvfkh +4<<8,1

9Krzhyhu/ wkh gl!fxow| lq h{solflwo| ghprqvwudwlqj wkh h{lvwhqfh ri d vxevlg| riwhq
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Lq wklv sdshu/ zh dqdo|vh wkh lqwhudfwlrq ehwzhhq VEFv dqg frxqwhuydlolqj

wdul�v e| vhwwlqj xs d wkuhh0vwdjh prgho zlwk wzr frxqwulhv1 Wkh iruhljq

jryhuqphqw pryhv �uvw e| ghflglqj rq wkh ghjuhh ri exgjhw vriwqhvv/ prghoohg

lq wkh irup ri d vxevlg|1 Lq wkh vhfrqg vwdjh/ wkh krph jryhuqphqw uhvsrqgv

e| vhwwlqj d frxqwhuydlolqj wdul� wr surwhfw lwv grphvwlf �upv djdlqvw wkhvh

VEF0lpsruwv1 Ilqdoo|/ wkh krph dqg wkh iruhljq �up frpshwh iru sur�wv lq

wkh krph pdunhw1

Wkh dlp ri wklv sdshu lv wzrirog1 Zh �uvw vkrz wkdw VEFv lq wkh h{0

sruwlqj frxqwu| ohdg wr kljkhu ohyhov ri wudgh surwhfwlrq lq wkh sduwqhu frxq0

wu|1 Vhfrqgo|/ zh dgguhvv wkh txhvwlrq ri zkhwkhu wkhvh frxqwhuydlolqj wdul�v

holplqdwh wkh lqfhqwlyhv wr vxevlglvh surgxfwlrq lq wkh iruhljq frxqwu|1 Zh

ghprqvwudwh wkdw surwhfwlrq e| wkh uhflslhqw frxqwu| ohdgv wr wkh kdughqlqj

ri exgjhw frqvwudlqwv lq wkh h{sruwlqj frxqwu|1 Khqfh/ zh vkrz wkdw/ zkhq

lqgxvwuldo srolf| idlov wr lpsrvh �qdqfldo glvflsolqh/ wudgh srolf| fdq wdnh ryhu

wklv uroh1 Lq sduwlfxodu/ zh vkrz wkdw/ zkloh wkh vxevlg| ohyho lv vwulfwo| srv0

lwlyh lq wkh devhqfh ri frxqwhuydlolqj surwhfwlrq/ wkh rswlpdo h{sruw vxevlg|

lq wkh suhvhqfh ri d uhwdoldwlyh lpsruw wdul� lv qhjdwlyh1

Wkh dqdo|vlv lq wklv sdshu lv e| gh�qlwlrq dq dqdo|vlv ri wkh vhfrqg ehvw1

VEFv shuvlvw gxh wr wkh pdoixqfwlrqlqj ri grphvwlf frpshwlwlrq srolflhv dqg

wkh pdoixqfwlrqlqj ri edqnuxswf| odzv lq wudqvlwlrq frxqwulhv1 D vroxwlrq

forvhu wr wkh �uvw ehvw zrxog eh wkh hqirufhphqw ri d frpprq frpshwlwlrq

srolf| zlwk h1j1 wkh HX lq wkhvh frxqwulhv1 Krzhyhu/ dw suhvhqw frpshwlwlrq

srolf| vwloo yhu| pxfk uhpdlqv d qdwlrqdo lvvxh1 Wklv lpsolhv wkdw rwkhu

frxqwulhv/ qrwdeo| wudgh sduwqhuv/ duh ohiw zlwk vhfrqg0ehvw wrrov 0 vxfk dv

lpsruw wdul�v 0 wr r�vhw wkh qhjdwlyh vslooryhuv ri VEFv lq dq lqwhuqdwlrqdo

frqwh{w1 Wklv lv zkdw zh glvfxvv lq wklv sdshu1

Wkh sdshu lv rujdqlvhg dv iroorzv1 Lq vhfwlrq 5 zh ghyhors d vlpsoh wkhr0

uhwlfdo prgho zklfk ghprqvwudwhv wkdw VEFv ohdg wr kljkhu surwhfwlrq lq wkh

uhflslhqw frxqwu| dqg wkdw surwhfwlrq lv d ghylfh wr kdughq exgjhw vriwqhvv

lq wkh h{sruwlqj frxqwu|1 D glvfxvvlrq ri wkh uhvxowv lv suhvhqwhg lq vhfwlrq

61 D �qdo vhfwlrq frpphqwv dqg frqfoxghv1

ohdgv frxqwulhv wr uho| rq dqwl0gxpslqj ohjlvodwlrq lqvwhdg1 Lq wkh odwwhu fdvh/ lw riwhq

vx!fhv wr ghprqvwudwh lqmxu|1
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5 Wkhruhwlfdo prgho

Wr dqdo|vh wkh h�hfwv ri VEFv lq wkh suhvhqfh ri d frxqwhuydlolqj wdul�/ zh

ghyhors d vlpsoh wkuhh0vwdjh prgho zlwk wzr frxqwulhv1 Wkh suhvhqfh ri d

frxqwhuydlolqj wdul� douhdg| vxjjhvwv wkh wlplqj lq wkh prgho= VEFv/ ehlqj d

vxevlg| lq glvjxlvh/ duh vhw ehiruh surwhfwlrqlvw dfwlrq lv wdnhq1 Pruh vshfli0

lfdoo|/ frqvlghu dq lqwhuqdwlrqdo Frxuqrw gxrsro| zkhuh wzr �upv/ d krph

�up dqg d iruhljq �up/ duh hdfk orfdwhg lq wkhlu rzq frxqwu|1 Erwk �upv

surylgh wkh krph pdunhw zlwk dq lghqwlfdo surgxfw/ l1h1 wkh krph �up lv

surgxflqj rqo| iru wkh orfdo pdunhw zkloh wkh iruhljq �up lv h{sruwlqj wr wkh

krph pdunhw1 Zh dvvxph wkh iruhljq �up lv orfdwhg lq d wudqvlwlrq frxqwu|

dqg ehqh�wv iurp d VEF1 Wkxv/ lq wkh �uvw vwdjh ri wkh jdph wkh iruhljq

jryhuqphqw ghflghv rq wkh vxevlg| ohyho vr dv wr pd{lplvh iruhljq zhoiduh1

Wkh krph frxqwu| lq wkh vhfrqg vwdjh uhvsrqgv e| ohy|lqj d frxqwhuydlolqj

wdul� rq wkh lpsruwv iurp wkh iruhljq surgxfhu1 Lq wkh �qdo vwdjh ri wkh

jdph/ erwk surgxfhuv frpshwh lq txdqwlwlhv1 Lq sduwlfxodu/ wr vhh zkhwkhu

surwhfwlrq kdughqv exgjhw frqvwudlqwv/ zh frpsduh wkh rswlpdo ohyho ri wkh

iruhljq vxevlg| xqghu wkh surwhfwlrqlvw uhjlph zlwk wkh rswlpdo ohyho ri vxe0

vlglvdwlrq xqghu ciuhh0wudgh*/ l1h1 zkhq wkh krph jryhuqphqw xqlodwhudoo| rswv

iru d }hur wdul� udwh1 Rxu uhvxowv vxssruw wkh k|srwkhvlv ri kdughqlqj exgjhw

frqvwudlqwv xqghu surwhfwlrqlvp1

Ghpdqg lq wkh krph pdunhw lv jlyhq e| wkh iroorzlqj lqyhuvh ghpdqg

ixqfwlrq=

� ' � E
3

%c
3

%
s
�c +4,

zkhuh % dqg %s uhihu wr krph dqg iruhljq rxwsxw uhvshfwlyho| dqg zkhuh �
uhihuv wr wkh sulfh ri wkh krprjhqhrxv surgxfw lq wkh krph pdunhw1 Ghpdqg
lv v|pphwulf zlwk uhvshfw wr krph dqg iruhljq rxwsxw dqg grzqzdug vorslqj
lq erwk txdqwlwlhv1 Wkh vljqv rq wrs lq h{suhvvlrq +4, lqglfdwh wkh gluhfwlrq
ri wkh h�hfwv ri rxwsxw rq wkh sulfh1 Sur�wv ri wkh krph dqg iruhljq surgxfhu
uhvshfwlyho| htxdo

�E%c%s � ' E� � S�% +5,

�s E%s c %c |c r� ' E� � Sn r� |�%s
c +6,

zkhuh r vwdqgv iru wkh VEF dqg | uhsuhvhqwv wkh ohyho ri surwhfwlrq lp0
srvhg e| wkh krph jryhuqphqw rq lpsruwv %s 1 Vxevlglhv ghfuhdvh dqg wdul�v
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lqfuhdvh wkh pdujlqdo frvw ri surgxfwlrq S
:1 Zh dvvxph wkdw wkh pdujlqdo

frvw ri surgxfwlrq lv htxdo iru erwk �upv;/ l1h1 S ' S
s 1

Zkhq lpsrvlqj d frxqwhuydlolqj wdul�/ zh dvvxph wkdw wkh krph jry0

huqphqw lv pdlqo| frqfhuqhg zlwk gxw| uhyhqxh dqg zlwk surwhfwlqj krph

surgxfhuv* lqwhuhvwv1 Khqfh wkh krph jryhuqphqw*v zhoiduh remhfwlyh ixqfwlrq

lv jlyhq e| wkh vxp ri wkhvh wzr frpsrqhqwv<=

CE%c %s c |� ' �E%c %s � n |%s � +7,

Dqdorjrxvo|/ wkh iruhljq jryhuqphqw*v zhoiduh ghshqgv rq wkh lqwhuhvw ri

iruhljq surgxfhuv43 plqxv rxwod|v iru VEFv=

C
sE%s

c %c |c r� ' �sE%c %s
c |c r�� r%

s
� +8,

Wkurxjkrxw wkh sdshu/ zh dvvxph qr dv|pphwulf lqirupdwlrq/ vxfk wkdw
zh fdq vroyh wkh prgho yld edfnzdug lqgxfwlrq1 Khqfh/ wkh htxloleulxp
frqfhsw zh xvh lv vxejdph shuihfwlrq1 Wkh qh{w vhfwlrq vroyhv wkh prgho
xqghu ciuhh wudgh*/ l1h1 zkhq wkhuh lv qr frxqwhuydlolqj surwhfwlrq1 Vhfwlrq
515 ghulyhv wkh uhvxowv zkhq dq rswlpdoo| fkrvhq wdul� lv lq sodfh1

:
Vxevlglhv frxog dovr eh dlphg dw uhgxflqj �{hg frvwv1 Krzhyhu/ lq wklv fdvh v zloo qr

orqjhu d�hfw htxloleulxp txdqwlwlhv dqg zloo gurs iurp h{suhvvlrq +8,1 Khqfh/ lq wklv fdvh
wkhuh duh qr lqwhuqdwlrqdo vslooryhuv ri vxevlglvdwlrq1

