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Abstract

Building on Battigalli and Dufwenberg (2009)’s framework of dynamic psychologi-
cal games and the recent progress in the modeling of dynamic unawareness, we provide
a general framework that allows for unawareness in the strategic interaction of players
motivated by belief-dependent psychological preferences like reciprocity and guilt. We
show that unawareness has a pervasive impact on the strategic interaction of psycholog-
ically motivated players. Intuitively, unawareness influences players’ beliefs concerning,
for example, the intentions and expectations of others which in turn impacts their be-

havior.
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1 Introduction

Recent lab and field evidence suggests that people not only care about the monetary conse-
quences of their actions, but that their behavior is also driven by belief-dependent preferences
[see e.g. Fehr et al. (1993), Charness and Dufwenberg (2006), Falk et al. (2008), Bellemare
et al. (2010)]. Two prominent examples of belief-dependent preferences in the hitherto ex-
isting literature are reciprocity [see e.g. Rabin (1993), Dufwenberg and Kirchsteiger (2004),
Falk and Fischbacher (2006)] and guilt aversion [see e.g. Charness and Dufwenberg (2006),
Battigalli and Dufwenberg (2007b)]. Departing from the strictly consequentialist tradition in
economics Geanakoplos et al. (1989) and Battigalli and Dufwenberg (2009) present general
frameworks for analyzing the strategic interaction of people with belief-dependent prefer-
ences: ‘psychological games’. Roughly speaking, psychological games are games in which
players’ preferences depend upon players’ beliefs about the strategies that are being played,
players’ beliefs about the beliefs of others about the strategies that are being played, and so
on ad infinitum.

A widely unspoken assumption that is underlying game-theoretic analyses, and therefore
also the analyses of psychological games, is that players are aware of the complete structure of
the strategic environment they are in. For example, even though players might not know the
strategies played by others and know that they do not know, they nevertheless can identify
all of them, i.e. all possible strategies that can potentially be played. In a sense players can
never be truly surprised by the strategic choices of others. A rough intuition for this is that
in game theoretic models strategies are both the modeler’s and the players’ description of
the plans of action. But, if a player is unaware of (i.e., does not know that he does not know)
some action, his strategies should be less complete than the modeler’s. Hence, any game-
theoretic model that does not explicitly distinguish between the players’ description and the
modeler’s will fail to capture unawareness. Recent efforts have mapped out the framework
for, difficulty in, and importance of modeling unawareness in non-psychological games [see
e.g. Fagin and Halpern (1988), Dekel et al. (1998), Modica and Rustichini (1999), Halpern
(2001), Heifetz et al. (2006), Halpern and Régo (2008), Heifetz et al. (2008), Feinberg (2009),
Grant and Quiggin (2009), Li (2009) and Heifetz et al. (2011)].

It is, however, not only in non-psychological games that unawareness is important. In line
with recent experimental evidence suggesting that people are more prone to selfish choices
if they believe that others will remain unaware of them [see e.g. Dana et al. (2006), Dana
et al. (2007), Broberg et al. (2007), Tadelis (2008), Andreoni and Bernheim (2009), Lazear
et al. (2009)], we show in our analysis here that unawareness also has a profound impact on

the strategic interaction of players in psychological games. To see this consider the following



intuitive example: Imagine two friends, Ann and Bob. Assume it is Bob’s birthday, he is
planning a party and would be very happy, if Ann could come. Unfortunately Bob’s birthday
coincides with the date of Ann’s final exam at the university. She can either decide to take
the exam the morning after Bob’s party or two weeks later at a second date. Ann is certain
that Bob would feel let down, if she were to cancel his party without having a very good
excuse. Quite intuitively, although Ann would really like to get over her exam as soon as
possible, she might anticipate a feeling of guilt towards Bob if she canceled his party to take
the exam the following morning. Ann knows that Bob would feel let down as he expects
her to come. As a consequence, Ann might choose the second date in order to avoid feeling
guilty. In contrast, consider now the following variant of the same example: Ann knows that
Bob is unaware of the second date. In this situation Ann might choose to take the exam on
the first date and not feel guilty. Since Bob is unaware of the second date and the final exam
is a good excuse, he does not expect Ann to come. Ann knows this and, hence, does not feel
guilty as Bob is not let down. In fact, if she were certain that Bob would never become aware
of the second date, she probably had a strong emotional incentive to leave him unaware in
order not to raise his expectations. That is, she had a strong incentive not to make him
aware of the fact that she actually has the time to come to his party, but just wants to get
over her exam. Interestingly, if Ann were only interested in her own payoff in this strategic
situation with unawareness, she would not care whether Bob is or will become aware of the
second date. She would simply not attend his party irrespective of his awareness. Only her
belief-dependent feeling of guilt towards Bob creates the strong emotional incentive not to
make him aware.

Bob’s unawareness concerning Ann’s ability to come to his party and, connectedly, Ann’s
incentive not to tell him about the second date intuitively highlight the focus of our analysis
here. We analyze the influence and importance of unawareness concerning feasible paths of
play for the strategic interaction of players in psychological games. Building on Battigalli
and Dufwenberg (2009)’s framework of dynamic psychological games and the recent progress
in the modeling of unawareness [i.e. Heifetz et al. (2006), Heifetz et al. (2008) and Heifetz
et al. (2011)], we define a framework that allows for unawareness in the strategic interac-
tion of players motivated by belief-dependent preferences. We characterize a version of the
sequential equilibrium as a solution concept for our framework and provide different exam-
ples highlighting the role of unawareness in the strategic interaction of players motivated by
reciprocity a la Dufwenberg and Kirchsteiger (2004) and guilt aversion a la Battigalli and
Dufwenberg (2007b).

More precisely, in the formulation of our framework we first concentrate on extensive

forms with complete information, observable actions and no chance moves. To allow for



unawareness we divide standard extensive forms into subtrees consisting of paths of play
and define extensive forms with subjective views. These extensive forms are in essence a
special case of Heifetz et al. (2011)’s generalized extensive forms, and therefore embeddable
in their generalized setting. Extensive forms with subjective views are complete strategic
environments describing for each history in any subtree the histories players perceive to be at.
Of course, such a complete dynamic awareness structure is typically not commonly known
among players, and therefore should be interpreted from the modeler’s point of view. To
describe what a player considers to be the strategic environment in any particular history, we
define T-partial extensive forms (henceforth; T-partial forms). That is, we divide extensive
forms with subjective views into T-partial forms each defining the frame of mind of a player
in a particular history.

Having defined our class of extensive forms with unawareness, we formally characterize
belief-dependent preferences in our framework. In synthesis, we define players’ strategies in
each T-partial form and show that there exist beliefs about others’ pure strategies (first-order
beliefs), beliefs about the beliefs of others (second-order beliefs), and so on. That is, we show
that infinite hierarchies of conditional beliefs exist in every T-partial form and use them for
the general specification of the belief-dependent preferences and, hence, the characterization
of our class of dynamic psychological games with unawareness. As mentioned above, specific
types of belief-dependent preferences that can be embedded in our framework are among
others reciprocity and guilt aversion. Importantly, in each history players think the strategic
interaction is as described by the T-partial form they perceive to be in. Therefore, belief-
dependent preferences defined in our framework are influenced by the awareness of players,
the awareness players attribute to other players, the awareness players belief others attribute
to them, and so on.

Given this characterization, we propose a sequential equilibrium solution concept and
prove its existence. In our equilibrium analysis we assume that a profile of first-order beliefs
(i.e., conjectures) in a T-partial form is derived from a behavioral strategy profile in the
same T-partial form. This implies, that in equilibrium any two players confined to the
same T-partial form will independently hold the same first-order beliefs about any third
player. An assessment in a T-partial form, a behavioral strategy profile and a profile of
infinite hierarchies of beliefs, is consistent if the profile of first-order beliefs is derived from
the behavioral strategy profile and each higher-order belief assigns probability one to lower-
order beliefs. Intuitively, players aware of the same must in equilibrium hold common, correct
beliefs about each others infinite belief hierarchies. A consistent assessment in a T-partial
form and sequential rationality (based on belief-dependent preferences) induce a sequential

equilibrium in the same T-partial form. As players are unaware of any situation in which



other players are aware of more than themselves, they believe that the strategic situation
they perceive to be in is the most expressive. This implies that there exists an equilibrium
strategy in which players confined to a T-partial form fix the equilibrium strategies of other
players, whom they believe are confined to less descriptive partial forms, and then choose an
equilibrium strategy based on this belief.

We focus on equilibrium reasoning in our analysis here to be able to clearly highlight
the implications of our framework with unawareness in the context of e.g. Dufwenberg
and Kirchsteiger (2004)’s model of sequential reciprocity and Battigalli and Dufwenberg
(2007b)’s model of guilt aversion. Clearly, assuming equilibrium play is very demanding
in a dynamic setting with unawareness in which every increase of awareness by definition
is a shock or surprise. Given the importance of this issue we develop and discuss a non-
equilibrium solution concept which embodies forward induction reasoning in the context of
our dynamic framework with unawareness and belief-dependent preferences in a companion
paper: Nielsen and Sebald (2011).

After having defined our framework and sequential equilibrium, we describe two examples
to highlight the role of unawareness in the interaction of agents motivated by reciprocity and
guilt aversion. First, we consider the sequential prisoners dilemma also analyzed by Dufwen-
berg and Kirchsteiger (2004) featuring a reciprocal second mover, Bob, who is unaware that
the first mover, Ann, can defect. It is shown that Bob defects even when Ann cooperates
as long as he is unaware of the fact that Ann could have defected. Intuitively, the way he
perceives Ann’s kindness does not only depend on what she does, but also on what Bob
thinks she could have done given his awareness of the strategic situation. Interestingly, Ann
anticipates this and defects as well, if she cannot cooperate and simultaneously make Bob
aware of the fact that she could have defected. As a second example we investigate the trust
game with guilt aversion also analyzed in Battigalli and Dufwenberg (2009). We assume
that the second mover, Bob, is aware of everything, but the first mover, Ann, is unaware
that Bob can actually ‘share part of the pie’. That is, Ann thinks that Bob’s only option is
to ‘grab the pie’ if she ‘trusts’. Bob who thinks that Ann does not expect him to share, since
she is unaware of this option, does not feel any guilt towards Ann from grabbing the entire
pie, if Ann trusts him. Of cause, as Ann thinks that Bob will grab everything, she chooses
not to trust Bob-an unique equilibrium. Ann’s behavior implies that Bob has an incentive
to make Ann simultaneously aware of the possibility that they can share the pie and the fact
that he would feel too guilty to just grab everything, if she trusts him. Also in this example
it is the level of unawareness in combination with Bob’s belief-dependent preference that
shapes the strategic interaction. In synthesis, both examples highlight that unawareness in

the interaction of players with belief-dependent preferences leads to very intuitive behavioral



predictions distinct from predictions using non-psychological preferences or no unawareness.
Furthermore, it becomes evident that managing others’” awareness levels is an important and
integral part of strategic interactions of players motivated by belief-dependent preferences.

