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Abstract

In the present contribution, we show how the optimal amount of economic capital
can be derived such that it minimizes the economic cost of risk-bearing. The eco-
nomic cost of risk-bearing takes into account the cost of the economic capital as well
as the exposure to residual risk. In addition to the absolute problem of determining
the amount of economic capital, we also consider the relative problem of how to es-
tablish the allocation of economic capital among subsidiaries. Because subsidiaries
are juridical entities they will also consider the absolute problem of economic capital
allocation themselves. In an equilibrium situation, the relative allocation derived by
the conglomerate and the absolute allocation derived by the subsidiaries coincide.
We show that the diversification benefit which is typically obtained in a conglom-
erate construction, creates a virtual economic capital for subsidiaries within the
conglomerate. We show furthermore that the approach which we propose to solve
the absolute problem of economic capital allocation can also be applied to the prob-
lem of optimal portfolio selection, extending the well-known Markowitz approach
and providing a tool for management by economic capital.
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1 Introduction: the evolution of beliefs for risk trans-
fer

In many countries an important technique for the financing of life insurances, in particular
old-age pensions, is the so-called repartition system. In such a system the “belief” in the
labor force of the next generation “guarantees” the benefits to be paid out. Another
“belief” governs the creation of solvency buffers and actuarial reserves by insurers, being
financed out of the premiums in order to be able to fulfill the future obligations and
leading to management by economic capital. In this system, the “belief” in adequate
management activity of the future generations is the “guarantee”. A third “belief” was
created when investors could convince risk bearers that risk can be hedged away within
financial markets, that is, can be securitized. Here the “guarantee” is based on the “belief”
that the financial markets can always absorb the risk at a predetermined price.

These three types of beliefs governing repartition, funding and financial market trans-
fers all exhibit their own particular exposure to a default. For repartition it is clear that
longevity is a threat. For funding, inflation and other financial economic factors constitute
a threat and in financial markets e.g., a breakdown of the system because of comonotonic
effects, i.e., financial contagion, is a threat.

In the abstract, beliefs and preferences can be formalized as a set of axioms, concerning
the behavior of human beings under risk. The particular set of axioms must reflect the
risk perception of the economic agents involved in the situation under consideration.
The economic relevance of the axioms thus depends on the agents involved as well as
on the specific situation under study. The axioms should be formalized such as to be
representative for all the agents in the evaluation of any feasible risk defined on a particular
measurable space. We quote Markowitz (1959, Chapter 10): “We might decide that in one
context one basic set of principles is appropriate, while in another context a different
set of principles should be used. We might find that some patterns of preferences are
consistent with a set of preferences while other patterns are not.” Here, “principles” mean
“axioms”. Following this flow of ideas, we think that preference axioms and axiomatically
justified risk measures constitute flexible tools to determine the risk of decisions made
in a particular context. These types of risk measures have been studied extensively in
actuarial science; see e.g., Biihlmann (1970), Gerber (1979) and Goovaerts, De Vijlder
& Haezendonck (1984) for early accounts. Variables such as premiums, economic capital
and asset mix should then be derived in an optimization procedure, e.g., by minimizing
economic cost or by maximizing profits, given the preference patterns in the particular
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At this point, we remark that there exists a fundamental difference between financial
pricing and insurance pricing. In liquid and standardized financial markets, the validity
of the law-of-one-price enforces that each risk in the market has a unique price that is
determined by a linear pricing functional. Moreover, when security prices exclude arbi-
trage, this pricing functional is positively linear. This is however not in general the case in
insurance markets, in which often no unique price exists and hence the law-of-one-price is
violated. The “fair value” of an insurance portfolio, which is the value of the portfolio in-
duced by market parameters, might differ from insurer to insurer. Arbitrage opportunities
in the illiquid and non-standardized insurance markets are difficult to determine and even
more difficult to exploit. In particular in non-life (re)insurance, hedging is a fiction and
economic phenomena such as moral hazard and adverse selection play a prominent role.
The number of players in this market is restricted and the seller and buyer may well have
a different perception of the price of a portfolio. This may e.g., be due to a different risk
attitude when determining the amount of actuarial reserves needed. In the case of Value-
at-Risk (VaR) capital buffers, the seller might use a percentile of order 90% while the
buyer uses a percentile of order 95%, the degree of risk aversion being the differentiating
factor.