;Lw frxog eh dujxhg wkdw f A f
i zrxog eh wkh pruh lqwxlwlyh dvvxpswlrq/ jlyhq wkh idfw

wkdw wudqvlwlrq hfrqrplhv w|slfdoo| kdyh d frpsdudwlyh oderxu frvw dgydqwdjh1 Krzhyhu/

surgxfwlylw| gl�huhqfhv ru dgglwlrqdo wudqvsruwdwlrq frvwv frxog r�vhw wklv frvw dgydqwdjh1

Pruhryhu/ rxu uhvxowv jr wkurxjk xqghu f A f
i 1 Iru d glvfxvvlrq/ vhh vhfwlrq 61

<Lq wkh dqwl0gxpslqj olwhudwxuh lw lv frpprqo| dujxhg wkdw frqvxphu lqwhuhvwv duh
ljqruhg e| wkh jryhuqphqw zkhq wkh odwwhu vhwv d surwhfwlrqlvw wdul� +h1j1 Nuxhjhu/ 4<<9,1
Pruhryhu d vlplodu remhfwlyh ixqfwlrq frxog eh rewdlqhg iurp srolwlfdo hfrqrp| prghov ri
wudgh srolf| zkhuh frqvxphuv duh qrw yhu| zhoo rujdqlvhg1 Wkhuhiruh/ zh ohdyh frqvxphu
vxusoxv rxw ri wkh dqdo|vlv1 Dq dgglwlrqdo dgydqwdjh ri wklv dvvxpswlrq lv wkdw lw vlpsol�hv
rxu dqdo|vlv1 D ixuwkhu glvfxvvlrq ri wklv dvvxpswlrq lv jlyhq lq vhfwlrq 61 Zh frxog ixuwkhu
lqfoxgh uhodwlyh zhljkwv lq h{suhvvlrq +7,/ zkhuh wkh vrfldo frvw ri sxeolf ixqgv h{fhhgv
xqlw| dv lq Qhdu| +4<<7,1 Krzhyhu/ jlyhq wkh sduwldo htxloleulxp qdwxuh ri wkh prgho dqg
wr vlpsoli| wkh dqdo|vlv/ zh rsw iru htxdo zhljkwv1

43Wkh jryhuqphqw lq wudqvlwlrq frxqwulhv frxog dujxdeo| kdyh d gl�huhqw remhfwlyh ixqf0
wlrq/ uhodwhg wr d suhihuhqfh iru pruh hpsor|phqw1 Wklv zrxog vxjjhvw pd{lplvdwlrq ri
vdohv lqvwhdg ri sur�wv1 Krzhyhu/ lq wkh orqj uxq vxuylydo ri d �up whqgv wr frlqflgh zlwk
sur�w pd{lplvdwlrq1 Lq wklv uhvshfw/ rxu remhfwlyh ixqfwlrq uhsuhvhqwv d orzhu erxqg1
Xvlqj vdohv lqvwhdg ri sur�w pd{lplvdwlrq zrxog rqo| vwuhqjkwhq rxu uhvxowv1

9



514 cIuhh wudgh*

Lq wklv vhfwlrq/ zh vroyh wkh prgho zkhq frxqwhuydlolqj surwhfwlrq lv devhqw1
Wklv fruuhvsrqgv wr wkh fdvh ri ciuhh wudgh*441 Wkh uhvxowv ghulyhg lq wklv sduw
wkxv vhuyh dv d ehqfkpdun djdlqvw zklfk wkh uhvxowv xqghu surwhfwlrqlvp zloo
eh frpsduhg1

Vroylqj wkh jdph e| edfnzdug lqgxfwlrq lpsolhv wkdw zh vwduw e| vroylqj
wkh sureohp ri vhwwlqj txdqwlwlhv1 Wkh �uvw rughu frqglwlrqv +IRFv, iru sur�w
pd{lpl}dwlrq ri +5, dqg +6, duh
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Htxdwlrqv +9, dqg +:, gh�qh wkh uhdfwlrq ixqfwlrqv -8 dqg -8 s wkdw duh

looxvwudwhg lq Iljxuh 5 iru wkh fdvh ri olqhdu ghpdqg1 Wkh htxloleulxp txdq0

wlwlhv45 iru wkh krph dqg iruhljq surgxfhu lq wkh krph pdunhw duh jlyhq
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%
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r�� +<,

Lq Iljxuh 5 wklv fruuhvsrqgv wr wkh lqwhuvhfwlrq srlqw �1 Zh dvvxph wkdw
wkh vhfrqg rughu frqglwlrqv +VRFv, iru d sur�w pd{lpxp duh vdwlv�hg/ l1h1
ghpdqg ixqfwlrqv duh qrw wrr frqyh{=
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Wkh surshuwlhv lpsrvhg rq wkh ghpdqg ixqfwlrqv ixuwkhu lpso| wkdw wkh
uhdfwlrq ixqfwlrqv duh grzqzdug vorslqj/ l1h1
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44Qrwlfh wkdw vhwwlqj wkh wdul� w @ 3 uhgxfhv wkh wkuhh0vwdjh prgho lq idfw wr d wzr0
vwdjh prgho1 Qrwlfh dovr wkdw e| vhwwlqj w @ 3 h{suhvvlrqv +6,/ +7, dqg +8, duh fkdqjhg
dffruglqjo|1

45Htxloleulxp ydoxhv duh ghqrwhg zlwk d vwdu�1

:
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Iljxuh 5= Frxuqrw uhdfwlrq fxuyhv

Lq wkh h{suhvvlrqv iru wkh htxloleulxp txdqwlwlhv +;, dqg +<, zh kdyh lqglfdwhg
wkdw VEFv kdyh d srvlwlyh h�hfw rq iruhljq rxwsxw lq htxloleulxp %

s W/ zkhuhdv

wkh| orzhu htxloleulxp rxwsxw ri wkh krph surgxfhu %W1 Pruhryhu/ wkh h�hfw

ri r lv vwurqjhu rq wkh iruhljq rxwsxw ohyho wkdq rq wkh krph surgxfhu*v

rxwsxw1 D uljrurxv surri lv suhvhqwhg lq wkh Dsshqgl{/ exw wkhvh surshuwlhv

fdq htxdoo| eh xqghuvwrrg e| orrnlqj dw Iljxuh 51 Judsklfdoo|/ -8 s lv vkliwhg

xs e| d vxevlg| 0 iru d vdph ohyho ri krph rxwsxw/ wkh iruhljq surgxfhu

surgxfhv pruh 0 vxfk wkdw lw ohdgv wr d idoo ri wkh krph rxwsxw dqg dq

lqfuhdvh ri iruhljq rxwsxw lq htxloleulxp1 Lw lv dovr fohdu iurp Iljxuh 5 wkdw

wkh h�hfw rq iruhljq rxwsxw lv odujhu/ jlyhq wkdw wkh krph uhdfwlrq ixqfwlrq

lv vwhhshu wkdq wkh iruhljq uhdfwlrq ixqfwlrq1

Kdylqj vroyhg iru wkh rswlpdo ohyhov ri rxwsxw/ zh qrz doorz wkh iruhljq

jryhuqphqw wr fkrrvh wkh ghjuhh ri exgjhw vriwqhvv dv frxqwhuydlolqj surwhf0

wlrq lv devhqw/ l1h1 | ' f1 Ilqglqj wkh rswlpdo ohyho ri wkh VEF uhtxluhv wkdw

zh pd{lplvh iruhljq zhoiduh Cs zlwk uhvshfw wr r/

Cs E%s Er�c %Er�c r� ' �s E%Er�c %s Er�c r�� r%
s Er��

Wdnlqj wkh IRF dqg xvlqj wkh hqyhorsh wkhruhp/ dv vkrzq lq wkh Dsshqgl{/

;
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Iurp wklv htxdwlrq/ zh vroyh iru wkh rswlpdo ohyho ri VEF/ dv vhw lq wkh �uvw
vwdjh ri wkh jdph1 Lq wkh dsshqgl{ zh vkrz wkdw

C
s
r m

r'f: f ', r
W

: fc +48,

l1h1 wkh rswlpdo vxevlg| r
W lv srvlwlyh471 Wklv vxjjhvwv wkdw/ xqghu ciuhh

wudgh*/ VEFv jhqhudwh srvlwlyh zhoiduh h�hfwv iru wudqvlwlrq hfrqrplhv1

Sursrvlwlrq 4 Zlwkrxw frxqwhuydlolqj surwhfwlrq/ wkh rswlpdo ohyho ri wkh

VEF lv vwulfwo| srvlwlyh1

Lqwxlwlyho|/ wkh rxwfrph ri d srvlwlyh vxevlg| uhodwhv wr wkh sur�w0vkliwlqj
dujxphqw/ dv lq Eudqghu dqg Vshqfhu +4<;8,481

515 Frxqwhuydlolqj wdul�

Lq wklv vhfwlrq/ zh doorz wkh krph jryhuqphqw wr uhvsrqg wr wkh iruhljq vxe0

vlg| e| vhwwlqj d frxqwhuydlolqj wdul� wkdw pd{lplvhv wkh krph jryhuqphqw*v
zhoiduh1

Wkh �uvw rughu frqglwlrqv +IRFv, iru sur�w pd{lpl}dwlrq ri +5, dqg +6,
duh qrz
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' fc +4:,

dqg ghwhuplqh wkh dvvrfldwhg uhdfwlrq ixqfwlrqv -8 uhvshfwlyho| -8 s 1 Wkh
VRFv dv lq +43, dqg +44, frqwlqxh wr dsso|/ dqg vr gr wkh frqglwlrqv +45, dqg

46VRFv duh ghdow zlwk lq wkh dsshqgl{1
47Wkh surshuwlhv ri wkh ghpdqg ixqfwlrqv hqvxuh wkdw wkh iruhljq zhoiduh ixqfwlrq lv

vlqjoh shdnhg1
48Qrwlfh wkdw g�

i

gv
A 3 dv vkrzq lq wkh dsshqgl{1 Judsklfdoo|/ wkh vkliw lq wkh uhdfwlrq

ixqfwlrq wkurxjk wkh vxevlg| hqdeohv wkh iruhljq surgxfhu wr uhdfk d kljkhu lvrsur�w

ixqfwlrq1 Wklv phdqv wkdw vxevlg| vhhnlqj lv udwlrqdo iurp wkh srlqw ri ylhz ri wkh iruhljq

surgxfhu1 Iurp d joredo zhoiduh srlqw ri ylhz/ vxevlglvlqj sudfwlfhv duh dovr h!flhqw/ lq

wklv prgho zkhuh frxqwhuydlolqj gxwlhv duh devhqw1

<



+46, zklfk hqvxuh wkh uhdfwlrq ixqfwlrqv duh qhjdwlyho| vorshg1 Htxloleulxp
txdqwlwlhv iru wkh krph dqg iruhljq surgxfhu lq wkh krph pdunhw duh qrz d
ixqfwlrq ri r dqg |=
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Wkh krph wdul� kdv d srvlwlyh h�hfw rq wkh krph rxwsxw lq htxloleulxp %
W/

exw d qhjdwlyh h�hfw rq iruhljq rxwsxw lq htxloleulxp %
s W1 Judsklfdoo|/ wklv

fdq eh xqghuvwrrg vlqfh wkh krph wdul� vkliwv wkh iruhljq uhdfwlrq ixqfwlrq

grzq/ dv looxvwudwhg lq �jxuh 51 Djdlq/ wkh h�hfw ri | lv vwurqjhu rq wkh
iruhljq rxwsxw wkdq rq wkh krph surgxfhu*v rxwsxw1 Wkh vwhhshu vorsh ri wkh
krph uhdfwlrq ixqfwlrq frqwlqxhv wr eh uhvsrqvleoh iru wklv1 Iru d uljrurxv
surri/ zh uhihu wkh uhdghu wr wkh Dsshqgl{1