So far we have restricted our analysis to strategic environments with observable actions
and no chance moves. As will become clear, doing so restricts the type of unawareness
scenarios that can be described. In particular, it implies that the framework presented up
to now limits itself to strategic situations in which there is certainty of the unawareness of
other players. To also allow for situations in which players are uncertain of the subjective
views of others, situations in which players are uncertain regarding the uncertainties of others
about yet other players’ frames of mind, and so forth we go on and extend our setting to
include imperfect information, chance moves and asymmetric information. To demonstrate
the potential role chance plays in our framework, we sketch a simple principal-agent example
in which a principal and an agent enter a business venture which either has a big or small
potential. We assume the principal is only interested in his own profit, but the agent is
motivated by reciprocity. Interestingly, in this strategic situation, if the agent is unaware of
the fact that the business venture has a big potential, the principal has a material incentive to
leave the agent unaware. Intuitively, by leaving the agent unaware the principal can appear
kind by offering a wage payment to the agent to incentivize him to work hard that would
be perceived as unkind were the agent aware of the true potential of the venture. Again,
unawareness influences the ‘menu’ as perceived by the agent and, hence, his perception
concerning the kindness of the principal.

The organization of the paper is as follows: In section 2 we introduce our framework.
Following this, in section 3 we define psychological games with unawareness. Section 4
contains the definition of our equilibrium concept: sequential equilibrium. In section 5 we

add uncertainty to our framework. Section 6 contain our conclusion.

2 Extensive forms with unawareness

In this section we present a class of extensive forms with unawareness. These extensive forms
heavily rely on Heifetz et al. (2011)’s class of generalized extensive-forms, and should be seen
as a special case of their setting that simplifies the properties needed to capture unawareness.
As a starting point we describe a finite extensive form (2.1), define subtrees thereof (1) and
explain how these can be used to capture players’ subjective views regarding the feasible
paths of play (2.3). Subsequently, we define T-partial extensive forms which combine the
players’ subjective frames of mind regarding the feasible paths of play to extensive forms

with unawareness (2.4).



2.1 Extensive forms

A finite extensive form with complete information, observable actions and no chance moves
is a tuple (N, H) where N = {1,...,n} is the set of players, and H is the finite set of histories.
A history of length [ is a sequence h = (a',...,a') where each a’ = (a},...,a!) represents
the profile of actions chosen at stage ¢t (1 <t < ). The history h = (a!,...,a*) precedes
h=(al,...,a'), written h < h, if h is a prefix of h (i.e., k<l and (a',...,a*) = (al,...,d")).
The empty history (or root) of length 0, denoted A, is an element of H. Let Z denote the
set of terminal histories in H.

The set of feasible actions for player i € N at history h is A;(h) = {a}: (h,a},a_;) € H}.
Players move simultaneously at each stage. This is without loss of generality, since the set
of feasible actions of players may depend on actions chosen in previous stages and may be
singleton. We say player i is active at h whenever A;(h) contains more than one element,
otherwise he is passive. At a terminal history z, A;(z) = @ for every player i.

In what follows the extensive form (NN, H) represents the objectively feasible paths of

play.

2.2 Subtrees

To allow for the possibility that players are unaware, we define subjective views regarding
the feasible paths of play. Subjective views are described by subtrees of H. More formally,

consider a family of subtrees T' of H where each subtree T € T is defined as follows:

Definition 1. A set of histories T' € T is a subtree if for some nonempty subset of terminal
histories £ ¢ Z:
T ={heH:h<zfor some z € E}.

As can be seen from Definition 1, all T" € T start at the root and end at one or more terminal
histories in Z. Each subtree T' € T' thus represents a set of feasible paths of play. The family
of subtrees T forms a join semi-lattice under the inclusion partial order relation < (that is,
it is ordered by the inclusion of paths of play).

We assume the maximal subtree T'= H which represents the objectively feasible paths
of play is an element of T'. Over and above this, we do not consider all possible subtrees
of H, but assume that the family T selectively contains all subtrees that are relevant to
the strategic situation. Each subtree T € T' represents some subjective view regarding the
feasible path of play. The subjective view may be a frame of mind of some player i, or a frame
of mind assigned to ¢ by some other player j, whose own frame of mind might be represented

by a subtree different from player i’s, and so on. It might even represent a player’s own view



on his own frame of mind at an earlier stage of the game, after his awareness regarding the
feasible paths of play has evolved.

As all T € T start at the root and end at one or more terminal histories in Z, players’
subjective views regarding the feasible path of plays are well-defined. A player may, how-
ever, subjectively think that the strategic interaction starts with all players being passive
effectively moving the start of the interaction, as he perceives it, to a history at which one
or more players are active.

To highlight that a player’s subjective view of a history is framed by the subtree it is
in, we write hp whenever a history h is in subtree 7. This implies that although histories
may have copies (histories for which the sequence of actions coincide) in other subtrees, they
are still treated as distinct elements. Finally, notice that each terminal history z7 in each

subtree, by definition, has a copy in the objective set of terminal histories Z.

2.3 Extensive forms with subjective views

We define an extensive form with subjective views using the extensive form (N, H) and the
family of subtrees T'. This structure is typically not commonly known among players, and
therefore has to be interpreted from the modeler’s point of view.

Denote by T = Uzrer T the union of subtrees. An extensive form with different subjective
views is a tuple (N, T, ¢) where ¢ = (¢1,...,¢,) is a sequence of possibility functions associ-
ating each player at each history with a (perhaps different) history subjectively considered
as true/possible. The interpretation is that when the history is hr, player ¢ knows only that
the history is the outcome of ¢;(hr).

We define the possibility function by:

Definition 2. For each player i € N in (N, T, ¢) there exists a possibility function
6T T,

We denote by ®; the set of histories known by player ¢ at all histories in (N, 7, ¢).! That is,
®; is the complete set of all mappings of the possibility function of player ¢ at all histories
in all subtrees in T'.? Let ®Z be the set of mappings from terminal histories in 7.

We follow Heifetz et al. (2011) by assuming that the set of functions ®; adheres to prop-
erties that regulate what history players can perceive to be in. When actions are observable

they become common knowledge once they have been taken. This implies that at a history

Ne., @ ={¢;i(h): forall heT, for all T e T}
2Note that since updated beliefs at terminal histories matter in dynamic psychological games (Battigalli
and Dufwenberg, 2009), also the players’ perceptions at these histories need to be defined.



each player knows the sequence of actions that have led to it, knows that the other players
know, and so on. Observable actions thus places two natural properties on the possibility
functions that the modeler shall take into account. First, the history that a player subjec-
tively perceives to be the true history must be described by the sequence of actions observed.
That is, ¢;(hr) must map into a copy of hy (Property 1) (P1° Generalized reflezivity).
Second, observable actions imply that ¢;(hr) maps into a single history (Property 2) (P2
Introspection). l.e., since a player knows the sequence of actions and therefore the history,
he does not need to make any inferences about its legitimacy.

Besides these two implied properties, modeling dynamic unawareness requires further
properties.* First, a player cannot imagine a copy in a subjective view that is not available

at the subtree that frames the history:

Property 3 (PO Confined awareness). At a history hp in subtree T', the possibility function

can only map into a copy hy in an embeddable subtree T”, hyr = ¢;(hr).
Second, a player aware of a subjective view cannot be unaware in an embeddable subtree:

Property 4 (P3 Subtrees preserve awareness). If at a history hr in a subtree T' the possi-
bility function maps into itself, hr = ¢;(hr), then at a copy hy in a embeddable subtree T",

the possibility function must also map into itself, hy = ¢;(hy).

Third, if a player is ignorant of a subjective view in a subtree, then he should be ignorant

in any embeddable subtree:

Property 5 (P4 Subtrees preserve ignorance). Consider subtrees T” T" and T such that
subtree T" can be embedded in subtree 7" which again can be embedded in 7T'. If at a history
hr in subtree T the possibility function maps into a copy hp» in subtree 7", hyv = ¢;(hr),
and subtree T" also contains a copy hzr of hp, then the possibility functions at hy and hg
in subtree 7" must both map into hgw, ¢;(hy) = ¢;(hr).

Fourth, a player cannot forget a subjective view he considered possible at some history:

Property 6 (P5 Subtrees preserve knowledge). Consider subtrees T”,T" and T such that
subtree T" can be embedded in subtree 7" which again can be embedded in T'. If at a history
hr in subtree T the possibility function maps into a copy hgs in subtree 17, hy = ¢;(hr),
and subtree T" also contains a copy hr~ of hy, then the possibility function at hy» must also

map into itself7 hT” = ¢Z’(hT”)‘

3The number following each P corresponds to the respective property in Heifetz et al. (2006).
4A graphical illustration of each property can be found on page 11 and 12



Properties 3-6 are all static properties in the sense that they relate a history in one
subtree to a copy in another subtree. However, we also need to take care of the dynamic
character of the extensive form with the help of two additional properties.

First, a player cannot expect to forget a subjective view he is currently aware of:

Property 7 (13° No expectation to forget currently conceivable paths). If at a history hr
in subtree T the possibility function maps into a copy hz in embeddable subtree T”, hy =
¢i(hr), and the copy hgv has a successor hl.,, hl., < hys, then the possibility function at hZ,
must map into itself, b/, = ¢;(h’.).

Second, a player’s awareness can only increase along a path of play:

Property 8 (DADynamic awareness). Consider subtrees 7", 7" and T such that subtree
T" can be embedded in subtree T’ which again can be embedded in 7T'. If at history hr in
subtree T' the possibility function maps into copy hp~ in subtree T, hyn = ¢;(hy), then at
a succeeding history A/, < hr in subtree T' the possibility function must map into a copy of

the succeeding history h7., in subtree T".

This concludes the properties of the possibility function needed to describe unawareness
in our class of extensive forms. It is worth noticing that in a dynamic setting without
asymmetric awareness (implying only one subtree in T") we do not need any of the awareness
properties, if there are two subtrees in T' only property 3 is binding, and if there are three
or more subtrees in T all the properties 3-8 are binding. In the special case in which there
is only one stage (one-shot interaction) we only need to consider property 3-6. Property 7-8

concerns interactions with two or more stages (sequential interaction).

2.4 T-partial extensive forms

Extensive forms with subjective views (N, T, ¢) constitute the modelers point of view. To
describe what a player considers to be the strategic environment in any particular history
we define T-partial extensive forms (henceforth; T-partial forms). That is, we divide the
extensive form with subjective views into T-partial forms, which define the histories that
players with a given frame of mind 7" subjectively perceive to be possible.