Different risk perceptions lead to different amounts of economic capital, derived in a
tradeoff between the preferred level of risk exposure and the cost of economic capital. A
similar tradeoff is encountered in statistics where there is no unique level to be used in
the testing of hypotheses. Hypothesis testing is not a one dimensional problem (with one
criterion) but it is a problem where two possible errors are to be considered: the so-called
type I error of rejecting a true null hypothesis and the type II error of failing to reject
a false null hypothesis. Indeed, the same type of problem arises in problems of economic
capital allocation and solvency measurement. To guarantee non-ruin, it is clearly sufficient
to have an infinite amount of economic capital. However, the cost of this amount of capital
is generally infinite as well. Hence, the optimal amount of economic capital is obtained
as a compromise between the cost of economic capital on the one hand and the preferred
level of risk exposure on the other hand.

For the allocation of economic capital one has to consider two different problems. First,
one needs to determine how large the economic capital should be for a given conglomerate.
This is what we call the absolute problem of economic capital allocation. The second
problem concerns how one should allocate a given amount of economic capital (eventually
the optimal one in absolute terms) among the different subsidiaries. This is what we call
the relative problem of economic capital allocation. Since subsidiaries are legal entities,

they will also consider the absolute problem of economic capital allocation themselves.



An equilibrium situation exists within the conglomerate in case the relative allocation of
economic capital derived by the conglomerate and the absolute allocation derived by the
subsidiaries coincide. The widely observed preference for a conglomerate construction can
be explained by the existence of a virtual economic capital for subsidiaries within the
conglomerate.

We emphasize here that economic capital is different from requlatory capital. The latter
is the bare minimum amount of capital that one is forced to hold whereas the former is the
amount of capital one “should” have in accordance with its risk preferences. Unfortunately,
the literature does not always distinguish explicitly between the two concepts.

In the present contribution, we consider the management of economic capital within
financial conglomerates. First, we address allocation and diversification issues. In doing
so, we advocate an explicit distinction between risk measures and economic capital. The
difference between risk measures and economic capital comes from the different “levels”
at which they operate, that is, there is a hierarchy between the two concepts. Economic
capital is derived from a risk measure, by means of an optimization procedure. Previous
related ideas can be found in Dhaene, Goovaerts & Kaas (2003) and Laeven & Goovaerts
(2004). The former paper presents some simple examples to support such a distinction
and the latter paper formalizes this distinction for the absolute and relative problems of
economic capital allocation.

Next, we compare solutions of the relative problem to solutions of the absolute problem
when the latter problem is solved from the point of view of the subsidiaries, and we
demonstrate the emergence of virtual economic capital within financial conglomerates.
Finally, we discuss the role of economic capital in problems of optimal portfolio selection.

The outline of the paper is as follows: in Section 2 we derive solutions to both the
absolute and the relative problem of economic capital allocation. In Section 3 we compare
subsidiaries when incorporated in a conglomerate construction with subsidiaries when
considered as stand alone entities and introduce the notion of virtual economic capital.
Section 4 demonstrates that the absolute allocation approach can also be applied to the
problem of optimal portfolio selection, taking into account the available amount of surplus

capital and extending the well-known Markowitz approach.

2 Economic capital allocation

A risk is represented by a random variable X which is defined on a set of states of nature
) and is to be interpreted as the future net loss or deficit of a portfolio or position cur-

rently held. For simplicity and notational convenience, we henceforth restrict ourselves to



random variables with continuous and strictly increasing distribution functions, although
the results can easily be generalized to allow for random variables with discontinuous and
non-decreasing distribution functions. Under these assumptions, the distribution function
of a random variable has a true inverse.