Diwhu kdylqj vroyhg iru wkh rswlpdo txdqwlwlhv/ zh qrz doorz wkh krph
jryhuqphqw wr ghwhuplqh wkh rswlpdo wdul� udwh1 Wklv fruuhvsrqgv wr vroylqj
vwdjh wzr ri wkh jdph1 Pd{lplvlqj wkh krph zhoiduh ixqfwlrq +7, lpsolhv
wdnlqj wkh IRF zlwk uhvshfw wr |1 Xvlqj wkh hqyhorsh wkhruhp/ zh jhw49
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Vroylqj iru |
W jlyhv wkh rswlpdo wdul�1 Lq wkh Dsshqgl{/ zh vkrz wkdw |

W lv

vwulfwo| srvlwlyh/ l1h1

|
W

: fc ;r� +54,

Luuhvshfwlyh ri wkh ohyho ru vljq ri wkh VEF/ wkh rswlpdo frxqwhuydlolqj wdul�

lv vwulfwo| srvlwlyh1 Sursrvlwlrq 5 vxppdul}hv1

Sursrvlwlrq 5 Zkhq wkh h{sruwlqj frxqwu| kdv d VEF0srolf|/ d vwulfwo| srv0

lwlyh frxqwhuydlolqj wdul� zloo dozd|v lqfuhdvh wkh zhoiduh ri wkh lpsruwlqj

frxqwu|1

Wkurxjk wkh lpsolflw ixqfwlrq uxoh zh ixuwkhu vkrz +vhh Dsshqgl{, wkdw
|
W lv lqfuhdvlqj lq wkh ohyho ri wkh VEF/

49VRFv duh ghdow zlwk lq wkh dsshqgl{1
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Wklv lpsolhv wkdw VEFv lq wkh h{sruwlqj frxqwu| ohdg wr kljkhu ohyhov ri
lqwhuqdwlrqdo wudgh surwhfwlrq e| wkh sduwqhu frxqwu|1 Sursrvlwlrq wkuhh
vxppdul}hv wklv uhvxow1

Sursrvlwlrq 6 Vriw exgjhw frqvwudlqwv ohdg wr kljkhu ohyhov ri lqwhuqdwlrqdo

wudgh surwhfwlrq1

Zh fdq ixuwkhu suryh +vhh Dsshqgl{, wkdw dq lqfuhdvh lq r ohdgv wr d ohvv
wkdq sursruwlrqdo lqfuhdvh lq |

W/ lpso|lqj

f 	
_|Er�

_r
	 �� +56,

Lq rwkhu zrugv/ VEFv zloo qrw eh ixoo| r�vhw e| wkh frxqwhuydlolqj lpsruw

wdul�1 Sursrvlwlrq irxu vxppdul}hv1

Sursrvlwlrq 7 Frxqwhuydlolqj wdul�v duh qrw ixoo| frxqwhuydlolqj1

Wkh �qdo vwhs lq vroylqj wkh prgho uhtxluhv wkdw zh �qg wkh rswlpdo ohyho
iru wkh VEF/ jlyhq wkh suhvhqfh ri dq rswlpdo frxqwhuydlolqj wdul�1 Wr gr
vr/ wkh iruhljq jryhuqphqw vhwv wkh VEF0ohyho wkdw rswlpl}hv iruhljq zhoiduh/
jlyhq lq +8,1 Wdnlqj wkh IRF dqg xvlqj wkh hqyhorsh wkhruhp lpsolhv4:
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Iurp wklv htxdwlrq/ zh vroyh iru wkh rswlpdo ohyho ri wkh VEF1 Zh vkrz lq
wkh Dsshqgl{ wkdw
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W

	 fc +58,

l1h1 wkh rswlpdo vxevlg| r
W lv qhjdwlyh4;1 Wklv vxjjhvwv wkdw wkh rswlpdo srolf|

iru wkh h{sruwlqj frxqwu| zkhq d frxqwhuydlolqj wdul� lv lq sodfh/ uhtxluhv

ohy|lqj d wd{ rq h{sruwv/ lqvwhdg ri jlylqj d vxevlg|1 Wkxv/ wkh qhjdwlyh

rswlpdo vxevlg| lv lq idfw dq rswlpdo wd{1 Sursrvlwlrq �yh vxppdulvhv1

4:VRFv duh ghdow zlwk lq wkh dsshqgl{1
4;Wkh surshuwlhv ri wkh ghpdqg ixqfwlrqv hqvxuh wkdw wkh iruhljq zhoiduh ixqfwlrq lv

vlqjoh shdnhg1
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Sursrvlwlrq 8 Xqghu frxqwhuydlolqj surwhfwlrq/ wkh rswlpdo ohyho ri vxevlgl0

vdwlrq lv vwulfwo| qhjdwlyh1

Rxu uhvxowv wkxv vxjjhvw wkdw/ zlwk rswlpdo frxqwhuydlolqj surwhfwlrq/

wkh lqfhqwlyh iru doorzlqj VEFv fhdvhv wr h{lvw1 Uhfdoo wkdw wkh rxwfrph iru

r
W zdv vwulfwo| srvlwlyh zkhq wkh frxqwhuydlolqj wdul� zdv devhqw1 Khqfh/

frpsdulqj wkh rswlpdo vxevlg| ohyhov ohdgv wr wkh iroorzlqj udqnlqj=

r
W

|'f
: f : r

W
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Wklv vxjjhvwv wkdw frxqwhuydlolqj surwhfwlrq kdughqv exgjhw frqvwudlqwv
lq wkh h{sruwlqj frxqwu|1 Iru wudqvlwlrq frxqwulhv/ wklv lpsolhv wkdw/ zkhq
lqgxvwuldo srolf| idlov wr lpsrvh �qdqfldo glvflsolqh/ wudgh srolf| fdq wdnh
ryhu wklv uroh1 Wklv lv zkdw sursrvlwlrq vl{ vwdwhv1

Sursrvlwlrq 9 Surwhfwlrq kdughqv exgjhw frqvwudlqwv1

6 Glvfxvvlrq ri wkh uhvxowv

Vr idu/ zh kdyh vroyhg iru wkh rswlpdo ydoxhv ri wkh ghflvlrq yduldeohv lq hdfk

ri wkh wkuhh vwdjhv ri wkh prgho dqg kdyh jlyhq vrph lqwxlwlyh h{sodqdwlrq

iru wkh rxwfrphv1 Wzr pdlq frqfoxvlrqv durvh iurp wkh wkhruhwlfdo dqdo|0

vlv1 Iluvwo|/ VEFv ohdg wr kljkhu ohyhov ri wudgh surwhfwlrq1 Vhfrqgo|/ wudgh

surwhfwlrq ohdgv wr orzhu ohyhov ri VEFv> lq rwkhu zrugv/ wudgh surwhfwlrq

kdughqv exgjhw frqvwudlqwv1

Vr idu/ zh kdyh dovr uhiudlqhg iurp frqfuhwl}lqj wkh ckrph* dqg ciruhljq*

wudqvlwlrq frxqwu|1 Krzhyhu/ dq lpphgldwh dssolfdwlrq ri wkh dqdo|vlv uhodwhv

wr wkh uhodwlrq ehwzhhq wkh HX dqg wkh FHHFv1

Rxu prgho suhglfwv wkdw HX dqwl0gxpslqj ru frxqwhuydlolqj gxwlhv djdlqvw

FHHF0lpsruwv fdq lpsrvh wkh qhfhvvdu| �qdqfldo glvflsolqh wr zklfk wkh

jryhuqphqwv lq wkhvh wudqvlwlrq frxqwulhv fdqqrw fuhgleo| frpplw wkhpvhoyhv1

HX0srolf| pd| wkxv eh d zd| ri khoslqj wkhvh frxqwulhv lq hvwdeolvklqj kdug

exgjhw glvflsolqh4<1 Jlyhq wkh srolwlfdo gl!fxowlhv wudqvlwlrq frxqwulhv idfh

4<Dq dgglwlrqdo ehqh�w iurp kdylqj d surwhfwlrqlvw HX wudgh srolf| +w� A 3, lq sodfh/
frqvlvwv ri wkh idfw wkdw wudqvlwlrq frxqwulhv duh qrz irufhg wr wd{ h{sruwv 0 lqvwhdg ri wr
vxevlglvh wkhp1 Wklv jlyhv wkhp dq h{wud vrxufh ri oltxlglw|1

Qrwlfh wkdw wkh kdughqlqj ri exgjhw frqvwudlqwv lv +rqo|, dq h{whuqdolw| h�hfw/ lpsolhg
e| wkh prgho= lw dulvhv zkhq doo djhqwv dfw lq wkhlu rzq lqwhuhvw/ pd{lplvlqj wkhlu rzq
zhoiduh1
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lq hqiruflqj kdug exgjhw frqvwudlqwv +Vfkohlihu dqg Ylvkq|/ 4<<7,/ h{whuqdo
frqvwudlqwv 0 lq wklv fdvh HX frxqwhuydlolqj surwhfwlrq 0 pd| eh sduwlfxoduo|
h�hfwlyh1 Lq dq hpslulfdo vwxg| iru Lwdo|/ Ehuwhur dqg Urqgl +5333, vkrz krz
wkh uhtxluhphqwv iru sduwlflsdwlqj lq wkh Hxurshdq Vlqjoh Pdunhw surjudpph
dqg iru hqwhulqj wkh Hxurshdq Prqhwdu| Xqlrq dw wkh wlph fuhdwhg srzhuixo
lqfhqwlyhv iru glvflsolqlqj Lwdoldq vwdwh0rzqhg hqwhusulvhv lq uhvshfwlqj kdug
exgjhw frqvwudlqwv1 Vlplodu h{whuqdo frqvwudlqwv iru wudqvlwlrq frxqwulhv/ olnh
dq HX surwhfwlrqlvw wudgh srolf|/ pljkw eh htxdoo| h�hfwlyh lq frqvwudlqlqj
�upv* ehkdylrxu wr olplw exgjhw vriwqhvv531