For any two subtrees in 1,7 € T' we denote by T » T’ whenever for some history in
subtree T' it is the case that the possibility function of some player maps into subtree T".
However, this is not enough because at some history in subtree 7" some player may perceive,

that at a copy in some other subtree 7" some other player might perceive to be at a copy

®The number following P in the last two properties corresponds to properties in Heifetz et al. (2011).
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Figure 1: A correct and incorrect application of property 3

Figure 2:

Figure 3: A correct and incorrect application of property 5
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Figure 4: A correct and incorrect application of property 6

Figure 6: A correct and incorrect application of property 8
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in yet another subtree 7", and so on. We therefore need to go beyond the binary relation
and consider the transitive closure <. Formally, a subtree 7" is in the transitive closure,
denoted T" — T, if and only if there is a sequence of subtrees T,T",...,T" € T satisfying
T > T"> --- > T". For every subtree T € T, the T-partial form is given by the partially
ordered set of subtrees including 7" and all subtrees T” € T satisfying the transitive closure
T < T'. Importantly, a T-partial form is itself an extensive form with subjective views.
Denote the set of histories of player 7 in any T-partial form by ® where ®7 c ;.6

The conception and interpretation of T-partial forms can be demonstrated by a simple
example. Consider the extensive form underlying the sequential prisoners dilemma also

analyzed by Dufwenberg and Kirchsteiger (2004).
[Figure 7]

Figure 7 shows two multi-player decision trees 7" and 7" where N = {Ann, Bob}. Subtree T
describes the objectively feasible extensive form underlying the sequential prisoners dilemma
and 7" a possible subtree thereof. Consider first subtree 7. At the initial history kY., Ann
can choose between Cooperate (C') and Defect (D) and Bob is passive. While in history hl.
and h2 Bob can choose between cooperate (c) and defect (d), and Ann is passive. In subtree
T, on the other hand, Ann can only choose Cooperate (C') in history h9, and Bob can choose
between cooperate (¢) and defect (d) in history hl, following Ann’s choice Cooperate. Let
the family of subtrees be given by T = {T,T'}. Associated to this, a possible extensive form

with subjective views is described in Figure 8.7
[Figure 8]

Intuitively, the possibility function drawn in Figure 8 indicates that e.g. at history AS.
in subtree T representing the objectively feasible paths of play Ann knows hJ., ie. she
perceives to be in A and her initial frame of mind is given by 7. In contrast, at history hY.
Bob perceives to be in history h9,, i.e. ¢p(h%) = h,, and his initial frame of mind is given
by T". Remember, when 7" contains only two subtrees only property 3 is binding.

Given the family T and the set of possibility functions for both players, there are two
partial forms in our example: (i) there is a T-partial form containing {7,7’} and (ii) a
T’-partial form containing {7"}. Rather than conceiving the whole extensive form with
subjective views, players at each history perceive to be in a T-partial form. We will refer to

the T-partial form that player i at ¢; is aware of as a Tj,-partial form. E.g., at history hJ in

Le., ®] = {¢i(h): for all he T, for all he T': T’ satisfies T = T"}
"For the sake of clarity we have not labeled the terminal histories in Figure 7, nor drawn Bob’s possibility
function in histories hY, and hY, or the possibility function of both players in the terminal histories.
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Figure 7: An extensive form and a subtree thereof

Ann's possibility function ¢, ———
Bob's possibility function @y «eseeseseeeees >

Figure 8: An extensive form with subjective views
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Figure 8 Ann is aware of the T, A (RO, )-partial form containing {7', 7"}, whereas Bob is aware of
the T}, (10, y-partial form containing only {7"}. Furthermore, as there is no uncertainty about
the awareness of others and their knowledge about others’ awareness, Ann knows that Bob
is aware of the T, (b5 (h0, y-partial form, the partial form at the outcome of the composite
function ¢a(¢p(hY.)), and Bob perceives Ann to be aware of the T (6.4 (n0y)-partial form
both containing {7"}.

The interpretation is the following. In the T} ,-partial form Ann’s frame of mind is
Ty,. Ann knows Bob’s frame of mind T}, (4,) and knows what Bob thinks about her frame
of mind Ty, (45(64)), €tc. Conversely, in the Tj,-partial form Bob’s frame of mind is Ty,
he has a perception about Ann’s frame of mind T}, (4 ,) and what Ann’s thinks about his
frame of mind T}, (¢ ,(45)), and so on. Properties 3-6 imply that for two or more iterations,
the perception function maps into the same history. More descriptively, let ¢% = ¢4 and

1= ¢a(¢y), then the properties imply that Ann’s perception at a history is such that
da(¢%) = ¢4t for all ¢ > 0. Similar for Bob, or any other player. In the following we will
thus without loss of generality only state the two first iterations.

This example also highlights that at ¢; € ®;, player 7 is aware of subjective views in the
T,,-partial form. Conversely, player ¢ is unaware of subjective views defined by any subtree
T" € T not in the transitive closure, Ty, + T". That is, player ¢ does not know subtrees not

in the transitive closure, he does not know that he does not know, and so on.

3 Dynamic psychological games with unawareness

Building on the class of extensive forms developed in the previous section we go on and
define dynamic psychological games with unawareness. That is, we formally describe the
strategies of players in extensive forms with subjective views (3.1), characterize hierarchies
of conditional beliefs (3.2-3.3) and, finally, define psychological games with unawareness and

belief dependent preferences (3.4). Lengthy mathematical proofs are relegated to Appendix
(A).

3.1 Strategies

The set of feasible actions for player i at ¢; € T" is denoted A;(¢;) = {a}: (¢i,a},a_;) € T} and
Ai(¢;) € A;(h) at ¢;(h). A player’s strategy in our framework is a complete description of

his disposition to act at different histories in the modeler’s game. We let

Si = H Ai(9:)

ie®\DZ
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denote the set of (pure) strategies of player i from the modelers point of view. A typical
strategy is denoted s; = (5:(#:))4,co,\07, Where s;(¢;) is the action a; that would be selected
by strategy s; if ¢; known by player i occurred. Define S = [T,y S; and S; =[[;,; S;. The
set of i’s strategies that allow ¢; is denoted S;(¢;). Similar notation is used for strategy
profiles consistent with ¢;: S(¢;) = [Tjen Sj(¢s) and S_i(¢s) = [T, 55(s)-

Strategies are conjunctions of behavioral conditionals of the form ‘if ¢; occurred, player
1 would choose a;.” We interpret such behavioral conditionals as objective descriptions: the
strategy of player ¢ at a known history ¢; is necessarily executed and every conditional ‘if ¢;
occurred, player ¢ would choose a;’ is true if and only if a; = s;(¢;), independently of whether
or not a; prescribed by s;(¢;) at ¢; is excluded by an earlier move of that very strategy.

For a strategy s; € S; and subtree T' € T', we denote by s! the realization equivalent
strategy in the T-partial form. Two strategies s; and s/ are realization equivalent if s;(¢;) =
sI'(¢;) for every mapping ¢; of player 4 at histories in the T-partial form. We let 1(s) € ST
denote player ¢’s realization equivalent strategy based on s in the T'-partial form.® Finally,
we define (;(s) € @7 as player ¢’s perceived terminal ¢; induced by s = (s7);en.”

Define ST = [T,y S7 and S”; = [1,.; S]. The set of i’s strategies that allow for history ¢;
is denoted ST (¢;). Similar notation is used for strategy profiles consistent with ¢;: ST(¢;) =
[jen ST (¢:) and ST (¢:) = 1, S] (¢:). Remember, each coordinate ¢; of ¢ = (¢1,...,¢n)

may map into copies of histories in different subtrees.

3.2 Conditional belief systems

Consider a player who is uncertain about which element in a set X is true. Assume X is
a compact Polish space. Players assign probabilities to events F, F' ... in the Borel sigma-
algebra By of X according to some (countably additive) probability measure. Let A(X)
denote the set of all probability measures on (X, Bx). As events unfold players update their
beliefs. Let C ¢ Bx be a nonempty, finite or countable collection, such that @ ¢ C. The
interpretation is that player ¢ is uncertain about the element x € X, and C represents a
collection of ‘conditionals’ or ‘hypotheses’.

A conditional probability system (cps) on (X, Bx,C) is a mapping p (+|-) : Bx xC - [0, 1]
such that, for all £ € By and F’, F €C;

(1) () eA(X),

8The realization equivalent function 1 (s!) is defined by the ¢ : ST — ST " such that Y(sT) =
(3;(@))@@?’@3 =5, .

9The path function ¢; : ST - ®Z is defined such that ¢? = (a',...,al) = ¢;(sT) if and only if a' = s7(4?)
and a'*! = sT(al,... a") forall te {1,...,L - 1}.
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(13) w(F|F) =1, and
(iti) Ec F'c F implies u(E|F) = u(E|F") p (F'|F).

We regard the set of cps’ on (X,Byx,C) as a subset of the topological space [A(X)]¢
(the set of mappings from C to A(X)), where A(X) is endowed with the topology of weak
convergence of measures which makes it Polish and [A(X)]¢ is endowed with the product
topology. It is denoted by AC(X). Accordingly, we often write p = (u(|F)) pec € AC(X).

In our analysis, the family C corresponds to the collection of events that the players can
observe in the game that they are aware of, namely, the elements of ®,.'9 If conditioning

event F' corresponds to ¢;, then we abbreviate as pu(:|F') = u(+|¢;).

3.3 Construction of hierarchies of conditional beliefs

A player’s disposition to hold subjective beliefs about strategic choices is defined recursively
by the hierarchy of conditional beliefs. The hierarchies of c¢ps’ in our framework are defined
on extensive forms with subjective views. At ¢; each player must have a cps over each of
the other player j’s strategies S].Td’i in the Ty, -partial form player i’s first-order cps’, u;, are
then elements of A‘I’i(SSbi). Note that because i can become aware of more, the domain of
the belief function can change depending on the conditioning event ¢;. Since each player
may not know the belief of the others, each must have a second-order belief; i’s second-order
belief, p2, is thus an element of Aq’i(S_Tf’i * [Tjui A%(Sipji(% ")). Similar for —i. Formally,

define spaces

Ty,

XE)’L = S—Z
X1~ — ST% % HA¢j(ST¢i(¢j))

L1 J
j#i

XF = X [T A% (X5

J#i

A cps p¥ is called a k-order cps. For k> 1, ¥ is a joint cps on the other players’ strategies
and (k—1)-order cps’ (possibly in different T-partial extensive forms). A hierarchy of cps’ is

19Conditioning events corresponds to elements in ®; if C = {F ¢ S:f”i cF o= Sifbi(qﬁ_i),(é_i e &_;} if
X = S_Tfi, orC={Fc S_Tj’i xY:F = S_Tfi (pi) xY,¢p_;j e ®_;} if X = S_Tfi x Y where Y is a compact Polish
space typically representing a set of other players’ beliefs.

17



a countably infinite sequence of cps’ p; = (ul, p2,...) € [Tpoo A% (X*1). A sequence of cps’

p; is coherent if the cps’ of distinct orders cannot contradict each other: V k>0, V ¢; € ®;

i (i) = margyns i (-[3). (1)

Let M; denote the set of collectively coherent cps’ u; of player 7 in the extensive form
with subjective views. We let MF denote the set of collectively coherent k-order beliefs, that
is, the projection of M; on A% (X*1). Define M*, = I, Mf and M_; = [];,; M.