We will first illustrate that the relative problem of economic capital allocation is similar
to a top-down allocation of insurance premiums. Consider a financial conglomerate, in
particular think of an insurance company, which consists of n subsidiaries. We denote
by X; the risk of subsidiary j, j = 1,...,n. Furthermore, we denote by u the aggregate
amount of economic capital and by P the aggregate premium income. Then the following

figures illustrate a similar problem:

Figure 1: Economic capital allocation among subsidiaries

Subsidiary 1: X3 Subsidiary 2: Xo Subsidiary n: X, Conglomerate: X1 + ...+ Xp,

uq ug . Un, u

The relative problem of economic capital allocation is concerned with the question of
how a given aggregate economic capital u is to be distributed among the subsidiaries,
allocating u; to subsidiary j. The aggregate amount of economic capital © depends on the
aggregate risk, the cost of economic capital and the risk preferences of the conglomerate.

We remark that the relative problem of economic capital allocation is important from
performance and risk evaluation perspectives. By determining w; for j = 1,...,n, the
conglomerate may evaluate the economic cost of risk-bearing and the risk-adjusted return

per subsidiary and may allocate costs among subsidiaries correspondingly.

Figure 2: Premium allocation among subsidiaries

Subsidiary 1: X Subsidiary 2: Xo Subsidiary n: X, Conglomerate: X1 4+ ...+ Xp,

Py Py S Py, P

The relative problem of premium allocation is concerned with the question of how a
given aggregate premium P is to be distributed among the subsidiaries, allocating P;
to subsidiary j. The aggregate premium P depends on the aggregate risk and the risk

preferences of the conglomerate; see in this respect Biihlmann (1985).
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There are other problems in insurance that have the same structure. For instance,
think of the determination of optimal reinsurance contracts, where e.g., in proportional
reinsurance the relative problem consists in the determination of the proportionality lev-
els for the different contracts such that at the aggregate a required level of stability is
obtained; see e.g., Biihlmann (1970) for a ruin probability approach to this problem.

In this section, we will consider both the absolute and the relative problem of eco-
nomic capital allocation. We demonstrate that there will generally exist optimal values
(u*, ui®, ... u*) which solve the absolute economic capital problem for the conglomerate,
respectively for the subsidiaries when considered as stand alone entities. The relative
problem consists in the distribution of u* among the subsidiaries allocating u} to sub-
sidiary j, under the constraint that u* = uj + ...+ u}. The solutions (u}®,...,u}*) and

n

(uj,...,u’) generally differ.

2.1 The relative problem of economic capital allocation

We distinguish between two approaches to economic capital allocation. The first approach,
which is the one that is commonly encountered in the literature, consists in defining (or
rather: axiomatizing) a risk measure p[-] that distributes the capital u* in a direct way,
ie.,

uj = p[X;l, j=1,...,n. (1)

In this approach, the risk measure and the economic capital coincide. In that case, prop-
erties (axioms) of the risk measure are directly translated to properties (axioms) of the
relative allocation of economic capital. Notice that in case full allocation of the economic
capital is required, i.e., uj + ... + v = u*, and the risk measure p[-] is also used to
determine the economic capital at the conglomerate level (the absolute problem), then
the axiom of additivity of the risk measure is a necessary axiom to describe the above
direct allocation approach. Imposing additivity of a risk measure for all forms of depen-
dence structure between the subsidiaries, characterizes an expectation principle under
very general conditions (see e.g., Goovaerts, De Vijlder & Haezendonck (1984)).

The second approach, which is the better one in our opinion, distinguishes between
the risk measure and the economic capital. It consists in considering the residual risk
of each of the subsidiaries. In this approach one has to relate the residual risk of the

conglomerate, given by
max(X; + ...+ X, —u",0) = (X5 +...+ X, —u"), (2)

to the sum of the residual risks of the subsidiaries seen as separated juridical entities,



given by
(Xl —U1)++...+(Xn—un)+. (3)

As long as u* > u; + ... + u,, the diversification effect, being the situation that the
conglomerate has a residual risk that is smaller than that of the subsidiaries, follows

because of the following stochastic dominance relation:
(Xi4+... +X,—u)y <0 (X —wp)e + .+ (X — up) g, uwr Ut U, (4)

Thus, any risk measure that preserves stochastic dominance is consistent with the diver-
sification effect. The advantage of considering the residual risk is that we can establish a
sound objective function from which the optimal allocation can be derived, rather than
using a direct allocation rule.