Rxu uhvxowv vkrxog qrw eh dexvhg e| wkrvh idyrxulqj surwhfwlrqlvp1 Udwkhu/
lw lv gxh wr wkh gh�flhqf| ri qdwlrqdo frpshwlwlrq dqg edqnuxswf| srolflhv
wkdw vhfrqg0ehvw uhvsrqvhv/ olnh wudgh srolf|/ rxjkw wr vhfxuh wkh kdughqlqj ri
exgjhw frqvwudlqwv1 Dq dowhuqdwlyh zd| wr lpsrvh kdughu exgjhw frqvwudlqwv
lq FHHFv zrxog eh wr hqirufh d frpprq frpshwlwlrq srolf| zlwk h1j1 wkh
HX541 Krzhyhu/ dv orqj dv wkh FHHFv duh qrw ixoo| lqwhjudwhg lqwr wkh HX/
HX frpshwlwlrq odz grhv qrw ixoo| dsso|551 Lq wkh devhqfh ri d frpprq
frpshwlwlrq srolf|/ wudgh srolf| phdvxuhv/ olnh dqwl0gxpslqj ru frxqwhuydlo0
lqj gxwlhv/ fdq eh xvhg e| wkh HX wr frxqwhu dq| sudfwlfhv/ vwhpplqj iurp
wkh pdoixqfwlrqlqj ri edqnuxswf| dqg frpshwlwlrq odzv lq wudqvlwlrq frxq0
wulhv1

Qh{w/ zh glvfxvv wkh urexvwqhvv ri rxu uhvxowv1
Wkh krph zhoiduh ixqfwlrq lq rxu prgho/ grhv qrw lqfoxgh frqvxphu vxu0

soxv1 Lqfoxglqj lw zrxog qrw fkdqjh rxu uhvxowv txdolwdwlyho|/ exw zrxog pdnh
wkh dqdo|vlv pxfk pruh whglrxv561

53D uhodwhg lvvxh lv wkdw wkh HX pljkw dovr eh gluhfwo| suhrffxslhg zlwk �jkwlqj VEFv lq
wkh FHHFv lq wkh oljkw ri wkhlu lqwhjudwlrq lqwr wkh HX/ vlqfh xqghu HX0odz sudfwlfhv vxfk
dv VEF0vxevlglvdwlrq duh vwulfwo| uxohg rxw1 Wkh odwwhu ihdwxuh/ krzhyhu/ lv qrw lqfrusrudwhg
lqwr wkh prgho1

54Dxvwudold dqg Qhz ]hdodqg dgrswhg d frpprq frpshwlwlrq srolf| zkhq irxqglqj d
iuhh wudgh duhd1 Uhpdunheo|/ dv vrrq dv wklv frpprq frpshwlwlrq srolf| zdv lq sodfh/
dqwl0gxpslqj phdvxuhv zhuh derolvkhg1 Wklv vxjjhvwv wkdw frpprq frpshwlwlrq srolf|
hqirufhphqw dqg dqwl0gxpslqj phdvxuhv frxog eh vxevwlwxwlrqdo ghylfhv1 Iru d glvfxvvlrq/
vhh Krhnpdq/ +4<<;,1

55Iurp wklv shuvshfwlyh/ dqg wr wkh h{whqw wkdw frpprq frpshwlwlrq srolf| hqirufhphqw
lv d pruh h�hfwlyh zd| wr �jkw VEFv/ wkh lpphgldwh lqwhjudwlrq ri wkh FHHFv lqwr wkh HX
zrxog eh wkh pruh dssursuldwh rswlrq1 D uhodwhg lvvxh lv wkdw FHHFv duh qrw hdvlo| zloolqj
wr jlyh xs suhihuhqwldo srolflhv ehiruh hqwhulqj wkh HX li wkh| fdqqrw |hw ixoo| uhds doo wkh
ehqh�wv dvvrfldwhg zlwk HX0phpehuvkls1 Krzhyhu/ frpsoldqfh zlwk HX0uhjxodwlrqv lv
h{dfwo| rqh ri wkh suhfrqglwlrqv iru HX0phpehuvkls1

56Lqfoxglqj frqvxphu vxusoxv +FV, zrxog uhvxow lq d orzhu ydoxh iru w
�

/ dv
gS

gw
A 3 dqg
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Dqrwkhu dvvxpswlrq zh pdnh lv wkdw ri htxdo pdujlqdo frvwv iru erwk

frxqwulhv1 Lq wkh pruh lqwxlwlyh fdvh zkhuh wkh wudqvlwlrq frxqwu| kdv d

frpsdudwlyh frvw dgydqwdjh/ l1h1 S : S
s / doo rxu uhvxowv jr wkurxjk1 Wkh

dvvxpswlrq wkdw S : S
s zrxog vlpso| eulqj derxw dq dgglwlrqdo frvw dv|p0

phwu| ehwzhhq wkh wzr frxqwulhv rq wrs ri wkh vxevlg|1 Wkh kljkhu wklv frvw
dv|pphwu|/ wkh kljkhu wkh frxqwhuydlolqj wdul�/ dqg wkh pruh rxu uhvxowv duh
ehlqj uhlqirufhg1

Ilqdoo|/ rxu uhvxowv duh urexvw zlwk uhvshfw wr wkh w|sh ri frpshwlwlrq dv0
vxphg1 Wkh uhvxow vwdwhg lq Sursrvlwlrq 9/ qdpho| wkdw surwhfwlrq kdughqv
exgjhw frqvwudlqwv/ htxdoo| krogv iru Ehuwudqg frpshwlwlrq zlwk gl�huhqwl0
dwhg jrrgv1 Wkh odwwhu fdvh lv ixoo| lqwhjudwhg lq wkh Dsshqgl{1

Wkh dqdo|vlv lq vhfwlrq 5 fohduo| vhwv rxw hpslulfdoo| whvwdeoh suhglfwlrqv1
D surplvlqj urxwh iru ixwxuh hpslulfdo uhvhdufk lv wr yhuli|/ rq wkh edvlv ri
�up0ohyho gdwd/ zkhwkhu �upv lq wudqvlwlrq frxqwulhv wkdw duh vxemhfw wr HX
dqwl0gxpslqj ru frxqwhuydlolqj gxwlhv/ vkrz hylghqfh ri uhgxfhg ohyhov ri
VEFv ryhu wlph1 Wkh phdvxuhphqw ri VEFv frxog wkhq rffxu dorqj wkh olqhv
uhfhqwo| sursrvhg e| Vfkd�hu +4<<;,1

7 Frqfoxvlrq

Ghvslwh wkh pdq| dwwhpswv/ ryhu wkh sdvw ghfdgh/ wr uhirup dqg wr hvwdeolvk

d pdunhw0edvhg hfrqrp|/ lpsruwdqw lqfhqwlyh glvwruwlrqv kdyh frqwlqxhg wr

h{lvw lq pdq| ri wkh wudqvlwlrq frxqwulhv1 Kdug �qdqfldo glvflsolqh lq sdu0

wlfxodu kdv ehhq gl!fxow wr hqirufh vxfk wkdw VEFv uhpdlq dq lpsruwdqw

dqg zlghvsuhdg sureohp1 Xvlqj d wkuhh0vwdjh wzr0frxqwu| prgho zh dqdo|vh

krz VEFv lq dq h{sruwlqj frxqwu| d�hfw dqg duh d�hfwhg e| dq lpsruw wdul�

iurp wkh uhflslhqw frxqwu|1 Wklv iudphzrun doorzv xv wr vwxg| VEFv lq wkh

frqwh{w ri dq lqwhuqdwlrqdo gxrsro|1 Wzr fdvhv duh frqvlghuhg= rqh zkhuh

lpsruw surwhfwlrq lv devhqw dqg rqh zkhuh wkh jryhuqphqw ri wkh lpsruwlqj

frxqwu| rswlpdoo| vhwv d frxqwhuydlolqj wdul�1 Rxu sdshu vxjjhvwv wkdw HX

surwhfwlrqlvw srolf| djdlqvw VEF0lpsruwv iurp wudqvlwlrq frxqwulhv fdq khos

wr lpsrvh �qdqfldo glvflsolqh lq wkhvh frxqwulhv1 Wkxv/ zh dujxh wkdw dq

h{whuqdo frqvwudlqw/ vxfk dv HX wudgh srolf|/ fdq ryhufrph wkh frpplwphqw

orzhu sulfhv duh ehqh�fldo wr frqvxphuv1 Iurp Sursrvlwlrq 9/ lw iroorzv wkdw wkh rswlpdo

ydoxh iru v
� zrxog qrz eh juhdwhu/ frpsduhg wr wkh ohyho ri v

� lq wkh devhqfh ri FV1

Krzhyhu/ wkh uhvxow v� mw@w�? v
� mw@3 frqwlqxhv wr krog zlwk FV1 Vhh h1j1 Froolh +4<<4, iru

dq dqdo|vlv wkdw h{solflwo| lqfrusrudwhv FV1
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sureohp srolf|0pdnhuv lq wudqvlwlrq hfrqrplhv duh idflqj lq uhgxflqj ydulrxv
w|shv ri VEFv1

Uhihuhqfhv

Ehuwhur H1 dqg O1 Urqgl +5333,/ cIlqdqfldo suhvvxuh dqg wkh ehkdylrxu
ri sxeolf hqwhusulvhv xqghu vriw dqg kdug exgjhw frqvwudlqwv= hylghqfh iurp
Lwdoldq sdqho gdwd*/ Mrxuqdo ri Sxeolf Hfrqrplfv/ Yro1 :8/ Qr1 4/ s1 :60<;1

Eudqghu M1 +4<<8,/ cVwudwhjlf wudgh srolf|*/ lq J1 Jurvvpdq dqg N1 Ur0
jr� +hgv,/ Kdqgerrn ri Lqwhuqdwlrqdo Hfrqrplfv/ Yro1 LLL/ Hovhylhu Vflhqfh/
fkdswhu 5:1

Eudqghu M1 dqg E1 Vshqfhu +4<;8,/ cH{sruw vxevlglhv dqg lqwhuqdwlrqdo
pdunhw vkduh ulydou|*/ Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv/ Yro1 4;/ s1 ;60
4331

Froolh G1 +4<<4,/ cH{sruw vxevlglhv dqg frxqwhuydlolqj wdul�v*/ Mrxuqdo ri
Lqwhuqdwlrqdo Hfrqrplfv/ Yro1 64/ s1 63<0571

Ghzdwulsrqw P1 dqg H1V1 Pdvnlq +4<<8,/ cFuhglw h!flhqf| lq fhqwudol}hg
dqg ghfhqwudol}hg hfrqrplhv*/ Uhylhz ri Hfrqrplf Vwxglhv/ Yro1 95/ s1 8740
881

HEUG/ Hxurshdq Edqn iru Uhfrqvwuxfwlrq dqg Ghyhorsphqw +4<<<,/ Wudq0
vlwlrq Uhsruw1

Hdwrq/ M1 dqg J1P1 Jurvvpdq +4<;9,/ cRswlpdo Wudgh dqg Lqgxvwuldo
Srolf| xqghu Roljrsro|*/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ Yro1 434/ Qr1 5/
s1 6;607391