The assumption that cps’ are collective coherent closes the belief system; a hierarchy

of cps’ describes not only the strategic choices of other players, but also their hierarchy of
beliefs.

Lemma 1. For each i € N there is a 1-to-1 and onto continuous function
T
fi= (f¢i)¢i5¢'i : M; — ACI)Z(S—;% X M—i)

whose inverse is also continuous (i.e., f; is a homeomorphism). Furthermore, each coordinate
function f; 4, is such that for all p; = (uf, u?,...) e M, k>1,

k —
i (i) = PHATE G Tos A1 et

Proof. See Appendix A.

Our specification of the conditioning events relies on interpreting each s! as an objective
description of how player ¢ would behave at each history. However, we will also interpret each
sI'" as a plan of actions in the mind of player i. The implicit assumption is that a rational
player assigns probability one to his own strategy whenever possible, i.e., conditional on each
history consistent with the given strategy. This is the reason why we do not explicitly model

player ¢’s beliefs about his own behavior.

3.4 Psychological games with unawareness

We are now in a position to formally state the definition for our class of psychological game

with unawareness:

Definition 3. A dynamic psychological game with unawareness based on the extensive form
with subjective views (N, T, ¢) is a structure I' = (N, T, ¢, (u;)ien’) where u; : &7 x M;x M _;

Sﬁ”’ — R is #’s (measurable and bounded) psychological payoff function.
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In the following examples, a dynamic psychological game with unawareness is obtained
from a material payoff game with unawareness (N, T, ¢, (m; : ®Z — R);en) according to some
formula.

The two most prominent theories of belief-dependent preferences in the hitherto existing
literature on dynamic psychological games are guilt aversion and reciprocity. Simple guilt
aversion a la Battigalli and Dufwenberg (2007b), e.g., implies that players have a percep-
tion about the initial expectations of others concerning their material payoff and feel guilty
whenever they do not live up to these expectations. More formally, consider a two-player
situation. Let player ¢ be in the T}, -partial form with s! € SZ.T%' and SJT € Sj%i. Player i’s

perception of player j’s initial expectations in the T¢?(¢j)-partial form can be defined for

To, .. To0y.
(sT)e S, " and P(sT) €S, 5D by

R ACHIES ;u}(w(SiT)W(cﬁj)) xm; (¢ (0(sh),¥(sh))) (2)

Player ¢ thinks he ‘lets down’ player j if j’s actual material payoff is lower than the payoff
1 thinks j initially expects to get. This disappointment can be measured by the following

expression:
max {0, E,ra [1100(6)] - 5 (G (7, 57)} 3)

Suppose that ¢ likes his material payoff, but dislike disappointing 7. By taking explicitly
into account the material payoff game and player j’s let down, we can model ¢’s aversion to

guilt by the following psychological payoff function:

w0, 11, 57) = (G T, sT)) = Vi xmaxc {0, Bgr o [mi162(6,)] - w3 (GGsT 5PN - (4)

where Y; > 0 is player ¢’s sensitivity to guilt. Player i’s expectations of u; conditional on ¢;

in the T},-partial form, given s! € S;[ “ and p;, can be defined for s € SJ.T“” by

Egr T i u2|¢z = ZNz(ST|¢Z)Xuz(Q(5m ]) K,s ]) (5>

J

Different from guilt aversion, reciprocity implies that players have a perception about
the kindness of others. Whenever players perceive others to be kind, they reciprocate by
being kind themselves. Whenever players perceive others to be unkind, they act unkindly
in return (Dufwenberg and Kirchsteiger (2004)). Hence, the essence of reciprocity theory

concerns player i’s perception of the actual kindness of player j towards him. We define i’s
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Ty (o Ty (o
perception of j’s actual kindness for ¥ (sl) € S, %%) and @D(s?) €5, i)

K g =i (G (80D, 0 (7)) = i (6)
where )
mor = 5 ¢ [maxm (G (4(s7), 4(57))) + minmi (G (v(s7), ¥(s5))) (7)

is the ‘equitable payoft’; i.e. the average 7 thinks that j would be able to give based on his
awareness. If K JT .r > 0, then player ¢ thinks that he is treated kindly by player j. Conversely,
8i5;

if K zT v <0, then i thinks he is treated unkindly. Player j does not know the strategy of i

meaning that his kindness towards player ¢ is evaluate in terms of j’ expectations:

Eog g U 2l0i(00)] = 2 i (0(sDI0i(00)) Ky - (8)

i

Given this, player ¢’s reciprocity payoff function can be formalized as:

ui(¢7, 1, 8 ]) mi(Cils] g))+YXET 1[ ST, T|¢Z(¢J)]X7TJ(CJ(SM J)) (9)

where Y; > 0 now is player ’s sensitivity to reciprocity. Player ¢’s expectations of u; con-
ditional on ¢; in the Ty, -partial form, given s! € SZ.T"’Z' and p;, can be defined for sT € Sfd’i
by
i Lwaléi] : Zuz(sTl@) xu; (G(s] 5] ) 1.5 ) - (10)
55

Note that in both these examples we have used Lemma 1. This allows us to work with
utilities of the form wu; : &7 x (S]T¢i x M) - R, where i’s second-order beliefs M? is not a
factor of the domain.

Importantly, in both examples the belief-dependent psychological payoff of players de-
pends on the T-partial form the players perceive to be in, the T-partial form the players
perceive the other player to be in and so forth. This is, different to settings with full aware-
ness, in our setting with unawareness e.g. the perceptions of players regarding the intentions
and expectations of others, and hence, the influence of these on the players’ behavior cru-
cially depends on the awareness of players, the awareness players attribute to others, the

awareness players belief other attribute to them etc.
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4 Equilibrium analysis

In the following we propose a sequential equilibrium concept for dynamic psychological games
with unawareness. We will define and interpret consistent assessments (4.1), state the main
definition of equilibrium and provide an existence theorem (4.2). Lengthy mathematical

proofs are relegated to Appendix (B-C).

4.1 Consistent assessments

Battigalli and Dufwenberg (2009) adapt Kreps and Wilson (1982)’s concept of sequential
equilibrium to their class of dynamic psychological games. They do so by characterizing
consistent assessments that do not only consist of first-, but also of higher-order beliefs and
define sequential equilibria as sequential rational consistent assessments.

In turn, we adapt Battigalli and Dufwenberg (2009) concept to our framework. As in
standard dynamic psychological games, assessments in our framework also refer to behavioral
strategies. The interpretation of behavioral strategies we use excludes actual randomization.
Rather, we assume that players do not know the pure strategies of others, and that the
randomization represents players uncertainty, their first-order beliefs (or conjectures) about
other players’ pure strategies (Aumann and Brandenburger, 1995). We therefore interpret a
behavioral strategy as a collection of independent first-order beliefs of other players about

player ¢’s actions at each history they are aware of. More formally,

i = ((0i(16)g,canez)ie € [T [T A(Ai(4))),

j¢i (z)]G‘I)]\‘I:‘JZ

where A;(¢;) is the set of feasible actions for player ¢ at the history as player j perceives it.
Each behavioral strategy o; induces an independent belief Pr,, about the continuation

of play allowed for by ¢;:

T .
for all s €57 (¢;), Pro, = I A (s} (¢0)]0s),
$ie®\PZ:p; £,

where ¢; £ ng means, that given the perception of player i, the history ¢; is not a predecessor,
or prefix, of ngSZ

In their characterization Kreps and Wilson (1982) propose three conditions to ensure
consistency of assessments: (i) beliefs must be derived using Bayes’ rule, (ii) beliefs must
reflect that players choose their strategies independently, and (iii) players with identical

information have identical beliefs. In addition to these conditions, a further requirement for
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consistency is needed in psychological games: (iv) players hold correct beliefs about each
others beliefs.

Condition (7) holds by the definition of cps’. That is, cps’ are defined in such a way that
they are consistent with Bayes’ rule. Conditions (#i)-(7i7) are ensured if we assume that the
profile of first-order beliefs p! = (u} )ien is derived from the independent behavioral strategy
profile o = (0;);en. That is, if for all i e N, sT, e S "’1 ., and ¢; € O;:

(sZil6i) = [T Pro, (s]160).
]#1
If a profile of first-order beliefs is derived from a profile of independent behavioral strate-
gies, then the marginal first-order belief of any two players 7,7 about a third player k at
history ¢; must coincide in the mind of player ¢. That is, for all s! € SkTéi and ¢; € O;:

marg r,, 1; (s 61) = Pro, (s|6:) = marg z,, 115 (si]é:)-
k k

Finally, condition (iv) follows from the second condition in the following definition of a

consistent assessment:

Definition 4 (cf. Battigalli and Dufwenberg (2009)). An assessment (o, ) in (N, T,¢) is

consistent in the mind of any player if
(i) p!is derived from o,

(ii) and higher order beliefs in p assign probability 1 to the lower order beliefs, such that
forallie N, k>1, ¢; € P,

HECI0:) = 1T () % 6,0
where 0, is the Dirac measure which assigns probability 1 to singleton {x}.

The first condition capture the assumption that first-order beliefs should be the end-product
of a transparent reasoning process of players. Players reason about each others first-order
beliefs at histories they know and do so in a consistent manner. However, unlike in a standard
dynamic game, players in our framework may not know the same histories. E.g., player 7
may reason about beliefs at histories in ®;, while player j reasons about beliefs at histories
in ®; ¢ ®;. This would imply that player ¢ thinks that player j has no beliefs at histories
in ®;\®;, while player j would think that player i has beliefs at histories in ®; n ®;. The
second condition is analog to Geanakoplos et al. (1989)’s condition requiring that players

hold common and correct beliefs about each others’ higher-order beliefs.
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4.2 Sequential equilibrium assessments

We can now state this section’s main definition: a consistent assessment is a sequential
equilibrium if it satisfies sequential rationality. Formally, fix a hierarchy of cps’ p; a (non-
terminal) ¢; that i perceives to be at and a strategy s! € SiT¢i(gbi). The expectation of u;

conditional on ¢;, given s and p; for s7; € S_Tfi (&) is:
ES??H’Z’ [ul|¢2] = Z le (STz|¢l) Uy (Cl (SZT, 83) M, ST@) ) (11)
o

This gives the expected payoff from the strategies of others i is aware of. Player ¢ does,in
general, not know the strategies of the others and therefore evaluates his payoff with respect
to his first-order belief.

Definition 5. An assessment (o, p) is a sequential equilibrium (SE) if it is consistent and
for all players i € N, non-terminal histories ¢; € ®;\®Z, and optimal strategies siT’* € SZ.T i ()

consistent with ¢; for s7 e SiTéi(gbi):

Pr,,(s]*|¢:) >0 = s "¢ argrr;%XEsiT’m [wi|di]. (12)
By consistency, o; represents the first-order beliefs of the other players about player 4, and
furthermore there is common certainty of the true belief profile p at every history ¢;. This
clarifies that SE is a an equilibrium in beliefs.