Using the second approach, a distribution of the capital u* is derived by minimizing
the residual risk of the subsidiaries, as measured by the conglomerate. To illustrate the
approach, let’s take as an example the expectation to measure the residual risk. It is obvi-
ous that the expectation is a stochastic dominance preserving risk measure and therefore
preserves the so-called diversification effects; see (4). Notice that the probability measure
under which the expectation is calculated can be left unspecified and is not necessarily
the “physical” probability measure, since (4) holds even in an “almost sure” sense. Hence,

the risk of the subsidiaries as measured by the conglomerate is given by

We then solve the problem

min E
ulv“aun‘ Z?:l ’U,j:’ll,*

> (X - Uj)+] 7 (6)
j=1
which minimizes the risk measure (here the expectation) applied to the sum of the risk
residuals representing the subsidiaries after the capital allocation has been performed.
Solving this problem by means of Lagrange multipliers gives

u;:ngl(l—s), j=1...,n, (7)

where s is determined as Fxey. yxc(u*) = 1 — s, in which Fxe, ,xc denotes the dis-
tribution function of the comonotonic random vector (Xf,..., X¢) with same marginal
distribution functions as (Xi,...,X,). The interested reader is referred to Dhaene et
al. (2002a, 2002b) for an elaborate treatment of the concept of comonotonicity. Hence,
u; = F)zjl (FXH_._JFXﬁ(u*)), which is the VaR of X at a confidence level Fixe, | xc(u”).
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The expectation of the residual risk of the conglomerate is bounded from above by

the expectation of the sum over the residual risks of the subsidiaries:

E[(Xi+...+ X, —u"){] <E

Xn: (XJ‘ - FXJ-I(FX5+~--+X5(U*))>+] : (8)

Jj=1
Furthermore, because

+]=EKX{+“.+Xﬁ—uﬂq,

>_E [(Xj - F)?J-I(FXf+---+X5(“*>)>
7j=1
we find that
E[(Xi1+...+ X, —u")y] <E[(X{+...+ X5 —u')4]. (9)

The difference between the right-hand side and the left-hand side of (9) can be regarded
as the diversification effect within the conglomerate. That is, the diversification benefit

(DB) of incorporating subsidiaries in a conglomerate is given by
DB=E[(X{+...+ X, —u*)] —E[(X1+...+ X, —u*)4]. (10)

Note that the diversification benefit stems from the diversification effect on the residual
risk of the conglomerate (see also in this context the report of the Casualty Actuarial Soci-
ety (1999)). For the expectation risk measure, the diversification benefit is non-negative.
Consequently, one might consider a diversification gain to be flowing back to the sub-
sidiaries. A possible choice for the allocation of the diversification benefit would be to

distribute it proportionally to the expected residual risk of each of the subsidiaries, i.e.,

L [(Xj - Fy! (FXf+...+X,CL(U*))>J

! E[(X{+...+ X —u)y]

i=1,....n, (11)

with DB = 2;1 DB;. Notice that the diversification benefit is not a physical benefit, i.e.,
it does not appear on the balance sheet nor on the profit-and-loss account. Though, as will
become apparent in Section 3, it is of eminent importance when assessing the desirability

of a conglomerate construction.

2.2 The absolute problem of economic capital allocation

In this section, we illustrate the absolute problem of economic capital allocation. We

denote by r the risk-free rate of return and denote by ¢ the opportunity cost of capital.
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Both variables are assumed to be non-random and are compounded over the particular
time horizon considered. We let (i — 7) represent the cost of raising economic capital
and we assume throughout, without loss of generality, that this cost is the same for the
conglomerate as for the subsidiaries when considered as stand alone entities. We consider

a risk measure that preserves stochastic dominance, i.e.,
X< Y = plX] < plY].