Hxurshdq Frpplvvlrq +4<<9,/ c48wk Dqqxdo Uhsruw wr wkh Hxurshdq Sdu0
oldphqw rq wkh Frppxqlw|*v Dqwl0Gxpslqj dqg Dqwl0Vxevlg| Dfwlylwlhv=
4<<8/ kwws=22hxursd1hx1lqw2frpp2wudgh2srolf|2gxpslqj2uhsruwv1kwp1

Hxurshdq Frpplvvlrq +5333,/ c4;wk Dqqxdo Uhsruw wr wkh Hxurshdq Sdu0
oldphqw rq wkh Frppxqlw|*v Dqwl0Gxpslqj dqg Dqwl0Vxevlg| Dfwlylwlhv=
4<<</ kwws=22hxursd1hx1lqw2frpp2wudgh2srolf|2gxpslqj2uhsruwv1kwp1

Hyhudhuw J1P1P1 +5333,/ cVriw exgjhw frqvwudlqwv= d vxuyh| ri wkhru|
dqg hylghqfh*/ plphr/ OLFRV Fhqwuh iru Wudqvlwlrq Hfrqrplfv/ N1X1Ohxyhq/
Ehojlxp1

Krhnpdq E1 +4<<;,/ cIuhh wudgh dqg ghhs lqwhjudwlrq= Dqwl0gxpslqj dqg
dqwlwuxvw lq uhjlrqdo djuhhphqwv*/ Zruog Edqn Zrunlqj Sdshu 4<83/ Dsulo1

Kxdqj K1 dqg F1 [x +4<<<,/ cLqvwlwxwlrqv> lqqrydwlrqv dqg jurzwk*/ Dphu0
lfdq Hfrqrplf Uhylhz/ Yro1 ;</ Qr1 5/ s1 76;07761
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Nruqdl M1 +4<;3,/ Wkh hfrqrplfv ri vkruwdjh/ Dpvwhugdp/ Qruwk Kroodqg1
Nrqlqjv M1 dqg K1 Ydqghqexvvfkh +5333,/ cWkh dgmxvwphqw ri �qdqfldo

udwlrv lq wkh suhvhqfh ri vriw exgjhw frqvwudlqwv= Hylghqfh iurp Exojduld*/
Fhqwuh iru Dssolhg Hfrqrplfv Glvfxvvlrq Sdshu 3374/ Fdwkrolf Xqlyhuvlw| ri
Ohxyhq/ Vhswhpehu1

Nuxhjhu D1R1 +4<<9,/ cUhylhz ri= H{sruw uhvwudlqw dqg wkh qhz surwhf0
wlrqlvp= Wkh srolwlfdo hfrqrp| ri glvfulplqdwru| wudgh uhvwulfwlrqv*/ Mrxuqdo
ri Hfrqrplf Olwhudwxuh/ Yro1 67/ Qr1 4/ s1 4750771

Pdmxpgdu V1 +4<<;,/ cVodfn lq wkh vwdwh0rzqhg hqwhusulvh= Dq hydoxdwlrq
ri wkh lpsdfw ri vriw0exgjhw frqvwudlqwv*/ Lqwhuqdwlrqdo Mrxuqdo ri Lqgxvwuldo
Rujdqlvdwlrq/ Yro1 49/ s1 6::0<71

Qhdu| M1S1 +4<<7,/ cFrvw dv|pphwulhv lq lqwhuqdwlrqdo vxevlg| jdphv=
vkrxog jryhuqphqwv khos zlqqhuv ru orvhuvB*/ Mrxuqdo ri Lqwhuqdwlrqdo Hfr0
qrplfv/ Yro1 6:/ Qr1 607/ s1 4<:054;1

Slqwr E1/ Y1 Guhehqwvry dqg D1 Prur}ry +5333,/ cJlyh Pdfurhfrqrplf
Vwdelolw| dqg Jurzwk lq Uxvvld d Fkdqfh= Kdughq Exgjhwv e| Holplqdwlqj
Qrq0sd|phqwv*/ Hfrqrplfv ri Wudqvlwlrq/ Yro1 ;/ Qr1 5/ s1 5<:06571

Shurwwl H1F1 dqg R1 Fduduh +4<<9,/ cWkh hyroxwlrq ri edqn fuhglw txdolw| lq
wudqvlwlrq= wkhru| dqg hylghqfh iurp Urpdqld*/ kwws=22zzz1ihh1xyd1qo2ip21

Tldq \1 dqg F1 [x +4<<;,/ cLqqrydwlrq dqg Exuhdxfudf| xqghu Vriw dqg
Kdug Exgjhw Frqvwudlqwv*/ Uhylhz ri Hfrqrplf Vwxglhv/ Yro1 98/ Qr1 4/ s1
4840971

Urodqg J1 +5333,/ Wudqvlwlrq dqg Hfrqrplfv= srolwlfv/ pdunhwv dqg �upv/
PLW Suhvv/ Fdpeulgjh/ Pdvvdfkxvhwwv1

Vfkd�hu P1H1 +4<<;,/ cGr �upv lq wudqvlwlrq hfrqrplhv kdyh vriw exgjhw
frqvwudlqwvB D uhfrqvlghudwlrq ri frqfhswv dqg hylghqfh*/ Mrxuqdo ri Frp0
sdudwlyh Hfrqrplfv/ Yro1 59/ s1 ;304361

Vkohlihu D1 dqg Ylvkq| U1 Z1 +4<<7,/ cSrolwlfldqv dqg Ilupv*/ Txduwhuo|
Mrxuqdo ri Hfrqrplfv/ Yro1 43</ Qr1 7/ s1 <<8043581

Ydqghqexvvfkh K1 +4<<8,/ cKrz fdq Mdsdqhvh dqg Fhqwudo Hxurshdq h{0
sruwhuv wr wkh HX/ dyrlg Dqwl0gxpslqj gxwlhvB*/ Zruog Frpshwlwlrq1 Odz
dqg Hfrqrplfv Uhylhz/ Yro1 4;/ Qr1 6/ s1 880:71

Ydqghqexvvfkh K1 dqg U1 Yhxjhohuv +4<<<,/ cHxurshdq dqwl0gxpslqj sro0
lf| dqg wkh sur�wdelolw| ri qdwlrqdo yhuvxv lqwhuqdwlrqdo frooxvlrq*/ Hxurshdq
Hfrqrplf Uhylhz/ Mdqxdu|/ 76 +4,/ s1 405;1

Yhqdeohv D1M1 +4<;9,/ cSurgxfwlrq vxevlglhv/ lpsruw wdul�v/ dqg lpshu0
ihfwo| frpshwlwlyh wudgh*/ lq G1 Juhhqdzd| dqg S1N1P1 Wkdndudq +hgv,/
Lpshuihfw frpshwlwlrq dqg lqwhuqdwlrqdo wudgh= wkh srolf| dvshfwv ri lqwud0
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lqgxvwu| wudgh/ Euljkwrq/ Vxvvh{/ Kduyhvwru Suhvv/ Zkhdwvkhdi Errnv/ s 9;0
;:1

Dsshqgl{= Frxuqrw frpshwlwlrq

Vwdjh 6= �upv frpshwh lq txdqwlwlhv

Lq wkh �qdo vwdjh ri wkh jdph/ zh vroyh iru wkh rswlpdo txdqwlwlhv e| pd{l0
pl}lqj sur�wv1 Iluvw rughu frqglwlrqv +IRFv, iru wkh krph dqg iruhljq �up
uhvshfwlyho| duh

�
%
' E� � S� n %�

�
' f +5:,

�
s

%s
' E� � Sn r� |� n %

s
�

�
' f� +5;,

Jlyhq wkdw ghpdqg lv qrw wrr frqyh{/ vhfrqg rughu frqglwlrqv +VRFv, iru d
sur�w pd{lpxp duh vdwlv�hg/ l1h1

�%% ' 2�
�
n %�

��
	 f +5<,

�
s

%s%s
' 2�

�
n %

s
�

��
	 f� +63,

Iurp wkh surshuwlhv lpsrvhg rq wkh ghpdqg ixqfwlrq/ lw iroorzv wkdw

�
%%

s ' �
�
n %�

��
	 f +64,

�
s

%s%
' �

�
n %s� �� 	 fc +65,

vxfk wkdw wkh vroxwlrqv iru %W dqg %
s W zloo eh vwdeoh dqg xqltxh +Eudqghu/

4<<8,1 Wkh htxloleulxp ydoxhv57 duh ixqfwlrq ri wkh uhpdlqlqj yduldeohv lq

wkh prgho/ l1h1

%
W

' %E
n

| c
3

r� +66,

%
s W

' %
s E
3

|c
n

r�� +67,

57Zh dvvxph dq lqwhulru vroxwlrq/ l1h1 {
� dqg {

� i duh vwulfwo| srvlwlyh1 Vhh Yhqdeohv
+4<;9, iru d glvfxvvlrq1

4:



Frpsdudwlyh vwdwlfv* uhvxowv iru r fdq eh irxqg e| gl�huhqwldwlqj erwk
IRFv +5:, dqg +5;, zlwk uhvshfw wr r

581

_�
%

_r
' �%%

_%

_r
n�

%%
s

_%
s

_r
n�%r ' f +68,

_�
s

%s

_r
' �

s

%s%s

_%
s

_r
n�

s

%s%

_%

_r
n�

s

%s r
' f� +69,

Dv �
%r ' f dqg �

s

%s r
' �/ zh fdq uhzulwh wklv vhw ri htxdwlrqv lq pdwul{

qrwdwlrq
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� +6:,

Xvlqj Fudphu*v uxoh/ wkh vroxwlrqv iru _%

_r
dqg _%

s

_r
uhvshfwlyho| duh hdv| wr �qg/

ehlqj
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7
: f� +6<,

Wkh ghwhuplqdqw lq wkh ghqrplqdwru lv srvlwlyh/ l1h1 7 ' �
%%
�

s

%s%s
�

�%%s�
s

%s%
: f/ vlqfh m�%%m : m�

%%
s m dqg

�
�
��

s

%s%s

�
�
� :

�
�
��

s

%s%

�
�
�1 Iurp h{suhvvlrq

+64, zh nqrz wkdw �
%%

s 	 f zkhuhdv iurp +5<, �%% 	 f1 Wklv uhvxowv lq d

qhjdwlyh h�hfw ri r rq wkh rswlpdo txdqwlw| %
W dqg d srvlwlyh h�hfw ri r rq wkh

rswlpdo ohyho ri rxwsxw ri wkh iruhljq surgxfhu %s W1 Vlqfh m�
%%

m : m�
%%

s m/ wkh
h�hfw ri d vxevlg| lv vwurqjhu rq wkh rswlpdo iruhljq rxwsxw ohyho/ frpsduhg

wr wkh h�hfw rq wkh krph htxloleulxp rxwsxw/ l1h1
�
�
�
Y%

Yr

�
�
� 	

Y%
s

Yr
1

Zh surfhhg frpsohwho| dqdorjrxvo| iru wkh h�hfw ri d wdul� lqfuhdvh rq
wkh rswlpdo rxwsxw ohyhov1 Lq +68, dqg +69,/ zh nqrz kdyh �

%| ' f dqg

58Qrwlfh wkdw dw wklv vwdjh gw

gv
@ 3 vxfk wkdw g{

gv
fruuhvsrqgv wr wkh gluhfw h�hfw ri v rq

rxwsxw1
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�
s

%s |
' ��/ dqg zh lpphgldwho| zulwh grzq wkh vhw ri htxdwlrqv lq pdwul{

qrwdwlrq=

#
�%% �
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s

�
s

%s%
�

s
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$#
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$
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#
f
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$
c +73,

dqg vroyh iru _%

_|
dqg _%

s

_|
uhvshfwlyho|/ xvlqj Fudphu*v uxoh dqg rxu nqrzohgjh

ri wkh vljqv ri wkh qxphudwruv dqg ghqrplqdwruv=
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	 f� +75,

Djdlq/ zh vhh wkdw _%

_|
	

�
�
�
_%

s

_|

�
�
� vlqfh m�

%%
m : m�

%%
s m1 Qrwlfh wkdw wkh h�hfw ri

d wdul� lqfuhdvh rq wkh sulfh/ lv jlyhq e|

_�

_|
' �

�
_%

_|
n �

�
_%

s

_|
: f�

Wklv h{suhvvlrq lv srvlwlyh/ dv � �
	 f dqg

_%

_|
	

�
�
�
_%

s

_|

�
�
�1

Vwdjh 5= rswlpdo ohyho ri wd{dwlrq

Lq wkh vhfrqg vwdjh ri wkh jdph xqghu wkh surwhfwlrqlvw fdvh/ wkh krph jry0

huqphqw vhwv lwv ohyho ri wkh wdul� vr dv wr pd{lplvh lwv wrwdo zhoiduh

CE|c r� ' �E%E|c r�c %s E|c r�� n |%sE|c r�� +76,

Wkh IRF lpsolhv vhwwlqj wkh ghulydwlyh zlwk uhvshfw wr | htxdo wr }hur1

C| '
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_%

_%

_|
n

_�

_%s

_%
s

_|
n %

s
n |

_%
s

_|
' f� +77,
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Wkh �uvw whup iurp +77, gursv/ vlqfh _�

_%
' f iurp wkh IRF +5:, lq vwdjh

61 Wr vhh zkhwkhu wkh rswlpdo wdul� lv srvlwlyh/ zh orrn dw wkh vljq ri C| dw

| ' f/ l1h1

C| m|'f'
_�

_%s

_%
s

_|
n %

s
� +78,

Lq +78, _�

_%s
' %�

�
1 Jlyhq wkh lqwhulru vroxwlrq dqg wkdw � �

	 f/ wklv lv qhj0

dwlyh1 Ixuwkhu/ zh kdyh wkdw _%
s

_|
	 f iurp frpsdudwlyh vwdwlfv1 Vlqfh zh

dvvxph wkdw iruhljq ghpdqg lv dovr srvlwlyh lq htxloleulxp +%s W

: f,/ wkh
rswlpdqg ixqfwlrq dw | ' f lv lqfuhdvlqj1 Wkh surshuwlhv ri rxu ghpdqg ixqf0

wlrqv hqvxuh zh kdyh d vlqjoh0shdnhg jryhuqphqw zhoiduh ixqfwlrq1 Wkhuhiruh/

wkh idfw wkdw wkh ghulydwlyh ri C dw d }hur wdul� udwh lv vwloo lqfuhdvlqj/ lpsolhv

wkdw wkh pd{lpxp ri C zloo fruuhvsrqg wr d ydoxh ri |W : f= zh fdq gr ehwwhu

lq whupv ri jryhuqphqw zhoiduh wr lqfuhdvh wkh wdul� deryh }hur1 Wkh rswlpdo

wdul� lv vwulfwo| srvlwlyh lq htxloleulxp1

Sursrvlwlrq : Wkh rswlpdo frxqwhuydlolqj wdul� lv vwulfwo| srvlwlyh1

Dq dowhuqdwlyh zd| wr vkrz wklv surshuw| lv wr uhzulwh IRF +77, wr �qg
dq h{suhvvlrq iru |

W
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W
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_%s
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s

_|
� %

s

_%s

_|

: f� +79,

Wkh vljq ri wkh qxphudwru lv qhjdwlyh/ wkdw ri wkh ghqrplqdwru lv dovr qhjd0
wlyh1 Wkxv/ wkh wdul� udwh lv srvlwlyh1

Wkh VRF vwloo kdv wr eh yhul�hg1 Wkhuhiruh/ zh fdofxodwh wkh vhfrqg
ghulydwlyh ri C zlwk uhvshfw wr |=

C|| ' 2
_%

s

_|
� +7:,

Iurp frpsdudwlyh vwdwlfv zh nqrz wkdw
_%

s

_|
	 f dqg wkh VRF lv vdwlv�hg=

C|| 	 f� +7;,

Zkhq zh gl�huhqwldwh wkh IRF +77, zlwk uhvshfw wr r/ wkh h{suhvvlrq zh
ehfrph lv

C|r '

_%
s

_r
: f� +7<,
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Wrwdoo| gl�huhqwldwlqj wkh IRF +77, |lhogv

C| ' f,
YC|

Y|
_|n

YC|

Yr
_r ' f� +83,

Vroylqj iru _|

_r
dqg wdnlqj lqwr dffrxqw wkdw C|| 	 f dqg C|r : f/ zh kdyh

vkrzq wkdw

_|

_r
' �

C|r

C||

: f� +84,

Dq lqfuhdvh lq wkh ohyho ri wkh vxevlg| fdxvhv dq lqfuhdvh lq wkh rswlpdo
ohyho ri lpsruw wd{dwlrq1

Sursrvlwlrq ; = Vriw exgjhw frqvwudlqwv ohdg wr kljkhu ohyhov ri lqwhuqdwlrqdo

wudgh surwhfwlrq1

Qrwlfh wkdw zh fdq ghulyh dq h{solflw ydoxh iru _|

_r
=

_|

_r
' �

C|r

C||

' �

_%
s

_r

2
_%s

_|

'

_%
s

_r

2
_%s

_r

' f�D� +85,

Wklv lpsolhv wkdw dq lqfuhdvh ri wkh ohyho ri vxevlg| jlyhv ulvh wr d ohvv wkdq
sursruwlrqdo lqfuhdvh ri wkh wdul�/

_|Er�

_r
	 �c +86,

l1h1 vxevlglhv duh qrw ixoo| r�vhw e| frxqwhuydlolqj wdul�v1

Sursrvlwlrq < Frxqwhuydlolqj wdul�v duh qrw ixoo| frxqwhuydlolqj1

Vwdjh 4D= rswlpdo ohyho ri wkh VEF xqghu sur0

whfwlrqlvp

Lq wkh �qdo vwdjh ri vroylqj wkh prgho/ zh pd{lplvh wkh zhoiduh ixqfwlrq ri

wkh iruhljq jryhuqphqw

C
s Er� ' �sE%E|Er�c r�c %s E|Er�c r�c |Er�c r�� r%sE|Er�c r�c +87,

ru dowhuqdwlyho|
C

s Er� ' E� Er�� S� |Er��%sEr�� +88,
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Djdlq/ zh vhw wkh ghulydwlyh zlwk uhvshfw wr r
59

C
s
r ' E� � S� |�E

Y%s

Y|

_|

_r
n

Y%s

Yr
� n %

s
�

�E
Y%s

Y|

_|

_r
n

Y%s

Yr
� +89,

n%
s
�

�E
Y%

Y|

_|

_r
n

Y%

Yr
�� %

s _|

_r
c

htxdo wr }hur/ Cs
r ' f1 Wr ghulyh wkh vljq ri wkh rswlpdo ohyho ri vxevlg|/ zh

orrn dw wkh vljq ri Cs
r zkhq r ' f1 Iurp wkh IRF ri sur�w pd{lplvdwlrq/

zh jhw wkdw

�
s

%s
m
r'f, � � S� | ' �%

s
�

�
� +8:,

Vxevwlwxwlqj wklv lq wkh h{suhvvlrq iru Cs
r / jlyhv wkdw wkh �uvw dqg vhfrqg

whup gurs1 Zh duh ohiw zlwk lqyhvwljdwlqj wkh vljq ri

C
s
r m

r'f' %
s
�

�E
Y%

Y|

_|

_r
n

Y%

Yr
�� %

s _|

_r
� +8;,

Zh ghulyh zkhwkhu

%
s
�

�E
Y%

Y|

_|

_r
n

Y%

Yr
�

q

	 %
s _|

_r
� +8<,

Jlyhq wkdw %s : f/ zh frpsduh

�
�E
Y%

Y|

_|

_r
n

Y%

Yr
�

q

	
_|

_r
� +93,

Xvlqj wkh idfw wkdw Y%

Y|
' �

Y%

Yr
dqg wkdw

_|

_r
' f�D/ zh kdyh wr vkrz wkdw

��
�
Y%

Y|

q

	 �� +94,

Vxevwlwxwlrq ri +74, lq +94, |lhogv

�
�
�
%%

s

7

q

	 �� +95,

Zh ixuwkhu vxevwlwxwh wkh h{suhvvlrqv lq wkh qxphudwru dqg ghqrplqdwru wr

jhw

59Qrwlfh wkdw qrz/ gw

gv
9@ 3 dqg wkhuhiruh g{

gv
lv frpsrvhg ri erwk wkh gluhfw h�hfw ri v

rq {/ C{

Cv
/ dv zhoo dv wkh lqgluhfw h�hfw ri v rq { wkurxjk w/ C{

Cw

gw

gv
1
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�
�E%� �� n �

��

�
%%
�

s

%s%s
��%%s�

s

%s%

q

	 �� +96,

Wkh ghqrplqdwru fdq eh zulwwhq dv

E2� � n %�
���E2� � n %

s
�

���� E%� �� n �
��E%s� ��

n �
��c +97,

dqg vlpsol�hv wr

�E� ��2 n %
s
�

�
�

��
n %� �� ��c +98,

vxfk wkdw h{suhvvlrq +96, fdq eh zulwwhq dv

%�
�
�

��
n E� ��2 	 �E� ��2 n %

s
�

�
�

��
n %� �� ��c +99,

ru

E� ��2
-

	 �E� ��2 n �
�
�

��
%
s
� +9:,

Jlyhq wkdw ghpdqg lv qrw wrr frqyh{/ wkh vhfrqg whup lv qrw wrr qhjdwlyh
vxfk wkdw wkh deryh lqhtxdolw| lv vdwlv�hg1 Frqvhtxhqwo|/ lqhtxdolw| +8<, lv
dovr vdwlv�hg dqg zh kdyh

C
s
r mr'f	 f� +9;,

Jlyhq wkdw wkh surshuwlhv ri wkh ghpdqg ixqfwlrqv |lhog vlqjoh0shdnhg zhoiduh
ixqfwlrqv/ wkh rswlpdo ohyho ri vxevlg|/ lq wkh suhvhqfh ri d frxqwhuydlolqj
wdul� lv vwulfwo| qhjdwlyh/ r