The next result shows that it suffices to check whether there are any ¢; where player

7 can gain by deviating from the choices prescribed by siT’* at ¢; and conforming to S;TF’*
thereafter. Since this ‘one-stage-deviation principle’ is essentially the principle of optimality
in dynamic programming, which is based on backward induction, it also establishes that one
can use backward induction to find optimal strategies.

If we take the point of view of an ‘agent’ (i, ¢El) of player i in charge of a move at ¢;
considering whether he should deviate by taking some action, need to take into account
the uncertain continuation of play following his action. The induced probability measure of

agent (i, ;) following his action a; € A;(d;) is:

for all s! e SiT‘zgi(quSi), Prgi(sﬂg&,ai) = H oi(sT(0:)|ds),
¢>i€‘1>i\¢’izi¢iﬁ<l;i

where ¢; £ gz§Z means, that given the perception of player ¢, the history ¢; is not a predecessor
of &z
The expected utility of i conditional on ¢; and a; € A;(¢;) given (o, p) can be expressed
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for sT € S (¢1,a;) and sT, € ST % (¢;) as

Eq u[uiléi ai] = > ] Pro, (s7|6:) x Z Pro, (sT|¢i,ai) ui (G (sT, %) . s%) -

T Y

This specification presumes that (7, ¢;) assesses the probabilities of actions by other agents
of player 7 in the same way as each player j #4; that is using the behavioral strategy o;.

The following property formalizes the intuition of the one-stage-deviation principle: For
a given combination of strategies of others, a player’s strategy is optimal at any stage of the
game if and only if there is no stage at which the player can gain by changing his strategy
there, keeping it fixed at all other stages.

Proposition 1. An optimal strategy of any player satisfies the one-stage-deviation property
since it holds for all i € N, ¢; € ®;\®Z, that for a; € A;(¢;) and s! € S;[d”' (¢:)

maXEa’”[uiwi, a;] = maxE.r [wi|o:].
a; ST 2

Proof. See Appendix (B).
The following existence theorem obtains:

Theorem 1. If the psychological payoff functions are continuous, then there exists at least

one sequential equilibrium assessment.
Proof. See Appendix (B).

In a dynamic psychological game with unawareness players will be aware of different
T-partial forms. This implies that solving for a sequential equilibrium in the smallest T-
partial form where players are only aware of one subtree, corresponds to solving a dynamic
psychological game a la Battigalli and Dufwenberg (2009). However, for players aware of two
or more subtrees the game is such that we must solve for a sequential equilibrium by first
considering the smallest T-partial form, and then extending the equilibrium step-by-step by
taking the equilibria of other players in embeddable T-partial forms as given.

This observation suggests a procedure for finding an equilibrium in our structure. Con-
sider player i. Start at the last stage: any history ¢; for which the feasible actions terminate
the game. Then look for an equilibrium in the T}, -partial form that a player is aware of,
by: (i) calculating the best responses of other players at the copy in the last stage in the
smallest embeddable partial form, and (ii) extend the equilibrium step-by-step to copies in
the last stage in larger embeddable partial forms by finding a fixed point given the optimal

actions of others. Now go backward and look at a history ¢; in the second-to-last stage. The
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best responses has already been calculated for the history (¢/,a), because such a history
correspond to a history ¢; in the last stage of the game. We assume that each active player
at the second-to-last stage makes feasible choices that maximizes his expected payoff given
the best responses in the last stage, because he expects that the other players will also best
respond in the last stage. Again, extend the equilibrium in the second-to-last stage step-by-
step from the smallest embeddable partial form to the Ty -partial form. We continue to go

backwards in this ways until we reach the initial stage.

4.3 Two examples: reciprocity and guilt aversion

In the following we present two examples to demonstrate the impact and importance of
unawareness in strategic interactions of players with belief-dependent preferences. First, we
analyze a sequential prisoners dilemma featuring unawareness and reciprocity. Second, we
investigate a trust game with guilt aversion. A full description of the strategic interaction
with all possible awareness levels and equilibria is beyond the scope of this paper. Therefore,
we limit the analysis to specific awareness scenarios and the respective characterization of

only one equilibrium.

A sequential prisoners dilemma with reciprocity: To start with consider the follow-
ing awareness scenario already depicted in Figure 8 augmented by Ann and Bob’s material

payoffs: 1t
[Figure 9]

In the strategic setting depicted in Figure 9 Ann is initially aware of everything, whereas
Bob is initially only aware of histories in 7". Ann knows that Bob is initially only aware
of histories in 7" and that he only becomes aware of more when she chooses Defect (D), in
which case he will become aware of everything. Furthermore, Ann knows that Bob is certain
that Ann is aware of what he is aware of.

For simplicity assume that only Bob is motivated by belief-dependent reciprocity. That
is, Bob’s utility is described by equations 6 to 10. Ann is only interested in her own monetary
payoft.

As suggested by the afore-described procedure for finding equilibria in our structure, we

start by analyzing Bob’s optimal behavior. Bob’s optimal behavior following Ann’s choice

HFor the sake of clarity we only depict the function ¢ for Ann and Bob in the non-terminal histories
relevant for solving the game.
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Cooperate (C') and his choice following Ann’s choice Defect (D).!? Note that when Ann
chooses to cooperate Bob perceives to be in the T’-partial form. On the other hand, when
Ann defects Bob perceives to be in the T-partial form. In this awareness scenario Bob’s
strategy in the T-partial form defines an action in histories hi, and h2, whereas Bob’s
strategy in the 7"-partial form only defines an action in history h},. We therefore have to

analyze Bob’s optimal behavior in histories hl, and hZ.'3

Result 1. Bob chooses defect (d) in histories h), and h2. irrespective of his sensitivity to

reciprocity Yp in all sequential equilibria.

Different to Dufwenberg and Kirchsteiger (2004, p. 282) our awareness scenario implies Bob’s
behavior following Ann’s choice Cooperate is independent of his sensitivity to reciprocity Yp.
If Bob is unaware of Ann’s action Defect and all of his own subsequent actions, Bob evaluates
the kindness of Ann on the basis of the T’-partial form (which in this example is congruent
with histories in 7”). In the T’-partial form Ann’s action set at history hJ,, Ann’s initial
history as perceived by Bob, is a singleton. Il.e., what Ann intends to give Bob in the
T'-partial form is equal to the average that Ann is able to give independent of her belief
about Bob’s choice in hi,, and, hence, K4 = 0. Consequently, Bob only takes into account
his own monetary payoff when optimizing his own choice in history hl, (i.e. given Ann’s
choice Cooperate and, hence, K4 =0, Bob’s utility as defined in equation 9 reduces to Bob’s
material payoff in history ht,). On the other hand, Bob re-evaluates Ann’s kindness towards
him on the basis of the T-partial form following Ann’s action Defect. As can easily be seen,
independent of his choice in history h2., Bob’s material payoff in the T-partial form is lowest
following Ann’s choice Defect. Hence, what she intends to give Bob is for sure lower than
the average that Ann is able to give and, hence, K4 < 0. Given this, Bob has an incentive
to reciprocate by choosing defect in history h2. Furthermore, Bob also prefers to defect
in history h2. out of own monetary reasons. l.e., Bob chooses defect in history hZ out of
reciprocity as well as own monetary considerations. (A result which is analog to Dufwenberg
and Kirchsteiger (2004, p. 282)’s Observation 1.)

Given Bob's behavior in histories hl, and h2., Ann’s behavior can be described as follows

Result 2. Independent of Bob’s sensitivity to reciprocity Ann chooses Defect in history hJ.

in all sequential equilibria.

12\We abstract from the behavior of players in histories in which they are passive, i.e. in which their action
sets are singletons.

13Note we do not have to analyze Bob’s optimal behavior in history th as neither Bob’s strategy in the
T-partial nor his strategy in the T’-partial form defines an action in h%«,. Intuitively, no matter what happens
in the game Bob never has to make a choice in h},, nor does he have to reason about what he would do in
that history.
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Intuitively, Ann anticipates that given his awareness Bob will not perceive her as kind and
thus defect independent of what she does. Consequently, since Ann is only interested in her
own material payoff, she chooses to defect herself in order to get a 0 material payoff instead
of -2.

In synthesis: although Bob is reciprocal, his equilibrium behavior in this awareness sce-
nario stands in contrast to the result with full awareness described in Dufwenberg and
Kirchsteiger (2004). With full awareness Bob’s equilibrium behavior following Ann’s action
Cooperate depends on Bob’s sensitivity to reciprocity. For sufficiently high levels of sensitiv-
ity Bob reciprocates by choosing cooperate (¢). With unawareness as described above Bob’s
behavior is independent of his sensitivity to reciprocity. Bob simply defects as he perceives
Ann’s action as unkind no matter what she does. As a consequence, also Ann’s equilibrium
behavior is qualified. She defects as well.

Of course, if Ann could choose Cooperate and by this make Bob simultaneously aware of
what he is unaware of, the situation would be different. This scenario could, e.g., be depicted

by the following variant of the strategic setting presented above.
[Figure 10]

As before, Bob is initially unaware of Ann’s action Defect and all of his own subsequent
actions. However, Ann knows now that Bob will become aware if she chooses to Cooperate.

In this scenario, Bob’s optimal behavior in histories hf, and h% remain the same as before,
i.e., Bob chooses defect out of monetary and reciprocal reasons. However, different from
before, Bob’s strategy in the T-partial form now also defines an optimal choice in history hl.
following Ann’s action Cooperate in history hS.. Interestingly, if Ann chooses to cooperate in
history hJ., Bob’s behavior in history hl is analog to Dufwenberg and Kirchsteiger (2004, p.
282)’s Observation 2. By cooperating Ann can influence the basis upon which Bob evaluates
her kindness. We saw before, that Bob evaluates the kindness of Ann following her choice
Cooperate on the basis of the T’-partial form as long as he is unaware of Ann’s action
Defect and all of his own subsequent actions. However, when Ann cooperates in this variant
scenario, Bob’s awareness increases to the T-partial form and, hence, the partial form he
plays as well as the basis upon which he evaluates Ann’s kindness changes. Aware of Ann’s
action Defect and Bob’s actions cooperate and defect following it, Bob realizes that Ann’s
action Cooperate was actually kind. This is something he would not have realized had he
remained unaware.

This also has consequences for Ann’s optimal behavior. If Bob’s sensitivity to reciprocity
is low Ann defects. However, if Bob is sensitive enough to Ann’s (un)kindness, Ann cooper-

ates so as to induce Bob to reciprocate by choosing cooperate, something she would not do
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Figure 9: Sequential Prisoners Dilemma with unawareness
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Figure 10: Sequential Prisoners Dilemma with subjective views
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were she sure that Bob would not become aware of more.