Let
o[ X, u] = ]E[(X — u)+} + (i — r)u, (12)

and (see Kaas et al. (2001), Section 5.2)

u

P = g

log <E[exp(MX)]) + (i —r)u, e € (0,1], (13)

u

for both of which one can easily prove that if X = X; + X5 and u = uy + us then
p[X, u] < p[Xbul] +/)[X2>u2]7 (14>

which expresses the diversification effect on the residual risk. In order to further simplify
expression (13), we consider the economic capitals to be relatively large and let Var[X]

denote the variance of a random variable X. Then

p2[ X, u] =~ ps[X,u] = E[X] + WVM[X] + (i — r)u, (15)

2u
Tos@) Such

that p3[X, u] < ps[Y,u] in case X <; Y. However, note that in contrast to ps[ X, u| the

approximation p3[X,u| does no longer satisfy (14).

using only two terms of the Taylor expansion. Suppose that E[X]| + E[Y] <

To solve the absolute problem of economic capital allocation, we minimize p[X, u] with
respect to u. For the choice of p1[X,u] = E[(X — u);] + (i — r)u we obtain the following
solutions:

w=F¢' (1= (i—7)), (16)
upP=Fy (1=(i—-7), j=1....n (17)

j
Hence, the optimal amount of economic capital can be calculated by the VaR measure of
which the confidence level depends on the cost of economic capital.

Now we compare (17) with (7). We find that in order to enforce that the solution to
the absolute problem of economic capital allocation for the subsidiaries corresponds to

the preferred value of the conglomerate, which is the solution to the relative allocation
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problem, the conglomerate can simply charge a single shadow cost of capital A to its
subsidiaries (notice that the uniqueness of \ is not a trivial result; it is valid only because of
the particular form of the derived solutions). Then, the solution to the absolute allocation
problem for subsidiary j is given by

PN =Fy (1=(-r)=)), Jj=1....n, (18)

J

where )\ is to be determined as

n

F'(l=(i—n)=> Fx'(1—(i—r)=)), (19)

=1

or equivalently

A=1—(i—7)— Fxey ix: <F§11+__.+Xn (1—(i— r))). (20)

Verify that indeed the absolute solution u’;-s()\), corresponding to a cost of economic capital
(i —7) + A, equals the relative allocation u}. It is not difficult to see that typically (not
always) A > 0 and hence uj*(\) < u}®; we refer in this respect to Embrechts, Héing
& Puccetti (2004). Thus, both the conglomerate and the subsidiaries incorporated in
the conglomerate can use the VaR measure to determine their economic capital, which
is highly attractive from a corporate governance point of view. We remark that VaR
allocation is consistent with the capital adequacy requirements established by the Basel
Capital Accord (see Basel Committee (1988, 1996, 2004)), under which banks currently
operate. The fact that the order of the percentile is not the same in both (16) and (18) is
rather natural. It is not sound to compare a confidence level for the conglomerate directly
with a confidence level for the subsidiaries.

For this particular value of A, the conglomerate enforces not only a Pareto optimal
allocation, for which no subsidiary can be better off (in terms of amount of economic
capital) without making another subsidiary worse off, but even a “full” optimal allocation
(that is, optimal for all subsidiaries). This is attractive, since in problems of risk and
resource distribution, in general not even a Pareto optimal allocation is reached; see e.g.,
Borch (1962). Clearly, we strongly rely on the possibility of the conglomerate to charge a
shadow cost of capital. We refer to Section 3 for an analysis of whether or not a subsidiary
will be willing to pay such a shadow cost.

Notice that when the cost of raising economic capital differs between the juridical

entities, a vector (A1, ..., A,) may be introduced which is such that
=T+ A=01 —7T+ N =... =10, — T+ Ay,
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with ¢ —r and 7; — 7, j = 1,...,n, denoting the cost of raising economic capital for the

conglomerate and for the subsidiaries, respectively.
Next, for p3[X,u] = E[X] + %V&r[)ﬂ + (i — r)u we obtain

= %mm, (21)
wr = \/ |21<(;g_(52)| Var[X, j=1,....n, (22)
u*(\) = \/%Vw[}(j], i=1,....n. (23)
In this situation, because
%VM[X] < ]Y; %var[xj], (24)

it holds true that A > 0 if it is determined such that 3 7, ui*(A\) = u*, and hence a
shadow cost is due.
Another interpretation is possible by transforming e into &', representing a larger
probability of ruin: log(e) log(&")|
og(e og(e
2(i —gr VI 2(z’g— o Tese (25)
This finding is also natural since within a conglomerate one can intuitively accept a

probability of ruin at the subsidiary level that is higher than the probability of ruin at
the conglomerate level, which brings out the diversification benefit in another way.
The values of u}*(A) can be obtained by solving the following system of equations

numerically:

ui*(A\) Var[X]

j .
— == , 7=1,...
u > i1V Var[ Xy

3 The emergence of virtual economic capital

, M. (26)