W

	 f1

Ilqdoo|/ rqh kdv wr fkhfn zkhwkhu wkh VRF iru d pd{lpxp lv vdwlv�hg1

Wdnlqj wkh vhfrqg ghulydwlyh ri Cs zlwk uhvshfw wr r |lhogv=

C
s
rr 	 fc +9<,

iurp ghpdqg wkdw lv zhoo0ehkdyhg dqg lpsolhv zh kdyh lqghhg irxqg d pd{0
lpxp1

Vwdjh 4E= rswlpdo ohyho ri wkh VEF xqghu ciuhh

wudgh*

Lq wkh fdvh ri ciuhh wudgh*/ wkh iruhljq jryhuqphqw*v zhoiduh ixqfwlrq lv wkh

iroorzlqj=
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C
sEr� ' �s E%Er�c %s Er�c r�� r%s Er�� +:3,

Vroylqj wkh �uvw vwdjh ri wkh prgho lpsolhv wkdw zh pd{lplvh wkh zhoiduh
ixqfwlrq ri wkh iruhljq jryhuqphqw e| vhwwlqj wkh ghulydwlyh zlwk uhvshfw wr
r htxdo wr }hur=

C
s
r '

_�s

_%

_%

_r
n

Y�s

Yr
� %s

� r
_%s

_r
' fc +:4,

zkhuh wkh whup

_�
s

_%s

_%s

_r
' fc +:5,

kdv gursshg iurp wkh IRF +:4,/ dv d uhvxow ri wkh suhylrxv IRF +5;,1 Qrwlfh

wkdw Y�
s

Yr
' %

s vxfk wkdw wkh vhfrqg dqg wklug whupv dovr gurs iurp h{suhvvlrq
+:4,1 Wr vhh zkhwkhu wkh rswlpdo ohyho ri vxevlg| lv srvlwlyh/ zh orrn dw wkh
vljq ri Cs

r zkhq r ' f=

C
s
r m

r'f'

_�
s

_%

_%

_r
: f� +:6,

Iurp +6;, zh nqrz wkdw _%

_r
	 f1 Ixuwkhu/ zh nqrz wkdw _�

s

_%
' %

s
�

�
	 f1

Lq vxp/ Cs
r mr'f lv srvlwlyh vxfk wkdw wkh rswlpdo ohyho ri vxevlglvdwlrq xqghu

wkh qr0surwhfwlrq fdvh lv r
W

: f1

Dowhuqdwlyho|/ rqh fdq vkrz wkdw wkh rswlpdo ohyho ri vxevlglvdwlrq lv
srvlwlyh e| h{solflwo| vroylqj iru r

W lq wkh IRF +:4,1 Zh wkhq jhw=

r
W

'

_�
s

_%

_%

_r

_%s

_r

: fc +:7,

vlqfh erwk wkh qxphudwru dqg ghqrplqdwru duh srvlwlyh1
D �qdo zd| wr vkrz wkdw wkh rswlpdo ohyho ri vxevlglvdwlrq lv vwulfwo|

srvlwlyh iroorzv wkh dqdo|vlv xqghu +8:,1 Zh fdq uhzulwh wkh IRF ri iruhljq
zhoiduh rswlplvdwlrq dv

Cs
r ' E� � S� |�

_%
s

_r
n %

s
�

�
_%

s

_r
n %

s
�

�
_%

_r
' f� +:8,

Xvlqj wkh IRF ri iruhljq sur�w pd{lplvdwlrq dw r ' f lq +8;,/ zh rewdlq wkh
h{suhvvlrq
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C
s
r mr'f' %

s� �
_%

_r
: fc

dv vkrzq ehiruh1 Froohfwlqj wkh uhvxowv iurp +9;, dqg +:6,/ zh jhw wkh iro0
orzlqj udqnlqj=

r
W

|'f
: f : r

W

|'|W
� +:9,

Xqghu surwhfwlrqlvp/ VEFv duh kdughqhg1

Sursrvlwlrq 43 Surwhfwlrq kdughqv exgjhw frqvwudlqwv1

Qrwlfh wkdw
_�

s

_r
'

_�
s

_%

_%

_r
n

Y�
s

Yr
: f dv erwk whupv duh srvlwlyh1

Ilqdoo|/ rqh kdv wr fkhfn zkhwkhu wkh VRF iru d pd{lpxp lv vdwlv�hg1

Wdnlqj wkh vhfrqg ghulydwlyh ri Cs zlwk uhvshfw wr r |lhogv=

C
s
rr ' �

_%
s

_r
	 f� +::,

Zhoo0ehkdyhg ghpdqg surshuwlhv hqvxuh zh kdyh lqghhg irxqg d pd{lpxp1

Dsshqgl{= Ehuwudqg frpshwlwlrq

Lq wkh fdvh ri Ehuwudqg frpshwlwlrq zlwk gl�huhqwldwhg surgxfwv/ ghpdqg lq
wkh krph pdunhw iru wkh krph dqg iruhljq surgxfw uhvshfwlyho| lv jlyhq e|=

f ' fE
3

Rc
n

R
s
� +:;,

f
s ' f

s E
3

R s
c
n

R�� +:<,

Ghpdqg lv grzqzdug vorslqj zlwk uhvshfw wr lwv rzq sulfh/ exw srvlwlyho|
uhodwhg wr wkh ulydo sulfh1 Zh dvvxph wkdw wkh furvv0sulfh h�hfw lv zhdnhu wkdq
wkh rzq sulfh h�hfw1 Sur�wv ri wkh krph dqg iruhljq surgxfhu uhvshfwlyho|
htxdo

�ERc Rs � ' ER� S�f +;3,

�
s ERs c Rc |c r� ' ERs � Sn r� |�fs

� +;4,

Wkh h{suhvvlrqv iru wkh krph dqg iruhljq jryhuqphqw*v zhoiduh frqwlqxh wr
dsso|1
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Vwdjh 6= �upv frpshwh lq sulfhv

Zh vroyh iru wkh rswlpdo sulfhv e| pd{lpl}lqj sur�wv1 IRFv iru wkh krph
dqg iruhljq �up uhvshfwlyho| duh=

�R ' ER� S�fR nf ' f +;5,

�
s

Rs
' ERs � Sn r� |�fs

Rs
nf

s
' f� +;6,

Jlyhq wkdw wkh ghpdqg ixqfwlrqv duh qrw wrr frqyh{/ VRFv iru d sur�w
pd{lpxp duh vdwlv�hg/ l1h1

�RR ' ER� S�fRR n 2fR 	 f +;7,

�
s

RsRs
' ERs � Sn r� |�fs

RsRs
n 2f

s

Rs
	 f� +;8,

Iurp wkh surshuwlhv lpsrvhg rq wkh ghpdqg ixqfwlrqv/ lw iroorzv wkdw

�RRs ' ER� S�fRRs nfRs : f +;9,

�
s

RsR
' ERs � Sn r� |�fs

RsR
nf

s
R : f� +;:,

vxfk wkdw wkh vroxwlrqv iru R dqg R
W zloo eh vwdeoh dqg xqltxh +Eudqghu/ 4<<8,

dqg zloo |lhog h{suhvvlrqv wkdw duh d ixqfwlrq ri wkh uhpdlqlqj yduldeohv ri
wkh prgho/ l1h15:

R
W

' RE
n

|c
3

r� +;;,

R
s W

' R
s E
n

| c
3

r�� +;<,

Frpsdudwlyh vwdwlfv* uhvxowv iru r fdq eh irxqg e| gl�huhqwldwlqj IRFv
+;9, dqg +;:, zlwk uhvshfw wr r

5;/

5:Zh dvvxph dq lqwhulru vroxwlrq/ l1h1 [ dqg [i duh vwulfwo| srvlwlyh1 Iru d glvfxvvlrq/
vhh Yhqdeohv +4<;9,1

5;Qrwlfh wkdw dw wklv vwdjh gw
gv
@ 3 vxfk wkdw gs

gv
fruuhvsrqgv wr wkh gluhfw h�hfw ri v rq

sulfh1
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_�R

_r
' �RR

_R

_r
n�RRs

_Rs

_r
n�Rr ' f +<3,

_�
s

Rs

_r
' �

s

RsRs

_Rs

_r
n�

s

RsR

_R

_r
n�

s

Rs r
' f� +<4,

Dv �Rr ' f dqg �s

Rsr
' f

s

Rs
/ zh fdq uhzulwh wklv vhw ri htxdwlrqv lq pdwul{

qrwdwlrq

#
�RR �RRs

�
s

RsR
�

s

RsRs

$#
_R

_r
_Rs

_r

$
'

#
f

�f
s

Rs

$
� +<5,

Xvlqj Fudphu*v uxoh/ wkh vroxwlrqv iru _R

_r
dqg _Rs

_r
uhvshfwlyho| duh hdv| wr �qg/

ehlqj

_R

_r
'

�
�
�
�
�

f �RRs

�f
s

Rs
�

s

RsRs

�
�
�
�
�

�
�
�
�
�

�RR �RRs

�
s

RsR
�

s

RsRs

�
�
�
�
�

'
�RRsf

s

Rs

7
	 f +<6,

_Rs

_r
'

�
�
�
�
�

�RR f

�
s

RsR
�f

s

Rs

�
�
�
�
�

�
�
�
�
�

�RR �RRs

�
s

RsR
�

s

RsRs

�
�
�
�
�

'
��RRf

s

Rs

7
	 f� +<7,

Wkh ghwhuplqdqw lq wkh ghqrplqdwru lv srvlwlyh/ l1h1 7 ' �RR�
s

RsRs
�

�RRs�
s

RsR
: f/ vlqfh m�RRm : �RRs dqg

�
�
��

s

RsRs

�
�
� : �

s

RsR
1 Wklv fdq eh xqghu0

vwrrg e| uhfrjqlvlqj wkdw ER� S� mfRRm : ER� S�fRRs dqg 2 mfRm : fRs / dqg

vlploduo| iru
�
�
��

s

RsRs

�
�
� : �

s

RsR
1 Iurp h{suhvvlrq +<3, lw iroorzv wkdw �RRs : f

zkloh iruhljq ghpdqg lv grzqzdug vorslqj lq lwv rzq sulfh/ l1h1 f
s

Rs
	 f1

Wklv uhvxowv lq d qhjdwlyh h�hfw ri r rq wkh rswlpdo sulfh R
W1 Dqdorjrxvo|/

iurp h{suhvvlrq +;7, �RR 	 f zkloh f
s

Rs
	 f frqwlqxhv wr krog1 Jlyhq wkh

qhjdwlyh vljq lq iurqw ri wkh h{suhvvlrq/ wkh h�hfw ri dq lqfuhdvh lq r rq wkh

rswlpdo ohyho ri Rs W lv qhjdwlyh1 Vlqfh m�RRm : �RRs / wkh h�hfw ri d vxevlg| lv

vwurqjhu rq wkh iruhljq sulfh/ frpsduhg wr wkh h�hfw rq wkh krph sulfh/ l1h1�
�
�
_R