It is really at the intersection of these two scenarios that the implications of unawareness
for the behavior of people motivated by belief-dependent preferences become most visible.
It is easy to see that, if Bob were only interested in his own material payoff, his behavior in
the two awareness scenarios would be the same. Most importantly, being only interested in
his own material payoff means Bob would choose defect following Ann’s choice Cooperate
independent of whether he is only aware of the T’-partial form (as in the first scenario) or
the T-partial form (as in the second scenario). It is only his belief-dependent utility which
explains the above described difference in behavior between the first and second awareness

scenario.

A trust game: Consider the following trust game also analyzed by Battigalli and Dufwen-
berg (2009). However, different to them assume that Bob is aware of everything, but Ann

is not aware of Bob’s action Share:'*

[Figure 11]

Ann's possibility function ¢, ————
Bob's possibility function gy - >

Figure 11: Trust game with unawareness

Assume Bob is motivated by simple guilt aversion as described by eq. 2 to 5 and Ann
is only interested in her own material payoff. Given this and assuming full awareness of
both Ann and Bob, Battigalli and Dufwenberg (2009, p. 19) demonstrate that there exist

14 Again, for the sake of clarity we only depict the function ¢ for Ann and Bob in the non-terminal histories
relevant for solving the game.

29



three sequential psychological equilibria in this game: (i) a ‘trust’ equilibrium in which Ann
chooses Trust and Bob chooses Share, (ii) a ‘no-trust’ equilibrium in which Ann chooses
Don't and Bob chooses Grab and (iii) and an ‘insufficient’ trust equilibrium in which Ann
chooses Don’t and Bob chooses Share with probability %

In our strategic situation with unawareness as depicted in Figure 11 Bob knows that Ann
is not ‘let down’, if he chooses Grab following her choice Trust. I.e., he simply knows that
Ann does not expect him to choose Share following Trust because she is unaware of the
possibility that he could share the pie. Hence, Bob does not feel any guilt towards Ann from
choosing Grab following T'rust. Of course, Ann correctly anticipates that Bob chooses Grab

following T'rust and chooses Don't in the history h9, she initially perceives to be in.

Result 3. If Bob is guilt averse and Ann unaware of Bob’s action Share the unique sequential
psychological equilibrium is: Ann chooses Don/t and Bob chooses Grab independent of Bob’s

sensitivity to guilt Yp.

Like the previous example featuring reciprocity, also this example with guilt aversion
demonstrates the impact of unawareness on the behavior of players with belief-dependent
preferences. Furthermore, also this scenario highlights that ‘managing others awareness
levels’ concerning feasible paths of play is an important and integral part of strategic in-
teractions when players are motivated by belief-dependent preferences. The fact that Ann
is unaware of Bob’s action Share implies that he would not feel any guilt towards Ann for
choosing Grab, since she would not be let down. However, if he could, Bob would like to
make Ann aware of his option Share before she chooses between Don’t and Trust, an option
not considered in our example in Figure 11. He would like to make her aware in order to
signal to her that they could Share the pie. Of course, if he were to do this the equilibrium
analysis would mirror Battigalli and Dufwenberg (2009, p. 19)’s analysis.

5 Adding uncertainty to the framework

In the previous sections, we focused on games with observable actions and no chance moves.
However, our concepts and results carry over to the more general setting where past actions
need not be perfectly observed (5.1) and chance may play a role (5.2). Doing so implies
extending our class of extensive forms further towards Heifetz et al. (2011)’s generalized

extensive forms.
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5.1 Imperfectly observable actions

Let ®; be the partition of the finite set ®; into information sets of player i, and A;(¢;) be the
set of feasible actions for player ¢ at an information set ¢; € ®;. Since actions are no longer
observable, we will need to explicitly consider the properties that (i) a player never excludes
the true history from the set of histories he regards as feasible (Generalized reflexivity), and
(i7) that a player uses the consistency or inconsistency of histories with his information to

make inference about the true history (Introspection).'”> Formally,

Property 9 (P1 Generalized reflexivity). At a history hr in subtree T, if an information
set ¢;(hr) is a subset of an embeddable subtree 7" and 7" contains a copy hg+ of hr, then
it must be that ¢;(hr) also contains hp.

and

Property 10 (P2 Introspection). If a history hl. is in the information set ¢;(hr), then it
must be that the information set ¢;(h/.) is equal to ¢;(hr).

Finally, assume perfect recall. I.e., players remember whatever they knew previously,

including their past actions.

Property 11 (P6 Perfect recall). For any two histories hr = (al,...,a!) and b}, = (a, ..., adl)
the sequences of actions are the same whenever hy and A/, are in the same information set

¢; of player 1.

Together with the straight forward modifications of property 3-8, these additional prop-
erties give sufficient conditions for a dynamic game with imperfect information and unaware-
ness (see Heifetz et al. (2011)).

In such a game the set of strategy profiles consistent with any information set ¢; of
player ¢ must have the form ST(¢;) = ST(¢;) x ST.(¢;), where ST (¢;) = Ug,ep, ST (¢:) and
ST(:) = Ugseq, ST (1)

The collection of conditioning events for player ¢’s first-order beliefs is now given by
{F,: F; = Sde’i(qSi), ¢; € ®;}. Furthermore, let X*1 be space of (k —1)-order uncertainty of
player i; we obtain the set of k-order cps’ for the extended game with imperfectly observable
actions A® (X*1), and the k-order uncertainty space X* = Xk~ x ] A‘i’d(Xf]Tl). The
resulting set of infinite hierarchies of cps’ M is homeomorphic to A®i(S7¢: x M_;) via a

belief mapping f; = (fg;)¢;c®,-

J#l

15 A graphical illustration of each property can be found on page 32
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Figure 14: A correct and incorrect application of property 11
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5.2 Chance moves and incomplete information

First we consider observable chance moves. Let N¢={¢,1,...,n} be the set of players where
index ¢ denotes the chance player, and o := 0.(-|hr) € [TprcUper(r\zr] D°(Ac(hr)) the strictly
positive objective probabilities of chance moves. It is routine to define closed and compact
subsets of hierarchies M; for real players i € N, reflecting the assumption that each players’
beliefs about the chance player ¢ are determined by o and there is common certainty about
this.

An assessment (o, i) = (07, Wi )iene 1S consistent if there is a sequence of strictly positive

behavioral strategy profiles % — o such that for all real players i € N, sT, € S~ "51 , ;€ Py,

Pro (88) [jsic Pra;? (3]T|¢z)

Kreps and Wilson (1982, Section 5) have a similar condition that refers to cps’ of histories
(or nodes). In psychological games we furthermore assume that for all k > 1, p¥ assigns
probability 1 to p*;1. (o, ) is a sequential equilibrium if it is consistent and for all real
players i € N, ¢; € ®;\®Z, s ¢ S, (),

l

Prai(siT’*|¢i) >0 = s;‘F’ €arg max S Uil dil.
STes, ¥ (¢0)
where E,r , [u;|@;] is the obvious modification of equation 12. It can easily be proven that
the existence theorem also holds when we add chance as a player (assuming that the belief-
dependent payoff functions are continuous).

This extended framework also allows for the analysis of situations with incomplete in-
formation, modeling them as games with asymmetric information about an initial chance
move: at an empty history hJ the only active player is ¢ (chance), A.(h}) = ©T, where
OTcOcO,xO; x--x 0O, is the non-empty and finite set of conceivable parameter values
in the subtree T. For every real player i € N, each coordinate 6; € ©F represents player i’s
private information about the unknown payoff-relevant aspect of the game; we call it player
i’s information type. Each coordinate 6. € ©F (the information type of the chance player)
represents any residual uncertainty about payoffs that remains after pooling the real player’s
private information. We typically refer to profile 8 = 6. x 6, x --- x 6,, as the state of nature.
Dynamic psychological games with incomplete information are easily represented by means
of the histories that players perceive and information sets: the set of histories in a subtree

is ©T x T'. Information sets for real players i € N have the following form:
(I) (ezyhT) {(917 -3 ) : el—z € 65}
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5.3 A simple principal-agent example with reciprocity

Imagine that a selfish principal p and a reciprocal agent a are entering a new venture (e.g.
as manager-worker, investor-entrepreneur, or manufacture-distributor). The venture can
have a big potential, B, or a small potential, S, decided by chance. We will assume that
the principal quantifies the success of the venture in terms of profit, which depends on the
potential of the venture and the effort exerted by the agent. Conversely, as the agent is
reciprocal, the effort of the agent will depend on his wage (profit forgone by the principal)
and how kind he perceives the principal to be (the relative profit forgone by the principal).

If the venture has a small potential, then by exerting high effort ey the agent generates
a profit of 20, while if he exerts low effort ey, the profit will be 15. Instead, if the venture has
a big potential the agent generates either a profit of 30 or 20 by exerting high or low effort,
respectively. Exerting effort is not costless to the agent. Assume that the agent incurs a cost
of 4 by exerting high effort, the cost of exerting low effort is normalized to zero. The cost
incurred by the principal is the profit forgone as wage to the agent.

The timing of the game is as follows: First chance chooses the state of nature 6 € { B, S},
thereafter the principal decides on how much he wants to pay the agent as a share s of the
profit, with s € {0,0.01,0.02,...,1}, and finally the reciprocal agent (see eq. 6 to 10) ends the
game by choosing how much effort he wants to exert.

As a benchmark, consider first the case of full awareness and perfect information (ob-
servable chance moves), where both, the principal and the agent, learn the state of nature
0 € {S, B} chosen by chance. Subsequently, we extent this framework to study unawareness

in the presence of incomplete information.
[Figure 15]
Given this, the following result obtains:

Result 4. Independent of the state of nature and the principal’s belief concerning the agent’s
effort choice, the principal’s kindness towards the agent is negative, K? < 0, if the agent

receives a profit share s < 0.5 and positive, K? > 0, if the received profit share is s > 0.5.
Proof. See Appendix (C).

L.e., given that both learn the true state of nature, paying the agent a profit share of less than
0.5 is considered unkind and might be reciprocated by low effort independent of whether the
potential of the venture is big or small. On the other hand, a profit share of more than 0.5 is
considered kind and, hence, might lead to high effort by the agent. Note that are profit share
of s = 0.5 implies a payoff of the agent of 6 (0.5-20 -4 = 6) in material terms, if the state of
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nature is S and the agent chooses high effort and a payoff of 7.5 (0.5-15 = 7.5) in material
terms, if he chooses low effort. Furthermore, it implies a payoff of 11 (0.5-30-4 = 11) in
material terms for the agent, if the state of nature is B and the agent chooses high effort
and a payoff of 10 (0.5-20 = 10) in material terms, if he chooses low effort. Interestingly,
this shows that at a profit share s = 0.5 the agent has a material self-interest to choose low
effort when the potential is small, and a material self-interest to choose high effort when the
potential is big.