Since subsidiaries are juridical entities, one should indeed not only solve the absolute
problem of economic capital allocation for the conglomerate, but also for the subsidiaries,
when considered as stand alone entities. The latter solutions should then be compared
with the solutions to the relative allocation problem of the conglomerate. Using p;[ X, u]

defined in (12) in the absolute allocation problem, we derived in Section 2.2 that

up = Fy (1= (i—1)), (27)

J
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which is to be compared with

u; = Fx' (Fxgp.xc () = Fy, (FX1~‘+.-.+X5 (Fxip i, (1= (i = 7”)))>, (28)

using the expectation in the relative allocation problem (6). Clearly, instead of u} we can
also write u3*()) as defined in (18), corresponding to a capital cost (i —r) + A. We have
seen in Section 2.2 that in general (not always) u}(\) < u}® and hence A > 0. In case
A < 0, the conglomerate may regard its existence as undesirable. Obviously, a subsidiary
is willing to pay a positive shadow cost A only if it is compensated by the conglomerate
in some sense. Hence, we should consider the diversification benefit for the subsidiaries of
being incorporated in the conglomerate.

The cost of risk-bearing of subsidiary j when considered as a stand alone entity is
defined by

= (i =)+ E[(X; —ul®)4], j=1,...,n. (29)

Furthermore, the cost of risk-bearing attributed to subsidiary j when incorporated in the
conglomerate construction, but without taking into account the diversification benefit is
defined by

PO = (i —r 4+ N (V) + E[(Xj - u’fs()\))J . G=1,...,n. (30)

J J

The conglomerate situation becomes more favorable in case the diversification benefits
are taken into account. We have seen in (10) that the diversification benefit of the con-

glomerate construction is given by
DB = Y E[(X; - u*(V), | ~E[(X —w).]
j=1

=(1-a) Z]E[(Xj — u;fs()\))+], for some « € [0, 1].

Notice that in this notation
DB, = (1 - a)E [(Xj - u;s()\))J . g=1,....n.

Taking into account the diversification benefits, according to a proportional distribution

among the subsidiaries, the cost of risk-bearing attributed to subsidiary j is given by

J

:(z’—r—l—/\)ujs()\)—i—E[(Xj—U;DB()\))J, j=1,...n. (31

12



Clearly, ;PP (X) < ¢*(A) and w;PP(X) > w;*(A). The difference between u3PP(\) and

(A) is what we call the virtual economic capital of subsidiary j, i.e.,

*S

U;

w'(N) = uPP(N) —ul(A) >0, j=1...,n. (32)

J J

The existence of the diversification benefit and hence of a virtual economic capital should
not be ignored by the regulatory authority when assessing the solvency position of each
subsidiary.

To determine whether or not the conglomerate construction is beneficial when com-

pared with the stand alone situation, one should consider the difference

GPBO) = 6" = (i =7+ Ny ) + B[ (X = PP, | = (= ) = E[(X; — )],

J

which for subsidiary j may or may not be non-positive (non-positivity would argue in
favor of the conglomerate construction), depending on the relative dependence structure
within the conglomerate and the cost of economic capital.

Notice that the shadow cost can be regarded as a full gain for the conglomerate con-
struction. From the viewpoint of the subsidiaries, the conglomerate construction becomes

more favorable when this gain is redistributed among the subsidiaries, ex post.