_r

�
�
� 	

�
�
�
_Rs

_r

�
�
�1

5:



Zh surfhhg frpsohwho| dqdorjrxvo| iru wkh h�hfw ri d wdul� lqfuhdvh rq
wkh rswlpdo ohyho ri wkh sulfhv1 Gl�huhqwldwlqj wkh IRFv +;5, dqg +;6, zlwk
uhvshfw wr | dqg nhhslqj lq plqg wkdw �R| ' f dqg �

s

Rs |
' �f

s

Rs
/ zh fdq

lpphgldwho| zulwh grzq wkh vhw ri htxdwlrqv lq pdwul{ qrwdwlrq=

#
�RR �RRs

�
s

RsR
�

s

RsRs

$#
_R

_|
_Rs

_|

$
'

#
f

f
s

Rs

$
c +<8,

dqg vroyh iru _R

_|
dqg _Rs

_|
uhvshfwlyho|/ xvlqj Fudphu*v uxoh

_R

_|
'

�
�
�
�
�

f �RRs

f
s

Rs
�

s

RsRs

�
�
�
�
�

�
�
�
�
�

�RR �RRs

�
s

RsR
�

s

RsRs

�
�
�
�
�

'
��RRsf

s

Rs

7
: f +<9,

_Rs

_|
'

�
�
�
�
�

�RR f

�
s

RsR
f

s

Rs

�
�
�
�
�

�
�
�
�
�

�RR �RRs

�
s

RsR
�

s

RsRs

�
�
�
�
�

'
�RRf

s

Rs

7
: f� +<:,

Djdlq/ zh vhh wkdw _R

_|
	

_Rs

_|
vlqfh m�RRm : �RRs 1

Vwdjh 5= rswlpdo ohyho ri wd{dwlrq

Lq wkh vhfrqg vwdjh ri wkh jdph/ wkh krph jryhuqphqw vhwv wkh wdul� ohyho

wkdw pd{lplvhv wrwdo zhoiduh/

CE|c r� ' �ERE|c r�c RsE|c r�� n |fsERE|c r�c RsE|c r��� +<;,

Wkh IRF lpsolhv vhwwlqj wkh ghulydwlyh zlwk uhvshfw wr | htxdo wr }hur=

C| '

_�

_R

_R

_|
n

_�

_Rs
_Rs

_|
nfs n |E

Yfs

YRs
_Rs

_|
n

Yfs

YR

_R

_|
� ' f� +<<,

Wkh �uvw whup iurp wkh h{suhvvlrq gursv/ vlqfh _�

_R
' f iurp wkh IRF +;5,

lq vwdjh 61 Wr vhh zkhwkhu wkh rswlpdo wdul� lv srvlwlyh/ zh orrn dw wkh vljq
ri C| dw | ' f/ l1h1

C| m|'f'
_�

_Rs
_Rs

_|
nfs � +433,

5;



Li wkh grphvwlf �up lv wr surgxfh dq|wklqj lq htxloleulxp/ l1h1 f : f/ wklv

lpsolhv wkdw R � S : f1 Pruhryhu/ furvv0sulfh h�hfwv kdyh ehhq dvvxphg

wr eh srvlwlyh/ l1h1 Yf

YRs
: f1 Wkxv/ _�

_Rs
: f� Ixuwkhu/ zh kdyh vkrzq wkdw

_Rs

_|
: f1 Vlqfh zh dvvxph wkdw iruhljq ghpdqg lv dovr srvlwlyh lq htxloleulxp

+fs
: f,/ wkh rswlpdqg ixqfwlrq dw | ' f lv lqfuhdvlqj1 Wkh surshuwlhv ri

rxu ghpdqg ixqfwlrqv hqvxuh zh kdyh d vlqjoh0shdnhg jryhuqphqw zhoiduh
ixqfwlrq1 Wkhuhiruh/ wkh idfw wkdw wkh ghulydwlyh ri C dw d }hur wdul� udwh lv
vwloo lqfuhdvlqj/ lpsolhv wkdw wkh pd{lpxp ri C zloo fruuhvsrqg wr d ydoxh ri
|
W

: f= zh fdq gr ehwwhu lq whupv ri jryhuqphqw zhoiduh wr lqfuhdvh wkh wdul�

deryh }hur1 Wkh rswlpdo wdul� lv vwulfwo| srvlwlyh lq htxloleulxp1

Sursrvlwlrq 44 Wkh rswlpdo frxqwhuydlolqj wdul� lv vwulfwo| srvlwlyh1

Dq dowhuqdwlyh zd| wr vkrz wklv surshuw| lv wr �qg dq h{suhvvlrq iru |
W

iurp wkh IRF +<<,=

|
W

'

�

_�

_Rs
_Rs

_|
�f

s

Yfs

YRs
_Rs

_|
n

Yfs

YR

_R

_|

: f� +434,

Zh douhdg| nqrz wkdw wkh vljq ri wkh qxphudwru lv qhjdwlyh1 Lq wkh ghqrp0
lqdwru/ erwk _Rs

_|
dqg _R

_|
duh srvlwlyh1 Zh dovr nqrz wkdw furvv0sulfh h�hfwv

duh srvlwlyh dqg rzq sulfh h�hfwv duh qhjdwlyh/ l1h1 Yfs

YRs
	 f dqg

Yf
s

YR
: f1

Pruhryhu/ zh nqrz wkdw wkh h�hfw ri | rq wkh rswlpdo sulfh lv vwurqjhu iru

Rs / l1h1 _R

_|
	

_Rs

_|
dqg furvv0sulfh h�hfwv duh vpdoohu lq devroxwh ydoxh wkdq

rzq0sulfh h�hfwv/ l1h1
�
�
�
Yfs

YRs

�
�
� :

Yfs

YR
/ vxfk wkdw wkh ghqrplqdwru lv qhjdwlyh1

Wklv |lhogv d wdul� udwh wkdw lv srvlwlyh1
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wlrqdo wudgh surwhfwlrq1

Vwdjh 4D= rswlpdo ohyho ri wkh VEF xqghu sur0

whfwlrqlvp

Lq wkh �qdo vwdjh ri vroylqj wkh prgho/ zh pd{lplvh wkh zhoiduh ixqfwlrq ri

wkh iruhljq jryhuqphqw/

C
sEr� ' �sERE|Er�c r�c Rs E|Er�c r�c |Er�c r�� rfs ERE|Er�c r�c RsE|Er�c r��+437,

' ERs � S� |�fs
� +438,

Djdlq/ zh vhw wkh ghulydwlyh zlwk uhvshfw wr r htxdo wr }hur5<

C
s
r '

_�s

_R
E
YR

Y|

_|

_r
n

YR

Yr
� n

Y�s

Y|

_|

_r
n

Y�s

Yr
�fs

� r
_fs

_r
' fc +439,

zkhuh
_fs

_r
'

Yfs

YRs
E
YRs

Y|

_|

_r
n

YRs

Yr
� n

Yfs

YR
E
YR

Y|

_|

_r
n

YR

Yr
�c +43:,

dqg zkhuh wkh whup

_�
s

_Rs
E
YRs

Y|

_|

_r
n

YRs

Yr
� ' fc +43;,

kdv gursshg iurp wkh IRF +439,1 Wr ghulyh wkh vljq ri wkh rswlpdo ohyho ri
vxevlg|/ zh orrn dw wkh vljq ri Cs

r zkhq r ' f1

C
s
r mr'f'

_�
s

_R
E
YR

Y|

_|

_r
n

YR

Yr
��fs _|

_r

q

	 f� +43<,

Iurp +436, zh nqrz wkdw _|

_r
: f1 Ixuwkhu/ iruhljq ghpdqg lv qrqqhjdwlyh lq

htxloleulxp/ l1h1 fs : f1 Wkhuhiruh ERs � S � | n r� : f1 Li qrw/ lw zrxog

5<Qrwlfh wkdw qrz/ gw

gv
9@ 3 dqg wkhuhiruh

gs
gv

lv frpsrvhg ri erwk wkh gluhfw h�hfw ri v rq

s/ Cs
Cv

/ dv zhoo dv wkh lqgluhfw h�hfw ri v rq s wkurxjk w/
Cs
Cw

gw
gv
1

63



eh ehwwhu qrw wr surgxfh dw doo/ l1h1 fs
' f1 E| wkh dvvxpswlrq ri furvv0

sulfh h�hfwv/ Yf
s

YR
: f1 Zkdw uhpdlqv wr eh vkrzq/ iru +43<, wr krog/ lv wkdw

YR

Y|

_|

_r
n

YR

Yr
	 f1 Lq rwkhu zrugv/ zh zdqw wr vkrz wkdw

��RRsf
s

Rs

7

E���C|r

C||

n
�RRsf

s

Rs

7
	 f +443,

�RRsf
s

Rs

7
E� n

C|r

C||

� 	 f� +444,

Iurp +<6, zh nqrz wkdw wkh �uvw idfwru ri wkh deryh h{suhvvlrq lv qhjdwlyh1

Wkhuhiruh/ lw kdv wr eh vkrzq wkdw

E� n
C|r

C||

�
q

: f +445,

C|r

q

	 �C||� +446,

Zulwlqj rxw wkh h{suhvvlrqv iru C|r dqg C|| |lhogv=

Yfs

YRs
YRs

Yr
n
Yfs

YR

YR

Yr

q

	 E�2�E
Yfs

YRs
YRs

Y|
n
Yfs

YR

YR

Y|
� +447,

Yfs

YRs

E����RRf
s

Rs

7
n
Yfs

YR

�RRsf
s

Rs

7

-

	 2
Yfs

YRs

E����RRf
s

Rs

7
n 2

Yfs

YR

�RRsf
s

Rs

7
�+448,

Wkhuhiruh/ zh kdyh suryhq wkdw

C
s
r mr'f'

_�
s

_R
E
YR

Y|

_|

_r
n

YR

Yr
��fs _|

_r

-

	 f� +449,

Jlyhq wkh surshuwlhv ri wkh ghpdqg ixqfwlrqv/ wkh iruhljq zhoiduh ixqfwlrq

fdq eh dvvxphg wr eh vlqjoh shdnhg1 Wkh deryh �qglqjv lpso| wkdw wkh

rswlpdo ohyho ri vxevlg| lv qhjdwlyh= r
W

	 f1 Wkh surriv dovr lpso| wkdw dq

lqfuhdvh lq wkh vxevlg| ohyho jlyhv ulvh wr d ohvv wkdq sursruwlrqdo lqfuhdvh lq

wkh wdul�/

E� n
C|r

C||

� : f ',
_|Er�

_r
	 �c +44:,

l1h1 vxevlglhv duh qrw ixoo| r�vhw e| frxqwhuydlolqj wdul�v1

64



Sursrvlwlrq 46 Frxqwhuydlolqj wdul�v duh qrw ixoo| frxqwhuydlolqj1
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