At profit shares above or below, this incentive might, however, be mitigated by the
agent’s inclination to behave reciprocal. Remember, reciprocity implies that the agent has
an incentive to behave kind towards the principal if the principal is kind to him and vice
versa. The following can be concluded regarding the agent’s effort choice when the potential

is small:

Result 5. If the state of nature is S, the agent chooses high effort ey in equilibrium out of
reciprocity reasons, if he receives a share 0.5 < s < 0.8 of the profit to be made given that his

sensitivity to reciprocity is
4-5s 1

Y > .
5(1-5)20s-10

(13)

If 0.5 <s<08and Y < 5%;?;@ the agent chooses low effort. At profit shares above

and below, the agent respectively chooses high and low effort out of reciprocity and material

self-interest.

Proof. See Appendix (C).

This shows that there exists a range of profit shares in which the agent perceives the principal
as kind and reciprocates by choosing high effort, although it is not in his material self-interest.
Importantly, if the agent were only interested in his own monetary payoff, then given that
the potential is small he would only choose high effort at profit shares s > 0.8, i.e. at payoffs
above 12 (0.8 -20 — 4 = 12 where 20 is the profit when the agent chooses high effort given
S and 4 is the cost of effort.). Hence, Result 5 shows that if the potential is small and the
agent is sufficiently motivated by reciprocity, the principal can induce high effort at a lower
cost compared to a situation in which the agent is only driven by his own material payoff.

An opposing result obtains for an enterprize with big potential:

Result 6. If the state of nature is B, the agent chooses high effort ey in equilibrium out of
reciprocity reasons, if he receives a share 0.4 < s < 0.5 of the profit to be made given that his

sensitivity to reciprocity is
4-10 1
Y < > . (14)
10(1-s)30s-15
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If04<s<05and Y > %ﬁ the agent chooses low effort. At profit shares above

and below, the agent respectively chooses high and low effort out of reciprocity and material

self-interest.
Proof. See Appendix (C).

At profit shares 0.4 < s < 0.5 of the profit to be made, given that the potential is big, the

agent chooses high effort only if his sensitivity to reciprocity Y < 1‘5{}9;’) 3051_15. Contrary to

the case where the potential is small, there now exists a range of profit shares of the profit
to be made in which it is in the agent’s material self interest to choose high effort, but as
the agent perceives these profit shares as an unkind offer by the principal, he reciprocates
by choosing low effort. If the potential is big and the agent is only interested in his own
monetary payoff, he would choose high effort at profit shares s > 0.4, i.e., at a payoff above 8
(0.4-30-4 = 8 where 30 is the profit when the agent chooses high effort given B and 4 is the
cost of effort.). However, if the agent is motivated sufficiently by reciprocity, the principal
can only induce high effort by the agent at higher costs.

Given the above, consider now a situation with private information concerning the state of
nature chosen by chance. When information is private players do not observe the whole state
of nature, but only their own coordinate—their information type. Assume, e.g., that chance
can choose between two states of nature 6 € {(B,S),(S,5)}, where the first coordinate
refers to the principal’s information type and second refers to the agent’s information type.
Furthermore assume that the awareness of the principal and agent is as given in Figure 16

and that the agent’s sensitivity to reciprocity Y = 0.25.
[Figure 16]

L.e., in this awareness scenario we assume that the principal and the agent are respectively
confined to the T-partial and 7"-partial form throughout the whole game. This implies that
the principal is aware that chance can draw either of the two states of nature (big and small
potential), while the agent is only aware of one state of nature since he only observes coor-
dinate S, and therefore thinks that chance draws a small potential with certainty. Formally,
the path of play observed by the agent is the same no matter which state of nature is drawn.
Furthermore, the agent evaluates a payment offered by the principal always relative to the
profit to be made given the small potential, i.e., 20 and 15. Observe also that the only source
of uncertainty is chance. After chance selects information types, the actions are observed by
all.

This scenario can be analyzed using Results 5 and 6. Interestingly, in this scenario

featuring unawareness, the principal has a material incentive to leave the agent unaware.
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Result 7. If the agent’s sensitivity is Y = 0.25, the potential of the project is big B and
the agent is unaware of this, the principal offers the agent a share s = 0.6 of the profit to be
earned given the state of nature S (i.e. which translates into a share s = 0.4 of the profit to

be earned given the state of nature is B) and in this way incentivizes the agent to choose ey,.

Intuitively, a profit share of s = 0.6 as perceived by the agent is kind and given his sensitivity,
he reciprocates by choosing high effort, although it is not in his material self-interest to do
so (see result 5). On the other hand, the offered compensation would be perceived as unkind
were the agent aware of the fact that the business venture has a big potential (see result 6).
Were the agent aware of the fact that the state of nature is B, he would choose low effort
given s = 0.4 and his sensitivity to reciprocity. Hence, the principal benefits from the agent’s
unawareness. The reason is that being unaware of B and, hence, the actual profit to be
made, the agent evaluates the principal’s offer on the basis of the profit to be made given
S. le., he reacts to his perception concerning the kindness of the principal given that the
venture has a small potential, rather than the true state of nature. In this way he perceives
the offer of the principal as kind, although it is actually not.

In synthesis, this principal-agent situation with asymmetric awareness concerning an ini-
tial move of chance represents yet another example highlighting the importance of unaware-
ness in the interaction of players with belief-dependent preferences. Again, unawareness
influences the frame of mind of players which constitute the background against which they
e.g. judge the their own as well as the other’s (un)kindness which, in turn, influences their

strategic interaction.

6 Conclusion

We have provided a general framework for dynamic psychological games with unawareness,
presented a solution concept and showed that any game in our class of games with unaware-
ness has at least one sequential equilibrium provided that players have continuous belief-
dependent utility functions. Furthermore, we have analyzed different examples demonstrat-
ing the influence of unawareness in the strategic interaction of players with belief-dependent
preferences like reciprocity and guilt.

Our analysis has shown that unawareness has a profound impact on the strategic in-
teraction of players with belief-dependent psychological preferences. Unawareness in the
interaction of players with belief-dependent preferences leads to very intuitive behavioral
predictions distinct from predictions using standard (non-psychological) preferences or no
unawareness. Hence, it is an issue which should not simply be neglected and assumed away,

but rather taken into account as an integral and important part of strategic interactions.
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A Appendix

A.1 Proof of Lemma 1

The following Lemma 2 and proof of Lemma 1 relies heavily on Battigalli and Siniscalchi
(1999)’s extension of Proposition 1 and 2 in Brandenburger and Dekel (1993) to conditional
probability systems.

Let the infinite (not necessarily coherent) hierarchies of cps’ be M; = [1;.0 A% (X*,), and
M, c M; be the subset satisfying eq. (1).

Lemma 2. Consider the following set:
M; = {(pf Clo), 7 (), ) ok 2 1, (i) € A(Z0 % x 2571,

marg o 1S (00 = pEClon)-

. . . ” Ty, - . .
There is a 1-to-1 and onto continuous function hy, : M; - A(S"{" x M_;) whose inverse is

also continuous.

Proof. In Lemma 2 set Z% = XO. ZF = A®(X%) for k > 1. So Z9 x - x ZF1 = X*
and [Ty 2% = STZS" x M_;. Since S:f’)i is a finite set then the weak topology on A‘I’i(Sﬁ”') is

compact Polish (Aliprantis and Kim (1999, Theorem 14.15)), hence the Z*’s will be compact
Polish spaces. A countable product of compact Polish spaces, endowed with the product
topology, is itself compact Polish. The proof then follows from Lemma 1 in Brandenburger
and Dekel (1993). m

Proof. (Proof of Lemma 1) For each ¢; € ®;, let 7y, : M, - M; be the following function:

V4, is clearly continuous. By Lemma 2 the composite function
Gisgs = hoy 0 Vs, - M — A(S,Tj’i x M_;)

is also continuous. Let  (pl(ldi), 12Clei),--.) = el p2,..0). Clearly,
(1} (@ilps), 2 (dil i), ... ) =1 and for all k£ >1 eq. (1) is satisfied. Thus the mapping

~ T, _ [oN
gi = (g¢i)¢i€q>i : Mi - I:A(S_;z>Z X M—z)]
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is continuous and satisfies eq. (1). The latter fact implies that g; is 1-to-1 and the restriction
of g7* to g;(M;) is continuous (i.e., it is homeomorphic).

The next step is to show that g;(M;) = A‘I’i(S_TZ’i x M_;).

First, Aq’i(S_Tfi x M_;) c g;(M;): Take p1; = (15 (-|o%) ) e, € A‘I’i(S_Tfi x M_;) and for all
¢ € ®; and k > 1, define p#(-|¢;) using eq. (1). If p; = (u}, 12, ...) € M, then g;(p;) = p; €
g:(M;). Tt is thus sufficient to show that p; € M;; in order to do this we have to verify that
each ul satisfies property (éii) of the cps (coherency of p; is satisfied by construction).

Second, ¢;(M;) c Aéi(SZ?i x M_;): Take p; € M; and let ;= g;(p;). We must verify
that property (iii) of the cps holds for p;.

In the proof of their Proposition 1, Battigalli and Siniscalchi (1999) establishes (at a
general level) that each pf in the first case and p; in the second case satisfies property (i)
of the cps. This again implies that g;(M;) = A‘l’i(S_TZ”' x M_;).

Even if 4’s hierarchy of cps’ p; is coherent, some elements of ¢;(p;) may assign positive
probability to sets of incoherent hierarchies of players —i. Player i is certain that the other
players have coherent beliefs if for some ¢; € ®; if gy, ( ui)(S_Tfi X M_,) = 1. Common certainty

of coherency for some ¢; € ®; can thus be inductively defined as follows:

~

MlZMl

(2

for all n > 2,
n n—1 Ty, n—1
M = {jai e M gy (i) (87 x M) = 1),
n>1
M, c M; is thus the set of collectively coherent cps’ u; of player 7.
The final step in the proof is to show that the restriction of g; = (gy,)gen;, to M; C MZ

induces a homeomorphism
fi= (f¢i)¢i€¢)i : M; —~ A¢1(52¢1 x M—i).

It is easy to check that M; = {u; e M, : gi(ui)(STj’i x M_;) = 1}, so ¢;(M;) =
{,ui e A% (STer x ML) = s (STe x M) = 1}, since g; is onto. But g;(M;) is homeomorphic
to M; and {p; € M; : gi(p;)(S™% x M_;) = 1} is homeomorphic to A% (S7é x M_;) (for any
Polish space Z and measurable subset W of Z, {y; € A(Z) : u;(W) = 1} is homeomorphic to
A(W)). So M is homeomorphic to A% (S7¢ x M_;). m
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B Appendix

B.1 Proof of Proposition 1

The Proof follows naturally from the following Lemma, which itself is essentially an adap-
tation of the dynamic programming approach due to Battigalli and Dufwenberg (2007a,
Section 3). We want to relate the problem max,r E,r , [ui|¢;] to a dynamic programming
problem on the decision tree induced by u;, i.e., the decision tree player ¢ thinks he is in.
Important for the following analysis is our assumption that player i knows his own belief and
assigns probability one to the strategy he intends to carry out. However, first we develop

some notation needed for the Lemma.