3.1 Generalization with a comonotonic additive risk measure

We will now generalize the previous results by replacing the expectation operator by a

comonotonic additive risk measure 7[-]. In particular, we specify
pal X, u] = m[(X — )y + (i — r)u]

_ /O Fx, @)d(1 = g(1 = y)) + (i —r)u

— /OO g(1 = Fx(z))dz + (i —r)u, (33)

for some strictly increasing and continuous function g : [0, 1] — [0, 1], satisfying g(0) =0
and g(1) = 1. The function g(+) is known as a distortion or probability weighting function.
We refer to Greco (1982), Schmeidler (1989) and Yaari (1987), and in an insurance context
to Wang, Young & Panjer (1997), for an axiomatic characterization of distortion risk

measures. [t is not difficult to verify that if u = u; + ... + u, then
palXT 4+ X u) = pa[ Xy, ua] + o pa X, un, (34)

that is, p4[X, u] is comonotonic additive. Minimizing p4[X, u] with respect to u yields the
following solutions:
w=F(1—g ' (i—1)), (35)

13



uPr=F (=g 'i-r), Jj=1...,n, (36)
u;*(\) = Fy (1—g Yi—r+N), j=1,...,n, (37)

J

where )\ is determined such that
ZF (1—g'(i—r+XN)=F'(1-g"'(—r)). (38)

As before, A typically satisfies A > 0. We remark that u}*(A) as defined in (37) is not in

general equal to the relative allocation u} obtained by solving

n

min T (X; —uj)4| -
u17-~~7un‘2?:1 Uj=u* [; ! ! +]

Clearly, one may introduce a vector (Ay, ..., A,) to establish the equality u}*(\;) = u}, j =

1,...,n, though such a distinction may be questionable from the viewpoint of corporate

governance. Henceforth, we restrict ourselves to a single shadow cost A. The diversification

benefit of incorporating subsidiaries in a conglomerate construction is then given by

n

DB = Z?T[(Xj - u;s()\))+] — (X1 4.+ Xy —uf)s]

=1

=a[(X{+. . 4+ X, —u) ] —7w[(Xai+ .+ X, — )] (39)

It can be verified that for a concave distortion function ¢g(-), the diversification benefit
is non-negative in general. Clearly, if a negative diversification benefit occurs, the sub-
sidiaries will typically not be willing to pay a positive shadow cost A and a conglomerate
construction will appear to be undesirable. In case of a non-negative diversification benefit,

we have that
DB =(1—-a)r[(X{+...+ X5 —u")], for some a € [0, 1], (40)

which may be distributed among the subsidiaries. Hence, the cost of risk-bearing at-
tributed to subsidiary 7, taking into account the shadow cost A and the diversification
benefit according to a proportional distribution, is given by

J

:(i—r+)\)u}‘s(/\)+7r[(XJ—u*DB()\))J, j=1,...n (4

J

Again a virtual economic capital u}*(\) = u””

TP (A) = ui®()) emerges.
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4 The role of economic capital in optimal portfolio
selection

In practice, people working in the framework of optimal portfolio selection generally agree
that in order to benefit from “supplementary returns” some surplus capital (call it eco-
nomic capital) is desirable. Optimal portfolio selection is often performed on the basis
of the well-known Markowitz portfolio selection approach (Markowitz (1952, 1959)). An
alternative procedure, employing a shortfall constraint has been developed in Basak &
Shapiro (2001). In this section, we present an approach that explicitly takes into account
the amount of economic capital available and the economic cost of raising it.

We denote by V the future random gain obtained by an investment 6, in risk-free assets
generating a non-random return r, and investments 6; in risky assets j, j = 1,...,m with
random return Xj, i.e.,

V=0r+6X+...4+0,X,. (42)

Furthermore, we let 8 = 6y + ...+ 6,, denote the total amount invested, which is assumed

to be fixed and given. The Markowitz portfolio theory considers a utility function
U=V —u(V-E[V])) (43)

where ¢ denotes a tolerance level, i.e., a degree of risk aversion. The optimal investment

portfolio is then obtained by maximizing

E[U] = E[V] — (E [(v - IEJ[V])2]. (44)

Since the dimension of E[V] is the monetary unit and the dimension of E [(V — E[V])Q] is
the “squared monetary unit”, it is reasonable to think of ¢ as a tolerance level expressed in
“1 over monetary units”. This natural interpretation is often overlooked, typically leading
to surprising results. One could choose e.g., « = a/u where « is a dimensionless constant
and u denotes the amount of economic capital available.