Depth of the decision tree:

e For each k with 0 < k <I(¢;) (recall that {(¢;) denotes the length of history ¢;). Let
a¥ be the action taken by some i € N in ¢; at the predecessor of ¢; of length k. Thus,

by definition ¢; = (a% a?,...,a"(®)-1) where a* = (a,... ak).
o Let d(¢i) = maxy,<p:[1(¢7) - (¢:)] denote the depth of the decision tree with root ¢;.
Strategies:

o (s7]¢;) denotes the strategy that takes all the actions of player i in history ¢; and

behaves as s otherwise:

sT(di) if di ¢ i,

(si160)5, =1 13 -
@ ai(@) if ¢z < ¢z

Intuitively, (s7|¢;) is a strategy that takes on the observed actions made prior to the

history ¢;, and then agrees with strategy s! at ¢; and in what follows.

e Now change (s7|¢;) at ¢; so that it is the strategy obtained from (s7|¢;) by replacing
sT(hy) with a; € A;(¢;). The resulting strategy is denoted (s7|¢;,a;). Le.,

($Tlgnar)s, - {1900 1T 0% 0
Z " @i if §; = ;.

In words, (s!|¢;,a;) is the strategy consistent with ¢; that chooses a; at ¢; and behaves
as (s!]¢;) in all other histories b;. Le., (sT|¢;) takes an ex ante (before player i makes

his choice at ¢;) point of view of the strategy s7 € SZ.T “(¢;) which is consistent with ¢,
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while (s|¢;,a;) takes on an ex post (after player ¢ makes his choice at ¢;) view of the
strategy s! e S;‘Fd”' (¢, a;) which is consistent with ¢; and the choice a; he is about to

make.

Value functions on the decision tree:

e Define the two value functions V,,, : ®; = R and V,, : (®;\®?) x A;(¢;) - R induced
by ;.

e For terminal histories ¢7 € ®Z, let
VlJ'z(gsz) = ( —1 ((bz)|¢z)u7«(¢z7lj’l7 H-i, S Tz .

e Assuming that the value function V,,,(¢;,a) has been defined for all immediate succes-
sors (¢;,a), let

Vﬂi(¢i’ai): Z( ),UZ(SL (¢lva )|¢Z)VN1(¢27CLUG ) (1)
a—i€A_i(¢i

For each a; € A;(¢:), Vi, (¢;) is defined as

(¢z)_ max Vm(qbzval)

i€Ai(¢i)

Next we state the dynamic programming problem:

Lemma 3 (Dynamic Programming). Suppose that for all ¢; € ®;\®Z,

(¢l) € arg ma()é )Vuz(¢za z)

Then for all ¢; € ®;\®Z,

B (g0 il01] = Vi () = max B, [uildi]. (DP)
55 ES % (1)
Proof of Lemma. The proof is by induction on d(¢;).

Basic sTEp: We start from the last stage: ¢; is such that all feasible actions following
histories ¢; terminate the game, i.e. d(¢;) = 1. Clearly (DP) holds for all ¢; for which

d(¢i) =1
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INDUCTIVE STEP: We now fix some stage k& > 1, which is not the last stage, and look
at the stage just preceding it. Suppose (DP) holds for all ¢; such that 1 < d(¢;) < k. Let
d(¢;) =k+1.

By the law of iterated expectations for all a; € A;(¢;):

E(SiT’*Idbi,ai),m [wildi] = Z M (S (i, a- )|¢Z)E T s, 0) s [wil i, ai, a-i]. (ii)

a,ieA,i (¢z)

By the inductive hypothesis, for all a; € A;(¢;) and a_; € A_;(¢;):

Lo S [wilpiy aiy a-i] = Vi, (Piya5,a-;) = max Egr . [wildi, ai, a-]. (iii)
5 ES’L l(qﬁi,ai,a,i)

If we plug (iii) into (ii) and compare with (i), we get:

E(S?’*l%ai),m [ul|¢z] = Vﬂi(¢i7 ai)-

Therefore,

E(S?7*|¢i)7ui [uz|¢2] =Vm(¢z) = . TgnT?X@; )EsiTvll»i [U’Z|¢1]
Si € i * i

iof and only if
T*
() eargain?a;) E T*|¢Z7ai)7ui[ui|¢i]

if and only if

T*(@) carg ma‘(}; )Vuz(gbz;az)

The latter condition holds by assumption and the inductive step is hereby proven. m

Proof of Proposition. Let (o, ) be a consistent assessment. Then for each ¢? € ®Z,

Vi (07) = Eg pu[uil¢i],
and for all ¢; with d(¢;) =1 we have

Vi (d:) = Jmax o, wlwildi, ai. (BI)
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Then a straightforward backwards induction argument shows (BI) holds for all ¢; € ®;\®Z.
Therefore the Lemma implies that the Proposition holds. m

B.2 Proof of Theorem 1

First let 5'(o) = (8'(0)):en denote the profile of first-order beliefs derived from o according
to condition () in Definition 4. The profile of infinite belief hierarchies p = (o) is obtained
by condition (iz) in Definition 4. By construction, the assessment (o, 5(o)) is consistent.
It follows that 8(-) is a continuous function.

Suppose that each player ¢ is subject to a slight imperfection of rationality (tremble)
of the following kind. At every history ¢; there is a small positive probability ; 4, for the
breakdown of rationality. Whenever rationality breaks down, every action a; will be selected
with some positive probability o;(a;|¢;) = €;4,(a;). Formally, fix a strictly positive vector

€= ((ﬁiyﬁbz’(a’i))aiGAi(¢i))iEN,qﬁieCDi\CDiZ such that for all ¢; € (I)i\q)z‘Z7 ZaieAi(@-) 6i,¢i(ai) <l

Definition 6 (e-constrained equilibrium). An e-constrained equilibrium is a set of behavioral
strategies profiles o such that for all i € N, ¢; € ®;, a; € A;(¢;):

(1) oi(adei) > €4,(as),
(i) a; ¢ argmaxy,ea,(g,) Eo po) [Uili; ai] = 0i(aili) = €4, (ai).

Let Xe = [Tieny e be the set of behavioral strategy profiles satisfying condition (7) in
Definition 6, and let BR, : ¥¢ — Y, be the e-best response correspondence that assigns to

each profile o the subset of profiles in ¥, satisfying condition (i7) of the definition,

BRei(o) = {0 € X, a; ¢ arg max )Ea,ﬁ(a)[ui|¢ia a;]

= 0;(ai|¢i) = €.4,(a;), for all ¢, € @;, for all a; € A;(¢;),

BRe(o) = H BRe.i(o).

ieN
BRe (o) is a nonempty convex subset of Euclidean space A(A;(¢;)). Since Eq [ wi|¢i, a;]
is continuous in (o, p) and p = B(o) is a continuous function, E, g(s)[ws]¢s, a;] is continuous
in o.
We now have enough structure to apply Kakutani’s fixed point theorem to the best
response correspondence. BR¢(o) is upper hemicontinuous because Eq g(o) [1s]¢:, a;] is con-

tinuous for each (finite) ¢; € ®; and a; € A;(¢;), nonempty since each Eq (o) [, a;] is
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continuous and ¥, is compact, and convex valued because each Eaﬁ(a)[uiwi,ai] is quasi-
concave on Y. Therefore BRc(o) has a fixed point, which is an e-constrained equilibrium.

Fix a sequence € — 0 and a corresponding sequence of €*-constraint equilibrium strate-
gies o¥. By compactness, the sequence (o*) has a limit point *. A trembling-hand perfect
equilibrium is any limit of e-constraint equilibria as € — 0. We will now prove that the

trembling-hand perfect equilibrium (o*, 5(6*)) is a sequential equilibrium.

Assessment (o*, (o)) is continuous: to see this note that, by continuity, S(o*) is a
limit point of 3(o*), and that the set of consistent assessment is closed. By continuity of

Eqs s(0) (1|0, a;] in o (and fitness of A;(¢;)), for k sufficiently large

Eo+ s(on)wildi; ai] = E i|Piy Qi |-
al"gaigl‘?(};i) o ,ﬁ(a- )[uz|¢z,a ] argaig}l?‘(};i) o’k,ﬁ(ak)[u |¢ a ]

By Definition 5 and Proposition 1 each (o, 5(o*)) is a sequential equilibrium assessment.

45



C Appendix

C.1 Proof of Result 4

Independent of the state of nature, what the principal intends to give to the agent is
a,(0)[sm(8,h) — 4] + (1 — a,(0))[s7(0,1)] where a,(0) is the principal’s belief about the
agent’s effort choice given a certain state of nature 6 € {B,S} (a feature of the principal’s
first order belief) and 7 (-) is the principal’s profit depending on the effort choice of the agent
and the state of nature. The equitable payoff 7¢ that the principal could give to the agent

given the state of nature and first order belief of the principal is

T = %[%(@(W(& h) =4) + (1= (0))(w(6,1)) = 40, (0)]

which reduces to

= oy (8)(r(8, 1) = (6, 1)) + (x(6,1)) - 8, (6)]
Given these two terms
K? = o, (0)[s((8, h) — 7(6,1))]~der, () + [s7(8,1)]
- 5L ()8, ) =70, 1)) + (x(6.1)) - 803, (9)]

and Kp<0ifs<%.
C.2 Proof of Result 5
The agent chooses high effort in equilibrium as long as
20s -4+ Y (20s - 10)(20 — 20s) > 155 + Y (20s — 10)(15 - 15s) (15)

which reduces to
4 -b5s 1

Y >
5(1-s) 20s — 10

(16)

For values 0.5 < s < 0.8 the minimum sensitivity to reciprocity Y required to induce high

effort e, is weakly positive. This means, high effort can be implemented at 0.5 < s < 0.8 if

Y > 5‘(1;f§)wl_m, otherwise the agent chooses low effort [. At profit shares above K? >0 and
the agent materially prefers high effort. Hence, the agent chooses high effort independent of

his sensitivity to reciprocity. The analog argument holds for profit shares s < 0.5.
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C.3 Proof of Result 6

The agent chooses high effort in equilibrium as long as

305 — 4+ Y (305 — 15)(30 — 30s) > 20s + Y (30s — 15)(20 - 20s) (17)

which reduces to
4-10s 1

Y <
10(1-s) 30s - 15

(18)

For values 0.4 < s < 0.5 the maximum sensitivity to reciprocity Y required to induce high
effort h is weakly positive. This means, high effort can be implemented at 0.4 < s < 0.5 if
Y < %ﬁ, otherwise the agent chooses low effort [. At profit shares above K? >0 and
the agent materially prefers high effort. Hence, the agent chooses high effort independent of

his sensitivity to reciprocity. The analog argument holds for profit shares s < 0.4.
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