An alternative approach following Markowitz general concept could be to consider the
expected gain E[(V — (97”)4 on the risky portfolio and deduct from it the cost of the
downside risk ﬁE[(Qr — V)+], in which 3 > 1 due to the safety margin which is required
in the actuarial framework, representing loss aversion. Hence, we introduce the following

generalized utility function:
Then,
E[U] = E[(V - 0r),] — BE[(6r = V)], B> 1L, (46)
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represents the expected generalized utility of the investment strategy (g, 01, . . ., 6,,) which
should be maximized. However, the available economic capital does not play a role in this
approach, which is against common sense.

To capture the effect of economic capital in the selection procedure, we employ a
specific risk measure for the downside risk, in particular we use a measure expressed in

terms of the economic capital, namely

@ log (E {exp <@(97’ — V)Jr)}) 7 e € (0,1], (47)

based on a ruin criterion (see e.g., Kaas et al. (2001)). Introducing (47) into the expected

generalized utility expression yields

E[U] =E[(V —0r)] — |1o:;(s)| log (E leXp (I loi(e)l (Or — v)+>D : (48)

Suppose that wu is relatively large. Then the above expression can be approximated by

B[V~ or).] ~E[6r - V)] - 22 v (o 1]

u

=E[V]—0r— “%fﬂ\/ar[(er - V)], (49)
using only the first two terms of the Taylor expansion. When maximizing the expected
generalized utility of the investment strategy, we naturally restrict ourselves to solutions
(65,61, ...,0%) for which the value of the objective function (49) is non-negative. It follows
that the economic capital v should be large enough in order to construct a “feasible”
portfolio. For the case of only one risky asset, the optimal portfolio with total amount

invested equal to # = 6y + 6, is given by

x_p_pr_ (% ) ]E[Xl] - T
=0 Nog@] Varl(r— X0).] o0

Observe that the amount invested in the risky asset is naturally increasing in the amount
of economic capital. We remark that the expected generalized utility in expression (49)
does not take into account the cost of economic capital (¢ — r)u. Clearly, for a given
level of economic capital the solution (65,67, . .., 6%) is independent of whether or not the
economic cost of capital is taken into account. Indeed, adding a constant —(i — r)u to the
objective function (49) does not affect the solution.

Let us now consider the case of a variable level of economic capital. In that case the
expected generalized utility maximization problem is given by

| log(e)| :
E[V] — 0r — 28 e [0r — V), ] = (i — ) 1
(90,61,.,.,emm)2|ng’;09j:0 V] r o Var[( r V)+} (i —r)u (51)
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For the case of only one risky asset and 6 = 6y + 6, we obtain the following optimal

investment strategy:

0, E[X)] - — \/2| log(&)|(i — r)Var[(r — X1),] > 0,
0r=0—0;={ af, acl0,1], EX]—r— \/2| log(e)|(i — r)Var[(r — X1),] =0,
0, E[X,] -7 — \/2| log(2)|(i — r)Var[(r — X1),] <0,

not allowing short-selling and hence restricting to 6; > 0,7 = 1,2. Furthermore, the

optimal amount of surplus capital is given by

N [ CI
u —91\/2<Z._T>v [(r — X).]. (52)

Hence, we find that in case of only one risky asset, the optimal investment strategy is a
boundary solution. Indeed, if the risk premium E[X;] — r is sufficiently large, the total
amount 6 should be invested in the risky asset. Otherwise, it is optimal to invest only
in the risk-free asset and to hold no surplus capital. Whether or not the risk premium is
sufficiently large, naturally depends on the economic cost of capital.

The above can readily be extended to the case of multiple risky assets, for which not

in general a boundary solution is obtained.

5 Conclusions

We proposed a solution to both the absolute and the relative problem of economic capital
allocation based on a residual risk consideration. The solutions take into account the cost
of economic capital. We compared the relative allocation among subsidiaries with the
absolute allocation for subsidiaries when considered as stand alone entities. We demon-
strated the existence of a virtual economic capital for subsidiaries in a conglomerate.
Furthermore, we considered the role of economic capital in optimal portfolio selection.
We found that for a variable level of economic capital and the case of only one risky asset
a boundary solution is obtained: it is optimal to invest either in the risky asset or in the

risk-free asset.
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